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A Viscosity Method for Solving a General System
of Finite Variational Inequalities for Finite
Accretive Operators

Phayap Katchang, Somyot Plubtieng and Poom Kumam Member, IAENG

Abstract—In this paper, we prove a strong convergence
theorem for finding a common solution of a general system of
finite variational inequalities for finite different inverse-strongly
accretive operators and solutions of fixed point problems for a
nonexpansive mapping in a Banach space by using the weak
contraction. Moreover, the above results are applied to find the
solutions of zeros of accretive operators and the class of k-
strictly pseudocontractive mappings. Our results are extended
and improved of some authors ’ recent results of the literature
works in involving this field.

Index Terms—Inverse-strongly accretive operator, Fixed
point, General system of finite variational inequalities, Sunny
nonexpansive retraction, Weak contraction.

I. INTRODUCTION

Let E be a real Banach space with norm || - || and C be
a nonempty closed convex subset of E. Let E* be the dual
space of E and (-,-) denote the pairing between E and E*.
First, we recall the basic concept of mappings as shown in
the following:

o T :C — C is said a nonexpansive if |Txz — Ty| <
||z — y|| for all z,y € H. We denote the set of fixed
point of T by F(T).

e f:C — C is called a weakly contractive if there exists
® :[0,00) — [0, 00) a continuous and strictly increasing
function such that ¢ is positive on (0,00), ¢(0) = 0,
lim; o (t) = 00 and z,y € C

1 (@) = FWll < llz =yl = e(lz —yl)). 1)

e For q > 1, the generalized duality mapping J, : E —
2" is defined by

Jo(x) = {f € B* : (w, f) = |2 I Il = =] *~"}

for all z € E. In particular, if ¢ = 2, the mapping J,
is called the normalized duality mapping, and usually
written Jy = J.

e A:C — Eissaid an accretive if there exists j(x—y) €
J(x — y) such that (Ax — Ay, j(z — y)) > 0 for all
x,y € C.
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o A:C — FE is said a B-strongly accretive if there exists
a constant 8 > 0 such that (Ax — Ay, j(z — y)) >
Bllz —y|I? Va,y e C.

e A:C — FEissaid a S-inverse strongly accretive if, for
any >0, (Az — Ay, j(x — y)) > B||Ax — Ay]|* for
all z,y € C.

The variational inequality problem is employed to find a

point € C and is defined by

(Az,j(y —x)) 20, VyeC 2)

where A : C — E is an accretive operator. The general
system of variational inequalities is used to find (z*,y*) €
C x C and is defined by
{ (My™ + 2 —y*, j(z —a*)) > 0, 3)
(B +y* — ", j(z —y")) 20,
for all x € C where A and p are two positive real
numbers and A, B : C — E are two operators. The general
system of variational inequalities, we extend into the general
system of finite variational inequalities is applied to find
(xf,25,...,23) € C x C x--- x C and is defined by

<)‘MAMx*M +x»{ - l‘?w,j(x - x?» >0,
Av—1Ap 12y + 2y — 231, J(x —23)) >0,

(A2 Agzs + x5 — 25, j(x — 73))
(MArz] + a5 — 27, j(z — 23))
4)

for all z € C where {A}M, : C — E is a family of
mappings, A, > 0,1 € {1,2,..., M}. The set of solution of
(4) is denoted by GSVI(C, A;).

=0,
207’

II. PRELIMINARIES

We always assume that E is a real Banach space and C
is a nonempty closed convex subset of . Let D be a subset
of C'and Q: C' — D. So Q is said to sunny if

Q(Qz +t(x — Qz)) = Qu,

whenever Qx + t(x — Qz) € C for any z € C and t > 0.
A subset D of C' is said a sunny nonexpansive retract of C'
if there exists a sunny nonexpansive retraction () of C' onto
D. A mapping Q : C — C is called a retraction if Q% = Q.
If a mapping @ : C' — C is a retraction, then )z = z for
all z is in the range of Q.

Proposition I1.1. Let E be a smooth Banach space and let
C be a nonempty subset of E. Let Q : E — C be a retraction
and let J be the normalized duality mapping on E. Then the
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following are equivalent:
(i) Q is sunny and nonexpansive;
(iii) (x — Qx,J(y — Qz)) < 0,Vx € E,y € C.

Proposition I1.2. Let C be a nonempty closed convex subset
of a uniformly convex and uniformly smooth Banach space
E and let T be a nonexpansive mapping of C into itself with
F(T) # 0. Then the set F(T) is a sunny nonexpansive retract
of C.

Lemma IL.3. Let E be a real 2-uniformly smooth Banach
space with the best smooth constant K. Then the following
inequality holds:

o +yll* < llel® + 2{y, Ja) + 2| Ky?,  Va,y € E.

Lemma I14. Let {z,} and {y,} be bounded sequences in
a Banach space X and let {8,} be a sequence in [0,1]
with 0 < liminf, , B, < limsup,_,. Bn < 1. Suppose
Tnt1 = (1 = Bp)Yn + Bnxy, for all integers n > 0 and
lm sup,, o0 ([[Ynt+1 = ynll = — ) < 0. Then,

”zn-&-l

Lemma IL5. Let {a,} and {b,} be two nonnegative real
number sequences and { o, } a positive real number sequence
satisfying the conditions: 220:1 a,, = 00 and lim,, _, Z—’; =
0. Let the recursive inequality

ant1 < ap — an@(an) + bna n >0

where p(a) is a continuous and strict increasing function for
all a > 0 with ¢(0) = 0. Then lim,_,o a, = 0.

Lemma I1.6. Let E be a uniformly convex Banach space and
B.(0) := {x € E : ||z|| < r} be a closed ball of E. Then
there exists a continuous strictly increasing convex function
g :10,00) = [0,00) with g(0) = 0 such that

X2+ iy +vz)* < Mlal® + pllyl® + 11201 = Mg (llz = yl)

Sforall z,y,z € B.(0) and A\, i,y € [0, 1] with A+ pu+~v = 1.

Lemma IL.7. Let C be a nonempty bounded closed convex
subset of a uniformly convex Banach space E and let T be
nonexpansive mapping of C into itself. If {x,,} is a sequence
of C such that z,, — x weakly and x,, — T'x, — 0 strongly,
then x is s fixed point of T.

Lemma I1.8. Let C be a nonempty closed convex subset of
a real 2-uniformly smooth Banach space E. Let the mapping
A : C — E be B-inverse-strongly accretive. Then, we have

[(I=AA)z—(I-AA)y|* < [le—y|*+2X(AK*~f
If B> AK?2, then I — \A is nonexpansive.

III. MAIN RESULT
Lemma IIL.1. Let C be a nonempty closed convex subset
of a real 2-uniformly smooth Banach space E. Let Q¢ be
the sunny nonexpansive retraction from E onto C. Let the
mapping A; : C — H be a [B;-inverse-strongly accretive such
that 3; > N\ K? where | € {1,2,... . M}. If @ : C — C be
a mapping defined by

Q(J?) = Qc(I—AMAM) oo QC(I_AQAQ)QC(I—)\lAl)III,

for all x € C, then Q is nonexpansive.
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Proof. Taking QL = Qc(I — NA)...Qc(I —
)\QAQ)QC(I - /\1A1),l S {1,2,3,...,M} and Q% =
where [ is the identity mapping on H. Then we have
Q = QY. For any z,y € C, we have

[Q(z) — Q(y)ll
= Q¢ - oyl
= QoI = AAn) QY '
—Qc(I = ArAu) QY 1y
< - AMAM>QM o — (I — A An) QY 1yl
< ||QM 1 ]V[ 1 H
< 1Qgx — Qeyl
|z =yl
Therefore Q is nonexpansive. O

Lemma IIL.2. Let C be a nonempty closed convex subset
of a real smooth Banach space E. Let Q¢ be the sunny
nonexpansive retraction from E onto C. Let A} : C —
H be nonlinear mapping, where | € {1,2,... ., M}. For
zf € Cl € {1,2,...,M}, (x],235,...,2},) is a solution
of problem (4) if and only if

Ty = Qc(I — )\MAM).’L'RI
l‘; = Qc(I — )\1141)1‘9{

=Qc(I — A2 Az)x5 (5)

oy =Qc(l — Av—1Anm—1)Th_1,

that is
=Qc(I = AvAn) .. QoI — XaA2)Qc (I — M Ary)x]

Proof. From (4), we rewrite as

(2] — (2 — AmAnxyy), j(z — 27)) >

(@ — @y — Av—1Av 12y, 1)7](1’ —a3y)) =0,

(x5 — (25 — AgAga3), j(x — a3)) 2 0,

(23 — (27 — AvArad), j(z — 23)) = 0. ©
for all z € C. Using Proposition II.1 (iii), the system (6)
equivalent to (5). O]

Throughout this paper, the set of fixed points of the
mapping Q is denoted by F(Q).

B)||Az— Ay||2 Theorem IIL.3. Let E be a uniformly convex and 2-

uniformly smooth Banach space which admits a weakly se-
quentially continuous duality mapping and C be a nonempty
closed convex subset of E. Let S : C' — C' be a nonexpansive
mapping and Q¢ be a sunny nonexpansive retraction from
E onto C. Let A; : C — E be a [j-inverse-strongly accretive
such that 3, > N\ K? where l € {1,2,..., M} and K be the
best smooth constant. Let f be a weakly contractive of C
into itself with function p. Suppose F := F(Q)NF(S) # 0
where Q is defined by Lemma IIl.1. For arbitrary given
xg = x € C, the sequence {x,} is generated by

{ Yn =Qc(I — AmAnm) ...
Tn+1 = Oénf(xn) + ann + fYnSyn (7)
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where the sequences {ay},{Bn} and {v,} in (0,1) satisfy
An+Bnt+vn =1L n>land \;,1 =1,2,..., M are positive
real numbers. The following conditions:

(CI). limy, 00 @ty = 0 and Y7 5 v = 00,

(C2). 0 < liminf,, o B < limsup,,_, Bn <1

are satisfied. Then {x,} converges strongly to T; =
Qrf(Z1) and (T1,Ta,...,Tpr) is a solution of the problem
(4) where Q r is the sunny nonexpansive retraction of C onto

F.

Proof . First, we prove that {z,,} is bounded. Let p € F, and
take
Qb = Qc(I = NA)...Qc(I — AaA2)Qc(I — M Ay),

forl € {1,2,3,..., M} and % = I, where [ is the identity
mapping on E. Since Q¢ is a nonexpansive, then Qlc,l €
{1,2,3,..., M} also. We note that

Iy = pll = 1Qcn — Qepll < llzn — pll- ®)

It follows from (7) and (8), we also have
[#n+1 = pll

”anf(xn) + BnTn + VnSyn — p”

anl f(@n) = pll + Bullzn — pll + YullSyn — pll
an[llzn — pll — e(lzn — pl)] + anll f(p) — |
+BullTn — pll + Y llyn — pll

|20 — pll = ang(llzn — pll) + anllf(p) — pll
max{||z1 — pll, ¢([z1 — pl)), [l f(p) — pI}-

[VANVAN

INIA

€))

This implies that {z,} is bounded, so are {f(z,)}, {yn},
and {Syn}.

Next, we show that lim,, o ||Zn+1 — 2,|| = 0. Notice
that

Yn+1 — ynll

1Q¢ Tns1 — Q¥

1Qc(I — A An) QY ' Tyt

—Qc(I = A An) QY |

(1 = A Anr) QY " amis — (I = A Anr) QY ™|
||QJC\'/[_1xn+1 - Qé*/[_lxnn

INIA I

HQ(()anJrl - Q%an

[Zn41 — za]-

Setting x,,+1 = (1 — By)zn + Bnxy for all n > 0, we see
that z,, = %, then we have

n

lzn+1 — znl

_ ” Tn4+2 — /Bn+1$n+1 _ Tnd1 — BrnTn ”

1- BnJrl 1- ﬂn
= | W1 f (Tnt1) + nt15Yn+1 _ an f(Tn) + 1 SYn I
B 1- 5n+1 1- 5n
_ ”04n+1f(xn+1) + Yn+1Unt1 g1 f(an)
1= Bns1 1= Bnt1
+an+1f(xn) . Yrn+15Yn + Yn+15Yn
1- 6n+1 1- ﬂn-{-l 1- Bn—&-l
_O‘nf(xn) + Y SYn ||
1- 5n
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Qp41
= [l=——(f(@n+1) — fzn))
1_5n+1
’yn+1
+———(SYn+1 — Syn
1—ﬁn+1( +1 )
[e778S] (679
+ — T,
(lfﬂnﬂ 1fﬂn)f( )
Tn+1 Tn
+ — SYn
(l_ﬁn+1 1—ﬁn) |
Q41
< 1-3 | f(@nt1) = f(@a)ll
n+1
+1jnT+nl+1”yn+l - ynH
An41 Qp
+ - f T
T - )
1— - 1— By —
e =t 1l 20,
1_Bn+1 ]-_Bn
Apt1
< 15 [#n41 = 2all = @([#n41 — 2nll)
- Pn+1
+1jnT+nl+1”yn+l - ynH
Ap41 (079
+ - f T
|1—ﬁn+1 1_/6n|||( )l
Qp41 (079
+ = Sy
o - syl
Apt1 Yn+1
< ——lwn — 2l + ———lYnt1 — ¥
s = 2l T e — )
Opt1 Ap
+ — )| + | Syn
2 — 2l + 00
an—i—l
< —_— — _
S L R R
Ap41 (07
+ - fx)|l + 1|1Syn
T2 — () + w0
(0%
< 1 et ||xn+1_$n”+”xn+1_-TnH
_BnJrl
[N} (079
|1—ﬁn+1 1—ﬂn|(H (@)l + 1Synll)
Therefore,
241 = znll = [[2n41 — 2l
On41
< % ||Tn — T
L
Ap41 (07
+ — z) |+ I[Synl)-
T2 — () + w0

It follows from the conditions (C1) and (C2), which imply
that

limsup(||znt1 — 2nl = [[Tnr1 — zal]) < 0.
n—oo

Applying Lemma 1.4, we obtain lim,, o |2, — 2n] = 0
and also

Znt1 — 2nll = (1= Bn)llzn — @0l = 0
as n — 0o. Therefore, we have

(10)

nlingo |€nt1 — nl| = 0.

Next, we show that lim, o ||Syn — yn|| = 0. Since p €
F, from Lemma I1.6, we obtain

2n1 = pII?

= |lanf(zn) + Bazn + ¥0SYn *p”z
S OZan(J}n) _p||2+(1_05n_’7n)”xn_pH2
+’YnHyn _p”2
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= anllf(@n) = pl* + (1 = an)llz, —pl?
Y0 = 2lI* = llyn — pII*)
= anllf(@n) = plI* + (1 = an)llz, —pl®
~Yn(lzn =2l = llyn — P12 — Pl + [y — P
< ol f(zn) —p||2 + [z, _pH2 = YullTn — ynHQ
Therefore, we have
Yo llTn _yn||2
< anllf(zn) = pl? + ll2n = pl? = [J2n 41 — 2l
< ol f(zn) —pl?
+(llzn = 2l + l[Zn41 = PIDIIn — 2t |-

From the condition (C1) and (10), this implies that
||n — ynl| — 0 as n — co. Now, we note that
[ — Synl|
< lzn = @zpga|l + [[n41 — Syall
||xn - xn-i—l” + ||O‘nf(xn) + Bnn + %Syn - Syn”

= Hxn - anrlH + ||an(f(xn> - Syn) + 571(-1'71 - Syn)H
< wn = 2l + anllf(@n) = Synll + Bullzn — Syall-
Therefore, we get
lzn — Synll
1 Qay,
S 1og e = wwnl + =g () — Syall

From the conditions (C1), (C2) and (10), which imply that
||[zn — Synl| — 0 as n — oo. Since

1Syn

it follows that lim, o [|Syn — yn| = 0.

Next, we prove that z € F := F(Q) N F(S).
(a) First, we show that z € F'(S). To show this, we choose
a subsequence {yn,} of {y,}. Since {y,,} is bounded, we
have a subsequence {yy, } of {yn,} converging weakly to
z. We may assume without loss of generality that y,, — z.
Since ||Syn — yn|| — 0, we obtain Sy,,, — z. Then, we can
obtain z € F. Assuming that z ¢ F(5), we get Sz # z.
From y,,, — 2z and Opial’s condition, we obtain
liminf; o0 [|yn, — 2|l

—yull < (|Syn _an + |20 — ynll,

< liminf; oo ||yn, — Sz||
< lim infi*}OO(”y’ﬂi - Sy”l + ”Synl o SZH)

This is a contradiction. Thus, we have z € F(.S).
(b) Next, we show that z € F(Q). From Lemma III.1, we
know that Q = Qg is a nonexpansive, it follows that

1yn = Qunll = Q& 0 — Q& ynll < [l — ynll.
Thus lim,, oo ||Yn — Qun|| = 0. Since Q is a nonexpansive,
we get
< 2||:En yn” + Hyn - QynH
Therefore, we have
lim ||, — Qz,| = 0. (11)
n— oo

By Lemma II.7 and (11), we have z € F(Q). Therefore
z € F.
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Next, we show that limsup,, , . {((f—1)Z1, J(x,—Z1)) <
0, where 1 = Q#f(Z1). Since {z,} is bounded, we can
choose a sequence {x,,} of {«,,} which z,,, — z, such that
lim Supn~>00<(f - I)fh J(.’En - fl»

zhm ((f = DZy, J(xn, — T1)).

Now, from (12), Proposition II.1 (iii) and the weakly sequen-
tial continuity of the duality mapping J, we have
lim Supn—)oc<(f - I)jlv J(xﬂ - ‘fl»

= th ((f =D)z1, I (zp,

(12)

—71))

= ((f = D71, J(z —21)) <0. (13)
From (10), it follows that
limsup((f — I)Z1, J(zn41 — 71)) < 0. (14)

n—oo

Finally, we show that {z,,} converges strongly to
Z1 = Qrf(Z1). We compute that
Zn+1 — 24
(@n+1 — 21, J(Tng1 — Z1))
<O‘nf(51771) + BnTn + YnSyn — 1, J(zn-&-l - f1)>
(an(f(zn) = Z1) + Bu(n — 71)
90 (SYn — 1), J (Tny1 — T1))
an(f(zn) = f(Z1), J(@pnt1 — Z1))
t+an(f(Z1) = Z1, J(Tp41 — T1))
+Bn(xn — T1, J (Tny1 — T1))
+Yn (Syn — 21, J (g1 — 71))

< anfllzn — 2l = e(lzn — 21l) | |[Zn41 — 24|
+an(f(Z1) = Z1, J (Tns1 — Z1))
+hnllzn — 21| |2nt1 — 24|
Y llyn — Z1ll|Zns1 — 24|

< apllzn = Z1||||zne — T4

—an@(||zn — Z1 [ [2n41 — Z1]|
+an(f(Z1) — Z1, J(Tny1 — 1))
+Bnl|lTn — Z1ll|[Tnt1 — 21|
+nl|Tn — j1||||xn+1 - CE1”

= |lzn — Z1lllzn — Z4|

—anp([|zn — Z1)[|Tn41 — 21|

+an(f(71) = T1, I (Tny1 — 1))
1 ~ -

= §<||In—131||2+”93n+1 —JC1H2>
—anp([|zn — Z1[)[| 2041 — 21|

+an (f(Z1) = Z1, J(Tn1 — T1)).
By (9) and {x,+1 — Z1} bounded, there exist M > 0 such
that ||z,4+1 — Z1|| < M, which imply that
|Tnr1 — leQ
< e = 21 = 200 Mo(|lzn — 7))
20 (f (1) — 21, J (@n41 — T1))-
Now, from (Cl) and applying Lemma IL5 to (15), we get
||z, — Z1]| = 0 as n — oco. This completes the proof. [

5)

Corollary IIl4. Let E be a uniformly convex and 2-
uniformly smooth Banach space which admits a weakly se-
quentially continuous duality mapping and C be a nonempty
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closed convex subset of E. Let S : C' — C' be a nonexpansive
mapping and Q¢ be a sunny nonexpansive retraction from
E onto C. Let A: C — E be a B-inverse-strongly accretive
such that 8 > \K 2 where K be the best smooth constant.
Let [ be a weakly contractive of C into itself with function
©. Let the sequences {an}, {Bn} and {vn} in (0,1) satisfy
an + Bn + v =1, n > 1 and satisfy the conditions (C1)
and (C2) in Theorem I11.3. Suppose F := F(Q)NF(S) #
where Q is defined by

O(z) = Qe(I-MA)Qc(I—AA)...Qc(I—\A)z,Vz € C,

and X be a positive real number. For arbitrary given xo =
x € C, the sequence {x,} is generated by

{ Yn = Qc(I = AA)Qc(I — AA)...Qc(I — )y,

Then {x,} converges strongly to T1 = Qr f(Z1), where Qx
is the sunny nonexpansive retraction of C onto F.

Proof. Putting A = Ay = Ay = -+ = Ay = Ay,
B=P8Bu=PBu-1="-=p=pad =y =
AM—1 = -+ = Ay = A1 in Theorem III.3, we can conclude
the desired conclusion easily. This completes the proof. [

Corollary IILS. Let E be a uniformly convex and 2-
uniformly smooth Banach space which admits a weakly se-
quentially continuous duality mapping and C be a nonempty
closed convex subset of E. Let S : C' — C' be a nonexpansive
mapping and Q¢ be a sunny nonexpansive retraction from
E onto C. Let A; : C — E be a [5;-inverse-strongly accretive
such that B, > \K? where | € {1,2} and K be the best
smooth constant. Let f be a weakly contractive of C into
itself with function ¢. Let the sequences {an},{0n} and
{7} in (0,1) satisfy ay, + Bn +vn = 1, n > 1 and satisfy
the conditions (Cl) and (C2) in Theorem IIL.3. Suppose
F :=F(Q)NF(S) # 0 where Q is defined by

Qz) = Qc(I — A2 A2)Qc(I — \Ay)x,Vx € C,

and A1, Ay are positive real numbers. For arbitrary given
xg = x € C, the sequence {x,} is generated by

{ Yn = Qc(I — X2A2)Qc(I — A A1)Tn, a7
Then {x,} converges strongly to 1 = Qrf(Z1) and

(Z1,Z2) is a solution of the problem (3), where Qx is the
sunny nonexpansive retraction of C onto F.

Proof. Taking M = 2 in Theorem III.3, we can conclude
the desired conclusion easily. This completes the proof. [J

IV. SOME APPLICATIONS
(I) Application to finding zeros of accretive operators.

In Banach space F, we always assume that E is a
uniformly convex and 2-uniformly smooth. Recall that, an
accretive operator 1" is a m-accretive if R(I +rT) = E for
each 7 > 0. We assume that 7" is a m-accretive and has a
zero (i.e., the inclusion 0 € T'(z) is solvable). The set of
zeros of T is denoted by 7~1(0), that

T710)={2€ D(T):0<cT(2)}.
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The resolvent of T', i.e., JI = (I+rT)~!, for each r > 0.
If T is a m-accretive, then J! : E — E is a nonexpansive
and F(JI) =T~1(0),vr > 0.

From the main result Theorem III.3, we can conclude the
following result immediately.

Theorem IV.1. Let E be a uniformly convex and 2-uniformly
smooth Banach space and C be a nonempty closed convex
subset of E. Let Ay : C — FE be a [-inverse-strongly
accretive such that $; > NK? where | € {1,2,..., M},
K be the 2-uniformly smoothness constant of E and T be an
m-accretive mapping. Let f be a weakly contractive of C' into
itself with function @ and suppose the sequences {ay, }, {6}
and {v,} in (0,1) satisfy ap + Bn+7vn = 1, n > 1. Suppose
Fi=T"10)N (m{‘ilAl‘l(O)> 40 and Nyl =1,2,..., M,
are positive real numbers. The following conditions:

(i). limy, ooty = 0 and Y07 5 v = 00,

(ii). 0 < liminf, o By < limsup,,_, . Bn < 1,

are satisfied. The sequence {x,} is generated by xy = © € C
and

{ Yn = JTT(I — )\]\414]\1) N (I — )\QAQ)(I — >\1A1)$n,

Tnt+1 = anf<xn) + ann + YnYn-
(13)

Then {x,} converges strongly to T1 = Qx f(Z1), where Qr
is the sunny nonexpansive retraction of E onto F.

(IT) Application to strictly pseudocontractive mappings

Let E be a Banach space and let C' be a subset of F.
Recall that, a mapping 7" : C' — C' is said a k-stricly pseu-
docontractive if there exist k € [0,1) and j(z—y) € J(z—y)
such that

. 1-k
(Tz—Ty, j(z—y)) < ||96—y||2—7II(I—T)ﬂc—(I—T)yII2
(19)
for all x,y € C. Then (19) can be written in the following
form

(I=T)a—(I=T)y, j(a—9) >+ (- T)e—(I-T)y

(20)
We know that, A is a 1%’“— inverse strongly monotone and
A~t0= F(T).

Theorem IV.2. Let E be a uniformly convex and 2-uniformly
smooth Banach space and C be a nonempty closed convex
subset of E. Let S : C — C be a nonepansive mapping and
T, : C — C be a ki-stricly pseudocontractive with \; <
(12;(]21), l e {1,2,...,M}. Let f be a weakly contractive
of C' into itself with function ¢ and suppose the sequences

{anh, {Bn} and {yn} in (0,1) satisfy oy + B + v = 1,
n > 1. Suppose F = F(S)N (ﬂf\il F(Tl)) # 0 and let
A, l=1,2,... M are positive real numbers. The following
conditions:

(i). limy, ooty = 0 and Y07 5 v, = 00,

(ii). 0 < liminf,,, o B, <limsup,, ,. Bn <1,

are satisfied. The sequence {x,} is generated by xy = © € C
and

Yn = (1= Aar) + ArTr)
ce ((1 — )\2) + )\QTQ) ((1 — /\1) + )\1T1)$n,
Tp+1 = anf('rn) + /Bn«rn + ’Ynsyn

@1

Then {x,,} converges strongly to Q r, where Q r is the sunny
nonexpansive retraction of E onto F.
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Proof . Putting A; = I —T;,1 € {1,2,..., M}. Form (20),
we get A; is a =R

5+ —inverse strongly accretive operator. It
follows that GSVI(C, A;) = GSVI(C,1-T;) = F(T;) # 0
and (mgl GSVI(C, Ile)) — F(Q) & is the solution of
problems (4).

((1 - >‘1) + /\1T1)$n = QC((l - )\1) + )\lTl)xn

((1 — )\]w) + )\JVITM) e ((1 — )\1) + )\1T1)xn
= Qc((1 = Ay) + AuTnr) - Qe ((1 = A1) + MTh)zy,.
Therefore, by Theorem IIL3, {z,} converges strongly to
some element T, of F.
O
(IIT) Application to Hilbert spaces

In a real Hilbert spaces H, by Lemma III.2, we obtain the

following Lemma:
Lemma IV.3. (z7,25,...,2%,) is a solution of

<>\]yjA]V[£L'}kM + .’bT — 1’7\/171' — $T> Z 0,

Av—1Ay—1h g + 25y — 2y, — 2hy) 20,
(ApAgws + a3 — 25,2 — x3) > 0,
(MAyz] + a5 — 2],z —x3) >0,

(22)

for all x € C if and only if
.Z‘T = Pc(l — )\MAM) . Pc(I — /\2A2)PC(I — )\1141).’1}1<

is a fixed point of the mapping P : C — C which is defined
by

P((E) = Pc(.[ - )\]y[A]y[) e Pc(I — )\QAQ)PC(I — )\1A1)(E

for all x € C where P¢ is a metric projection H onto C.

[

It is well known that the smooth constant K =
in Hilbert spaces. From Theorem III.3, we can obtain t
following result immediately.

5o

(&

Theorem IV.4. Let C' be a nonempty closed convex subset
of a real Hilbert space H. Let A C — H be a
Bi-inverse-strongly monotone mapping with \; € (0,20)),
l € {1,2,...,M}. Let S : C — C be a nonepansive
mapping and f be a weakly contractive of C' into itself with
function . Suppose the sequences {cy,},{Bn} and {v,}
in (0,1) satisfy ap + Bn + vn = 1, n > 1. Assume that
F = F(P)N F(S) # 0 where P is defined by Lemma
IV.3 and \j,l =1,2,..., M, are positive real numbers. The
following conditions:

(i). limy, o0 @ty = 0 and Y07 oty = 00,

(ii). 0 < liminf, o By < limsup,, o Bn <1,

are satisfied. For arbitrary given xo = x € C, the sequence
{zn} is generated by

Yn = Pc(I — )\]\/[AM) . Pc([ — )\2A2)PC(I — )\1141).23n7

{ Tn+1 = Oénf(xn) + Bnxy + rYnSyn-
(23)

Then {x,} converges strongly to Ty = Prf(Z1) and
(Z1,Z2,...,Zp) is a solution of the problem (22).
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V. CONCLUSION

In this paper, motivated and inspired by the idea of Ceng
et al. [1], Katchang and Kumam [2], Witthayarat et al. [3]
and Yao et al. [4]. We introduce a new iterative scheme
with weak contraction for finding solutions of a new general
system of finite variational inequalities (4) for finite different
inverse-strongly accretive operators and solutions of fixed
point problems for nonexpansive mapping in a Banach space.
Consequently, we obtain new strong convergence theorems
for fixed point problems which solve the general system
of variational inequalities (3). Moreover, using the above
theorems, we can apply to find solutions of zeros of accre-
tive operators and the class of k-strictly pseudocontractive
mappings.
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