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A Model of Adding Relation between the Top and
a Member of a Linking Pin Organization Structure
with K Subordinates

Kiyoshi Sawada, Hidefumi Kawakatsu, and Takashi Mitsuishi

Abstract—This study considers the addition of relation to
an organization structure such that the communication of
information between every member in the organization becomes N=1I
the most efficient. This paper proposes a model of adding
relation to a linking pin organization structure where every pair
of siblings in a complete K-ary tree of height H is adjacent.
When a new edge between the root and a node with a depth
N is added, an optimal depth N* is obtained by minimizing N=3
the total distance which is the sum of lengths of shortest paths
between every pair of all nodes.

N=4
Index Terms—organization structure, linking pin, complete
K-ary tree, total distance.
N=5
I. INTRODUCTION Fig. 1. An Example of a Complet& -ary Linking Pin Structure ofX’ = 2

A pyramid organization is a hierarchical structure basdgd =°
on the principle of unity of command [1] that every

member except the top in the organization should have arhe purpose of our study is to obtain an optimal set of

single immediate superior. On the other hand an organizatigh i na relations to the linking pin organization such that

characterized by System 4 [2] has a structure in whi e, communication of information between every member

relation tween members of th m tion ar o - .
elations betwee embers of the same section are ad ne%e organization becomes the most efficient. This means

to the pyramid organization structure. Members of m'ddlt%at we obtain a set of additional edges to the structure

Iay_ers of System 4 which are both membgrs .Of th-e upPk rinimizing the sum of lengths of shortest paths between
units and chiefs of the lower units are called linking pins, an .

. N - . o ery pair of all nodes.
this type of organization is called a linking pin organization.

o . . . . We have obtained an optimal depth for each of the
In the linking pin organization there exist relations bemeef?)llowing two models of adding relations in the same level
each superior and his direct subordinates and those betw?oen

members which have the same immediate superior. a completek-ary linking pin structure of heightl (11 =
2.3,...) where every pair of siblings in a complefé-ary

The linking pin organization structure can be express?pee’ of heightt] is adjacent: (i) a model of adding an edge

as a structure where every pair of siblings which are nodgstween two nodes with the same depth and (i) a model

which have the same parent in a rooted tree is adjacen?’adding edges between every pair of nodes with the same

if we let nodes and edges in the structure correspond 38 th [6]. A completek-ary tree is a rooted tree in which

members and relations between members in the organizat|(?|r§) .
respectively. Then the linking pin organization structure %{ leaves have the same depth and all internal nodes have
X FK = 2,3,...) children [7]. Figure 1 shows an example

characterized by the number of subordinates of each mem%(? 2 completek-ary linking bin structure ofKX — 2 and
that is, the number of children of each node and the numb e y 9p i

. o . . ]gr: 5. In Figure 1 the value ofV expresses the depth of
of levels in the organization, that is, the height of the rooteeach node

tree, and so on [3], [4]. Moreover, the path between a palr_l_h. del of addi dae b
of nodes in the structure is equivalent to the route of com- 'S paper proposes a modet ot adding an edge .etween
e root and a node with a depffi(N = 2,3,..., H) in

munication of information between a pair of members in th lete linki in struct f heighf (H —
organization, and adding edges to the structure is equivalé‘n?omp e'l?h' -ary dml Ing pin s rgc utre tﬁ felg t'( _f
to forming additional relations other than those between eat ,---)- This model corresponds to the formation of an

superior and his direct subordinates and between memb@ gmonal relation between the top and one member of an

which have the same direct subordinate. organization. ) o
If 1; ;(= ;) denotes the distance, which is the number of
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thetotal shortening distanceMinimizing the total distance is where we defmez: _ 0. The sum of shortening distances

equivalent to maximizing the total shortening distance. wheh
an edge between the root and a node with a depths petween every pa|r of nodes i}, is given by
added to the complet&-ary linking pin structure of height
H, an optimal depthV* is obtained by maximizing the total L%Jfl
shortening distance. .

In Sectigon 2 we formulate the total shortening distance of Eu(N) = Z (K= 1)M(H = N+i-1)
the above model. In Section 3 we show an optimal dépth

i=1
which maximizes the total shortening distance. Lﬂ =

x> (K H —j)

Il. FORMULATION OF TOTAL SHORTENING DISTANCE j=1

This section formulates the total shortening distance when X (N —2i—2j+1). (5)
an edge between the root and a node with a dépthv =
2,3,..., H) is added to a completd-ary linking pin From the above equations, the total shortening distance
structure of heightd (H = 2,3,...). Sy (N) is given by

Let v denote the node of depth which gets adjacent to
the root. The set of descendantsuvgf is denoted by;. The Su(N)
set of ancestors of parent of; is denoted by,. (Note that _
every node is a descendant and an ancestor of itself [7].) Let An(N) + BIN) + Cu(N) + Du(N) + En(N).
V3 denote the set obtained by removilig and V, from the (6)
set of all nodes of the complef€-ary linking pin structure.

The sum of shortening distances between every pair of

nodes inV; and nodes if; is given by . AN OPTIMAL DEPTH
L%J This section obtains an optimal depffi* which maxi-

Ap(N)= M(H — N) Z (N—-2i+1), (1) mizes the total shortening distansg; (V).
i=1 Let us classifySy (V) into two cases ofV = 2L where
where M (h) denotes the number of nodes of a complete L =1,2,..., |£| and N = 2L + 1 whereL = 1,2,...,

ary tree of height:(h = 0,1,2,...), and |z] denotes the |Z-1| Since the number of nodes of a compléfeary tree
maximum integer which is equal to or less thanThe sum of heighth is

of shortening distances between every pair of hodds;iis KhH

iven b M(h) = —— 7
given by (h) = == 7)
(3] 7]
B(N) = (N—2i—2j+1), ) Sp(2L) and Sy (2L + 1) becomes
i=1 j=1
where we definey - = 0. The sum of shortening distances KH-2L+1 _ 1 L
; g = WZQL—%H)
between every pair of nodes Ii and nodes i3 is given B i=1
by L—1L—i
+ > (2L -2i-2j+1)
CH(N) = M(H_N) i=1 j=1
LNZTIJ KH72L+1 -1 L-1 Heit1
x Zl (K —1)M(H —i)(N —2i). (3) +W;(K —1)(2L — 2i)
The sum of shortening distances between every pair of nodes 2 Heitl E!
in V5 and nodes i/ is given by + 2(-’{ -1) o (2L — 2i — 2j)
=
B! L—1 ‘ L—i
Dy(N) = Y (K-1)M(H-1i) + D (KPR 1) Y (2L - 2i - 2 +2)
i=1 i=1 j=1
LN—lJ_i L-1 L—i
2 KH-2L+i _ 1 KH-3+1 _q
v (N — 2 — 2j) +;( >j:1( )
L”j:] (2L — 20 — 2§ + 1)
;1 1 2H—-3L 5
— —3L+3 2H—-2L+3 2H—-2L+2
+ (K—1)M(H—-N+i—-1) - (K_1)3{K K K
1=1 + KQH—L+2 _ KH—2L+2 + KH—2L+1 _ KH—L+3
LN{lJ_i+1 _ gH-L+1 _ (L — 1)KH+3 L KH2 | pcHA
X (N—-2i—2j+2), 4)
= - L(K - 1)?} (8)
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Sy (2L +1)
KH—2L _1 L
= ————— > (2L -2i+2)
K-1 &

L—-1L—t
+ 3N 2L —2i-2j+2)
i=1 j=1

KH-2L _q L

> (KT 1) (2L - 2i+ 1)

K-1

L—-1

=1

~

—1i

+ > (KT 1) > (2L - 2i - 25 + 1)

i=1 j=1
+ ZL:(KH—’Z“"—1 -1) L_M(QL — 20— 2j
J+3)
i=1 j=1
(o Ho2Ltiot B SR _
+ Y (K 1) (K 1)
i=1 j=1

x (2L — 2i — 2j + 2)

1 K-1 2H—-3L+2 2H—-3L+1
B (K—1)3{K+1K K

_ RK2H-2L42 _ pe2H-2L41

2
K+1

_ KH-2LA2 | pH-2L41 _ prH-L+3 | pcH-L+2

—oKHEH (L - )KH (L 4+ 1) KA

—L(K -1 - L(K — 1)2}.

Lemma 1:
() If L=1,thenSy(2L) < Sy (2L +1).
(i) If L >2,thenSy(2L) > Sy(2L+1).

Proof:
@) If L=1, then

Sp(2L) — Sy (2L + 1)
K2H=2 1 K -1
= K—1 -1+ KH-2 + K2H-2
< 0.

(i) If L > 2, then

Sy(2L) — Sp (2L + 1)
1 K2H*L+2
- (K- 1)2{ K+1

KLJrl K2L+1

y (1 K24+2K+1 K2+K+1>

+ KA+ (1 — KlL) + L(K — 1)2}

> 0,

whereL =2,3,..., |£2|. The proof is complete.
Lemma 2: If L > 2, thenL* = 2 maximizesSy (2L).

Proof: If L > 2, thenL* = 2 maximizesSy (2L) since

Su(2L) — Su(2L +2)
_ 1 2H—L+1
BRCESE {K
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KQH—L+2

K*4+2K+1  K*’+K+1
A\ K2+l

(i LK)
LK 1}
> 0, (12)
whereL =2,3,..., |Z] — 1. The proof is complete.

Lemma 3:
(i) If H=4, thenSy(3) > Sy (4).
(i) If H>5,thenSy(3) < Sp(4).

Proof:
() If H =4, then

Su(3)—Su(4) = K?-2
> 0. (13)
(i) If H > 5, then
SH(3) — Su(4)
K2H-3 K‘*+K?-K-1 K-2
ko1 \ KH - K2H-3
< 0. (14)

The proof is complete.

Theorem 4:

() If H =2, thenN* = 2 maximizesSg(N).

(i) If 3< H <4, thenN* =3 maximizesSy(N).
(i) If H > 5, then N* = 4 maximizesSg (N).

Proof:
() If H =2, thenN* = 2 trivially.
(i) If H =3, thenN* = 3 sinceSy(2) < Sy (3) from (i)
of Lemma 1. IfH = 4, thenN* = 3 since Sy (2) < Si(3)
from (i) of Lemma 1 andSy(3) > Sy (4) from (i) of
Lemma 3.
(iii) If H > 5, thenN* = 4 since

(@) Su(2) < Sg(3) from (i) of Lemma 1,

(b) Sy (3) < Sy (4) from (ii) of Lemma 3,

() if L > 2, thenSy(2L) > Sy (2L + 1) from (i) of
Lemma 1, and

(d) if L > 2, then L* = 2 maximizes Sy (2L) from
Lemma 2.
The proof is complete.

IV. CONCLUSIONS

This study considered the addition of relation to a link-
ing pin organization structure such that the communication
of information between every member in the organization
becomes the most efficient. For a model of adding an edge
between the root and a node with a depthto a complete
K-ary linking pin structure of height/ where every pair of
siblings in a completd(-ary tree of heightd is adjacent,
we obtained an optimal depth* which maximizes the total
shortening distance. Theorem 4 shows that the most efficient
manner of adding relation between the top and a subordinate
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is to add the relation to a subordinate of the second, the third
or the fourth level depending on the number of levels in the
organization structure.
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