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Robust-based Random Fuzzy Mean-Variance
Model Using a Fuzzy Reasoning Method

Takashi Hasuike, Hideki Katagiri, Members, IAENG, and Hiroshi Tsuda

Abstract—This paper considers a robust-based random fuzzy
mean-variance portfolio selection problem using a fuzzy
reasoning method, particularly a single input type fuzzy
reasoning method. Capital Asset Pricing Model is introduced as a
future return of each security, and the market portfolio is
assumed to be a random fuzzy variable whose mean is derived
from a fuzzy reasoning method. Furthermore, under interval
inputs of fuzzy reasoning method, a robust programming
approach is introduced in order to minimize the worst case of the
total variance. The proposed model is equivalently transformed
into the deterministic nonlinear programming problem, and so
the solution steps to obtain the exact optimal portfolio are
developed.

Index Terms—Portfolio selection problem, Random fuzzy
programming, Fuzzy reasoning method, Robust programming.

I. INTRODUCTION

The decision of optimal asset allocation among various
securities is called portfolio selection problem, and it is one
of the most important research themes in investment and
financial research fields since the mean-variance model was
proposed by Markowitz [19]. Then, after this outstanding
research, numerous researchers have contributed to the
development of modern portfolio theory (cf. Elton and
Gruber [1], Luenberger [18]), and many researchers have
proposed several types of portfolio models extending
Markowitz model; mean-absolute deviation model (Konno
[12], Konno, et al. [13]), safety-first model [1], Value at Risk
and conditional Value at Risk model (Rockafellar and
Uryasev [22]), etc.. As a result, nowadays it is common
practice to extend these classical economic models of
financial investment to various types of portfolio models
because investors correspond to present complex markets. In
practice, many researchers have been trying different
mathematical approaches to develop the theory of portfolio
model. Particularly, Capital Asset Pricing Model (CAPM),
which is a single factor model proposed by Sharpe [23],
Lintner [15], and Mossin [21], has been one of the most
useful tools in the investment fields and also used in the
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performance measure of future returns for portfolios and the
asset pricing theory.

In such previous researches, expected future return and
variance of each asset are assumed to be known. Then, in
previous many studies in the sense of mathematical
programming for the investment, future returns are assumed
to be continuous random variables according to normal
distributions. However, investors receive effective or
ineffective information from the real markets and economic
analysts, and ambiguous factors usually exist in it.
Furthermore, investors often have the subjective prediction
for future markets which are not derived from the statistical
analysis of historical data, but their long-term experiences of
investment. Then, even if investors hold a lot of information
from the real market, it is difficult that the present or future
random distribution of each asset is strictly set. Consequently,
we need to consider not only random conditions but also
ambiguous and subjective conditions for portfolio selection
problems.

As recent studies in mathematical programming, some
researchers have proposed various types of portfolio models
under randomness and fuzziness. These portfolio models
with probabilities and possibilities are included in stochastic
programming problems and fuzzy programming problems,
respectively, and there are some basic studies using
stochastic programming approaches, goal programming
approaches, and fuzzy programming approaches to deal with
ambiguous factors as fuzzy sets (Inuiguchi and Ramik [8],
Leon, et al. [14], Tanaka and Guo [25], Tanaka et al. [26],
Vercher et al. [27], Watada [28]). Furthermore, some
researchers have proposed mathematical programming
problems with both randomness and fuzziness as fuzzy
random variables (for instance, Katagiri et al. [10, 11]). In the
studies [10, 11], fuzzy random variables were related with the
ambiguity of the realization of a random variable and dealt
with a fuzzy number that the center value occurs according to
a random variable. On the other hand, future returns may be
dealt with random variables derived from the statistical
analysis, whose parameters are assumed to be fuzzy numbers
due to the decision maker’s subjectivity, i.e., random fuzzy
variables which Liu [16] defined. There are a few studies of
random fuzzy programming problem (Hasuike et al. [3, 4],
Huang [7], Katagiri et al. [9]). Most recently, Hasuike et al.
[4] proposed several portfolio selection models including
random fuzzy variables and developed the analytical solution
method.

However, in [4], each membership function of fuzzy mean
values of future returns was set by the investor, and the
mathematical detail of setting the membership function. Of
course, it is also important to determine the fuzzy mean
values of future returns with the investor’s long-term
experiences and economical analysts’ effective information.
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Therefore, in order to involve the necessary information into
mean values of future returns mathematically, we introduce a
fuzzy inference or reasoning method based on fuzzy if-then
rules. The fuzzy reasoning method is the most important
approach to extract and decide effective rules under fuzziness
mathematically. Since outstanding studies of Mamdani [20]
and Takagi and Sugeno [24], many researchers have
extended these previous approaches, and proposed new fuzzy
reasoning methods. Particularly, we focus on a single input
type fuzzy reasoning method proposed by Hayashi et al. [5,
6]. This method sets up rule modules to each input item, and
the final inference result is obtained by the weighted average
of the degrees of the antecedent part and consequent part of
each rule module. Nevertheless this approach is one of the
simplest mathematical approaches in fuzzy reasoning
methods, the final inference result is similar to the other
standard approaches. Therefore, in this paper, we proposed a
random  fuzzy  mean-variance model introducing
CAPM-based future returns and Hayashi’s single input type
fuzzy reasoning method for the mean value of market
portfolio of CAPM.

The proposed random fuzzy mean-variance model is not
formulated as a well-defined problem due to fuzziness, we
need to set some certain optimization criterion so as to
transform into well-defined problems. In this paper,
assuming the interval values as a special case of fuzzy
numbers and introducing the concept of robust programming,
we transform the main problem into a robust programming
problem. Recently, the robust optimization problem becomes
a more active area of research, and there are some studies of
robust portfolio selection problems determining optimal
investment strategy using the robust approach (For example,
Goldfarb and lyengar [2], Lobo [17]). In robust programming,
we obtain the exact optimal portfolio.

This paper is organized in the following way. In Section 2,
we introduce mathematical concepts of random fuzzy
variables, Capital Asset Pricing Model, and a single input
type fuzzy reasoning method. In Section 3, we propose a
random fuzzy portfolio selection problem with mean values
derived from the fuzzy reasoning method. Performing the
deterministic equivalent transformations, we obtain a
fractional programming problem with one variable. Finally,
in Section 4, we conclude this paper.

Il. MATHEMATICAL DEFINITION AND NOTATION

In many existing studies of portfolio selection problems,
future returns are assumed to be random variables or fuzzy
numbers. However, since there are few studies of them
treated as the CAPM with random fuzzy variables and fuzzy
reasoning method, simultaneously. Therefore, in this section,
we explain definitions and mathematical formulations of
random fuzzy variable, CAPM, and single input type fuzzy
reasoning method proposed by Hayashi et al. [5, 6].

A. Random Fuzzy Variables

First of all, we introduce a random fuzzy variables defined
by Liu [16] as follows.

Definition 1 (Liu [16])
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A random fuzzy variable is a function & from a collection of
random variables R to [0,1]. An N -dimensional random
fuzzy vector & = (51152'---15}1) is an N -tuple of random
fuzzy variables &,&,,...,&, .

That is, a random fuzzy variable is a fuzzy set defined on a

universal set of random variables. Furthermore, the following
random fuzzy arithmetic definition is introduced.

Definition 2 (Liu [16])
Let &,&,...,&, be
f:R" =R be a

£E= f(fl,é’z,...,fn) is a random fuzzy variable on the

random fuzzy variables, and

continuous  function.  Then,

product possibility space (@, P (@) , POS) , defined as

E(0,6y,.,0,) = T(&(6,),6(6,), & (6,))
for all (01,02,...,9n)€@.

From these definitions, the following theorem is derived.
Theorem 1(Liu[16])

Let & be random fuzzy variables with membership
functions . , 1=12,..,n ,
f:R" =R be a

E= f(§1,§2,...,§n) is a random fuzzy variable whose

respectively, and

continuous  function.  Then,

membership function is

p(n)=sup {minui(mﬂn:f(m,nz,---,nn)}

7 €R; 1<i<n I<i<n

forall n € R, where
R={f (ot ) € Ry i=12m}.

B. Capital Asset Pricing Model

In portfolio models, Capital Asset Pricing Model (CAPM)
proposed by Sharpe [23], Lintner [15], and Mossin [21] has
been used in many practical investment cases by not only
researchers but also practical investors. The main advantage
of CAPM is to deal with the relation between returns of each
asset and market portfolio such as NASDAQ and TOPIX as
the the following simple linear formulation;

rp=dj+dr,
where I is the return of market portfolio. Then, d; and d?
are inherent values derived from historical data in investment
fields. However, market portfolio I is not entirely equal to
NASDAQ and TOPIX, and so it is almost impossible to
observe I exactly in the investment field. Furthermore, in
the case that the decision maker predicts the future return
using CAPM, it is obvious that market portfolio I also

occurs according to a random distribution with the investor’s
subjectivity. Therefore, in these situations, we propose a
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random fuzzy CAPM model. In this model we assume that
I, is a random fuzzy variable, and the “dash above" and
"wave above", i.e.,

fuzziness of the coefficients, respectively. In this paper, Fm

and “~”, denote randomness and

occurs according to a random distribution with fuzzy mean
value I and constant variance aé . To simplify, we assume

that each fuzzy expected return F_ is an interval values

m
r = [rmL, ran ] derived from a fuzzy reasoning method in the

next subsection.

C. Single Input Type Fuzzy Reasoning Method

Many researchers have proposed various fuzzy inference
and reasoning methods based on or extending Mamdani [20]
or Takagi and Sugeno’s [24] outstanding studies. In this
paper, as a mathematically simple approach, we introduce a
single input type fuzzy reasoning method proposed by
Hayashi et al. [5, 6]. In this method, we consider the
following m rule modules:

Rule-i: {CI = &' —r,. = I’Si }:i:l, (i :1,2,...,m)
where ¢; and I ; are the ith input and consequent data,
respectively. Then, rsi is the real value of output for the
consequent part. Agl is the fuzzy set of the sth rule of the
Rules-i, and S, is the total number of membership function
of &' The degree of the antecedent part in the sth rule of
Rules-i is obtained as h! = A (Cio) . In Hayashi’s single

input type fuzzy reasoning method, the inference result rois

calculated as follows:
S Sm m S
1,1 m,.m i
PBLLAEZEED DU AN PP
s=1 s=1

= . @
§h§+---+;h§‘ ;;h;

Particularly, if membership functions of all fuzzy sets Agl are
triangle fuzzy numbers, formula (1) is a linear fractional
function on input column vector CO . In this paper, using this
fuzzy reasoning method, we obtain the mean value of market
portfolio I, . We assume that input column vector CO

means important financial and social factors to decide the
mean value of market portfolio. However, it is difficult to set

input column vector ¢° as constant values [Cio,(’io] .

. 0 . .
Therefore, we set each input ¢;” as an interval value, and in
order to obtain the maximum and minimum values of I

under interval values of [gﬁ,{i"] , We introduce the

following mathematical programming:
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m S
> hr
Maximize (Minimize) I:rln%
h! (2

subjectto ¢’ <¢’<¢’, (i=12,...m)

Each problem is a fractional linear programming problem
under triangle fuzzy numbers A; and so we obtain the

optimal solutions. Let rr;’ and rmL be the optimal solution
maximizing and minimizing the object, respectively.

I1l. FORMULATION OF PORTFOLIO SELECTION PROBLEM WITH
RANDOM FUZZY RETURNS

The previous studies on random and fuzzy portfolio
selection problems often have considered standard
mean-variance model or safety first models introducing
probability or fuzzy chance constraints based on modern
portfolio theories (e.g. Hasuike et al. [4]). However, there is
no study to the random fuzzy mean variance model using the
fuzzy reasoning method to obtain the interval mean value of
market portfolio. Therefore, in this paper, we extend the
previous random fuzzy mean-variance model to a robust
programming-based model using the fuzzy reasoning
method.

First, we deal with the following most simple portfolio
selection problem involving the random fuzzy variable based
on the standard asset allocation problem to maximize total
future returns.

Maximize "X
j=1
n ©)
subjectto » x; =1, %, >0, j=12,-,n
j=1
where the notation of parameters used in this paper is as
follows:

?j - Future return of the | th financial asset assumed to be a

random fuzzy variable, whose fuzzy expected value is
m i and variance-covariance matrix is V', respectively.

Then, we denote randomness and fuzziness of the
coefficients by the "dash above" and "wave above", i.e.,
“—"and “~”, respectively.

I'; - Target total return

N : Total number of securities

X;: Budgeting allocation to the jth security

In [4], we consider several models and solution approaches
based on standard safety-first models of portfolio selection
problems. However, in order to solve the previous models
analytically, we must assume that each return occurs
according to the normal distributions in the sense of
randomness. This assumption is a little restricted. Therefore,
in this paper, we do not assume certain random distributions
for future returns. Alternatively, we introduce the following
portfolio model minimizing the worst total variance, i.e.,
maximizing the total variance, as a robust portfolio model:
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Minimize max {ZZ% : ,}

rmermrm i1 =1

n
> oEX [>T
=1
n
>ox =1

j=1

subjectto E

By assuming this robust programming problem, the investor
may be able to avoid the latent risk including the worst case
of future return. In order to solve this problem, we fix the
value of interval mean value of random fuzzy market

portfolio Fm as T (w) , I.e., each future return is also only a

random variable as T (w)=d] + djzfm (w) . Therefore,

problem (4) is transformed into the following standard
mean-variance portfolio model:

Minimize ZZO‘U X,
i=l j=1

n

IACIES

j=1

subjectto E >,

G

()

n

> ox =1

j=1
where T, (w)=d; +d’r, (w)

This problem is a convex quadratic programming problem
due to positive definite matrix, and so we obtain the exact
optimal portfolio by using the following steps in nonlinear
programming.

First we introduce the Lagrange function for problem (5) as
follows:

L= ZZUUXIXJ+)\ 1— Zx
i=1 j=1

where A and £ are Lagrange multiples. Then, by using
Karush-Kuhn-Tucker (KKT) condition, we obtain the
following equation on each variable X;:

& —z"ja,, X —¢=0, (j=12,..n)

>0

j=1

+¢ (6)

Zﬁ (W)X =1¢ Y
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Vx—)\r(w)—ﬁlzo

A
& Vx—A[ }:0,

] ®)

By substituting this solution into second and third equations
in KKT condition (7), we obtain the following optimal values
of Lagrange multiples:

|
S x=V A
3

AVIA! [A
£

9)
A ity LA
& [g]:(AV A i

Consequently, we obtain the optimal portfolio x* and the

t
objective value (x*> Vx* as follows:

A AV 1A‘) iG
(it (AVAY) ’1)V(V’1A‘ (AV*A‘)’WG) )

=7 (AVAY) TAV AL (AVAY) TR

=7 (AV’lA‘) i

From x* and the optimal objective value, we secondly
consider a robust programming-based portfolio model, i.e.
the worst case of the total variance:

Maximize 7 (AV lAt) I
[# e[r I ] 11)
U

subject to r, E[

A — -1 ~ . .
In objective function Fy <AV 1At) ¥;, inverse matrix

-1
(AV_lAt> is calculated as the following form:

D SALID I

j=1 AV Al — =1 j=1 i=1 j=1
n DG DD 6
XJ- =1 i=1 j=1 i=1 j=1
j=1 n n n n
In order to solve equations derived from KKT condition, we (AV’lA‘) Al R J; ) n"
set the vector notation, and obtain the solution of x as - Gty D> GyE,
follows: i1 1 =1
2
A(r)—[ &”r,rj][ &”][ &”r]]
i=1 j=1 i=1 j=1 i=1 j=1
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A 1A
Therefore, objective function Fy (AV_lAt> r; is also

calculated as follows:

7 (AV*At)’l 7,
n nn (13)
[ZZO’”FF Gyt 12 &ij]

i=1l j=1 j=1 i=1 j=1

Consequently, problem (11) is equivalently transformed into
the following problem:

Maximize (r)[ZZo”rr

=1 j=1
72rGZZUIJ J+rG &ij]
-1 j-1 -1 j-1 (14)
subject to r; =dj +dfr,, 1, €[rr, ]
2
where A(r [ZZaurr ZZO’“] [ &,jrj]
i=1 j=1 i=1 j=1 i=1 j=1
. R 1, 42
In this problem, we substitute T, (w)=d]+d’r (w)

derived from CAPM, and the numerator and denominator of
objective function are calculated as follows:

n n n n n n
DD G 2 Y Gy Y Y 6y

i=1 j=1 i=l j=1 i=l j=1

— 373,422

i=1 j=1
2rG§n:§nja—ij (did? +djd? —2r.d?)r,
i=1 j=1

+ (constant value)

=Py + Py + pzrnf

(15)

=~

JiN
||

iN
1

-

+ (constant value)

= 0o +Gyf, +q2rnf

Therefore, the main problem is represented as the following
mathematical programming problem with variable I

Po + Piliy
Qo + Gl
subjectto r,

2

+ p2rm

Maximize :
01

(16)

ot |

This problem is a nonlinear fractional programming problem,
and so it is generally difficult to obtain the optimal solution.
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However, this problem has only one variable I, and so we

can obtain the optimal solution by using standard nonlinear
programming approaches or illustrating the objective
function directly.

IV. CONCLUSION

In this paper, we have proposed a robust-based
mean-variance portfolio selection problem with random
fuzzy CAPM using a single input type fuzzy reasoning
method. In order to deal with the market portfolio of CAPM
as a random interval variable, and to perform the
deterministic equivalent transformations, the proposed model
has been nonlinear programming problem with only one
variable. Therefore, we have obtained the exact optimal
portfolio using standard nonlinear programming approaches.

As future studies, we need to develop the solution
algorithm in cases of general fuzzy numbers including
interval values. Furthermore, we also need to consider
random fuzzy portfolio models derived from not only a single
input type fuzzy reasoning method but also more general
fuzzy reasoning methods.
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