
 

 
Abstract— The hyperbolic partial differential equations with 
nonlocal boundary conditions arise in many branches of 
science and engineering. In this paper a numerical new 
technique (ADM) is presented and used for solving wave 
equation with nonlocal boundary conditions. Numerical 
experiments show that the series form of approximate solution 
converges rapidly, and the obtained results are in very good 
agreement with the exact ones. 
Index Terms—Adomian decomposition method, wave 
equation, non local problem, numerical solutions for partial 
differential equations. 
 

I. INTRODUCTION 

N this paper, we deal with non classical initial boundary 
value problems that is, the solution of hyperbolic 
differential equations with non local boundary 

specifications. These non local conditions arise mainly  
when the data on the boundary cannot be measured directly. 
Many physical phenomena are modeled by hyperbolic initial 
boundary value problems with non local boundary 
conditions. Hyperbolic equationswith non local integral 
conditions are widely used in chemistry, plasma physics, 
thermoelasticity, engineering and so forth. The solutions of 
hyperbolic and parabolic equations with integral conditions 
were studied by several authors [1-10]. Numerical solution 
of hyperbolic partial differential equations with integral 
conditions are still a major research area with widespread 
applications in engineering, physics and technology.   
We consider the following one-dimensional wave  equation: 
 
డమ௨

డ௧మ
െ డమ௨

డ௫మ
ൌ ,ݔሺݍ 0	ሻݐ ൏ ݔ ൏ 1, 0 ൏ ݐ ൑ ܶ      (1) 

 
Subject to the initial condition: 
 
,ݔሺݑ 0ሻ ൌ ,ሻݔሺݎ 0 ൑ ݔ ൑ 1         (2) 
,ݔ௧ሺݑ 0ሻ ൌ  ሻ                                                               (3)ݔሺݏ
And the non local boundary conditions 
 
,ሺ0ݑ ሻݐ ൌ ,ሻݐሺ݌ 0 ൏ ݐ ൑ ܶ  (4) 

׬ ,ݔሺݑ ݔሻ݀ݐ ൌ ݍ
ଵ
଴

ሺݐሻ, 0 ൏ ݐ ൑ ܶ                              (5) 
Where r, s, p and q are known functions, we suppose that ݂ 
is sufficiently smooth to produce a smooth classical 
solution. 
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II. ADOMIAN DECOMPOSITION METHOD 

A. Operator for: 

The Adomian  decomposition method has been applied  [11-
14] for solving a large classe of linear and non linear 
ordinary and partial differential equations with approximate 
solutions which converges rapidly to accurate solutions. In 
recent years, many papers were devoted to the problem of 
approximate of one-dimensional wave equation with non 
local boundary conditions. The motivation of this work is to 
apply the decomposition method for solving  the one-
dimensional wave equation with  an integral boundary 
condition. It is well known in the literature that this 
algorithm provides solution in rapidly convergent series. 
The implementation of  theAdomian method has shown  
reliable results in that few terms only are needed to obtain 
accurate solutions. 

 
 Consider equations (1)-(5) written in the form 
 
ሻݑ௧௧ሺܮ ൌ ሻݑ௫௫ሺܮ ൅ ,ݔሺݍ   ሻ            (6)ݐ
 
Where the differential operators are givenas : 

.௧௧ሺܮ ሻ ൌ
డమ

డ௧మ
ሺ. ሻandܮ௫௫ ൌ

డమ

డ௫మ
 

The inverse operator ܮ௧௧ିଵis therefore considered  a two-fold 
integral operator defined by : 
 

௧௧ିଵܮ ൌ ׬ ׬ ሺ. ሻ
௧
଴

ݐ݀ݐ݀
௧
଴

                 
 
Operating with ܮ௧௧ିଵ on equation (6), it then follows that: 
 
ሻ൯ݑ௧௧ሺܮ௧௧ିଵ൫ܮ ൌ ሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൅ ,ݔሺݍ௧௧ିଵ൫ܮ  ሻ൯     (7)ݐ
And specified initial conditions yield: 

,ݔሺݑ ሻݐ ൌ ሻݔሺݎ ൅ ሻݔሺݏݐ ൅ ௧௧ିଵܮ ቀܮ௫௫൫ݑሺݔ, ሻ൯ቁݐ ൅

,ݔሺݍ௧௧ିଵ൫ܮ  ሻ൯                                                                     (8)ݐ
 

 ݈ܾ݉݁݋ݎ݌	݄݁ݐ	݂݋	݊݋݅ݐݑ݈݋ݏ	݄݁ݐ	݋ݐ	݊݋݅ݐ݈ܽܿ݅݌݌ܣ.ܤ
 
The decomposition method assumes an infinite series 
solution for unknown function ݑሺݔ,  :ሻ given byݐ
,ݔሺݑ ሻݐ ൌ ∑ ௞ஶݑ

௞ୀ଴                                                              (9) 
Where the components ݑ௞ (݇ ൌ 0,1,2,3, … ሻ are determined 
recursively by using the relation: 
଴ݑ ൌ ሻݔሺݎ ൅ ሻݔሺݏݐ ൅ ,ݔሺݍ௧௧ିଵሺܮ  ሻ                                   (10)ݐ
And 
௞ାଵݑ ൌ ,௞ሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ݇ ൒ 0 (11) 
If the series converges in a suitable way then, the general 
solution is obtained as: 
,ݔሺݑ ሻݐ ൌ ݈݅݉௡→ஶ ∑ ௞ݑ

ஶ
௞ୀ଴ ሺݔ,         ሻݐ
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III. EXAMPLES 

A. Example 1 

We consider  the following wave equation: 
డమ௨

డ௧మ
െ డమ௨

డ௫మ
ൌ 0, 0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൏ 0.5_(12) 

With the initial conditions: 
 

,ݔሺݑ 0ሻ ൌ 0, 0 ൑ ݔ ൑ 1	 
,ݔ௧ሺݑ 0ሻ ൌ ߨ cosሺݔߨሻ , 0 ൑ ݔ ൑ 1(13) 
And the boundary conditions: 

,ሺ0ݑ ሻݐ ൌ ሻݐሺ݌ ൌ sin	ሺݐߨሻ 
׬ ,ݔሺݑ ݐሻ݀ݐ ൌ ሻݐሺݍ ൌ 0
௧
଴

 (14) 
Substituting in equations (10) and (11) we obtain the 
following: 
଴ݑ ൌ ߨሺݐ cosሺݔߨሻሻ  (15) 
 
௞ାଵݑ ൌ ,௞ሻݑ௫௫ሺܮ)௧௧ିଵܮ ݇ ൒ 0     (16)       
We can then, proceed to compute the first few terms of the 
series: 
଴ݑ ൌ  ሻሻ (17)ݔߨሺcosሺݐ

ଵݑ ൌ ሺπxሻ	cosߨ ׬ dt ׬ tdt ൌ cosሺπxሻ ሺെπଷ
୲
଴

୲
଴

୲య

ଷ!
ሻ       (18) 

ଶݑ ൌ ଵሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ cos	ሺݔߨሻ ׬ ݐ݀
௧
଴ ׬ ହߨ ቀ

௧య

ଷ!
ቁ ݐ݀ ൌ

௧
଴

cos	ሺݔߨሻሺߨହ ௧
ఱ

ହ!
ሻ        

ଷݑ ൌ ଶሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ cos	ሺݔߨሻ ׬ ݐ݀ ׬ ሺെߨ଻
௧ఱ

ହ!

௧
଴

௧
଴

ሻ݀ݐ ൌ

cos	ሺݔߨሻሺെߨ଻ ௧
ళ

଻!
ሻ                

ସݑ ൌ ଷሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ cosሺݔߨሻ׬ ݐ݀ ׬ ଽߨ ௧
ళ

଻!

௧
଴

௧
଴

ݐ݀ ൌ

cosሺݔߨሻ ሺ௧
వ

ଽ!
)                                                                    (19) 

.. 

.. 
..               And so on: 
,ݔሺݑ ሻݐ ൌ ଴ݑ ൅ ଵݑ ൅ ଷݑ+ଶݑ ൅ ସݑ ൅⋯൅                      (20) 
Hence: 

,ݔሺݑ ሻݐ ൌ cosሺݔߨሻ ሺݐߨ െ ሺగ௧ሻయ

ଷ!
+
ሺగ௧ሻఱ

ହ!
െ ሺగ௧ሻళ

଻!
൅ ሺగ௧ሻవ

ଽ!
െ. ൅⋯ሻ 

Or 
,ݔሺݑ ሻݐ ൌ cosሺݔߨሻ sin	ሺݐߨሻ                                           (21) 
The result shows that the method provides an excellent  
approximation. 

B. Example 2 

Consider the wave equation : 
డమ௨

డ௧మ
െ ଵ

ସ

డమ௨

డ௫మ
ൌ 0, 0 ൏ ݔ ൏ 1, ݐ ൐ 0                                (22) 

With the initial conditions:                              
,ݔሺݑ 0ሻ ൌ ,ݔ 0 ൏ ݔ ൏ 1 
                                                ௧(x,0)=݁௫, 0<x<1                                                  (23)ݑ
And the boundary conditions: 

,௫ሺ0ݑ ሻݐ ൌ 2sinh	ሺ
௧

ଶ
), t>0 

,௫ሺ1ݑ ሻݐ ൌ 2e୶ ൈ ሺsinh ቀ௧
ଶ
ቁ ൅ 1ሻ , ݐ ൐ 0              (24) 

Writing  equation (22) in an operator form yields: 

,ݔሺݑ௧௧൫ܮ ሻ൯ݐ െ
ଵ

ସ
,ݔሺݑ௫௫൫ܮ ሻ൯ݐ ൌ 0                                (25) 

Operating with the inverse operator ܮ௧௧ିଵ on both sides of 
equation (25) and imposing the corresponding initial 
conditions we obtain: 
,ݔሺݑ ሻݐ ൌ ,ݔሺݑ 0ሻ ൅ ,ݔ௧ሺݑݐ 0ሻ ൅ ,ݔሺݑ௫௫൫ܮ௧௧ିଵሺܮ  ሻ൯ሻ         (26)ݐ
Starting with: 
଴ݑ ൌ ,ݔሺݑ 0ሻ ൅ ,ݔ௧ሺݑݐ 0ሻ ൌ ݔ ൅  ௫                 (27)݁ݐ
And using: 

,௞ሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ=௞ାଵݑ ݇ ൒ 0                                              (28) 
We can  obtain: 

ଵݑ ൌ ଴ሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ 2 ൈ e୶ ׬ ݐ݀ ׬ ሺ
௧

ଶ

௧
଴

௧
଴

)dt=2݁௫
ሺ೟
మ
ሻయ

ଷ!
       (29) 

ଵሻሻݑ௫௫ሺܮ)௧௧ିଵܮ=ଶݑ ൌ 2݁௫ ׬ ݐ݀ ׬
ሺ
೟
మ
ሻయ

ଷ!

௧
଴

௧
଴

ݐ݀ ൌ 2݁௫
ሺ
೟
మ
ሻఱ

ହ!
        (30) 

ଷݑ ൌ ଶሻݑ௫௫ሺܮ௧௧ିଵሺܮ ൌ 2݁௫ ׬ ݐ݀ ׬
ቀ
೟
మቁ
ఱ

ହ!
ݐ݀ ൌ 2݁௫

ሺ
೟
మ
ሻళ

଻!

௧
଴

௧
଴

(31) 

By continuing the iteration, we find that: 

௞ݑ ൌ 2݁௫
ሺ
೟
మ
ሻమೖశభ

ሺଶ௞ାଵሻ!
                                                               (32) 

Which implies that : 

,ݔሺݑ ሻݐ ൌ ݔ ൅ 2݁௫ ∑ ,ݔ௞ሺݑ ሻஶݐ
௞ୀ଴ ݔ= ൅ 2݁௫sinh	ሺ௧

ଶ
ሻ         (33) 

Which converges to the exact solution. 
 

C. Example 3 

Now we consider, the following problem: 
 
డమ௨

డ௧మ
െ డమ௨

డ௫మ
ൌ 0, 0 ൏ ݔ ൏ 1,0 ൏ ݐ ൑ 0.5	                            (34) 

Subject to the initial conditions: 
,ݔሺݑ 0ሻ ൌ cosሺݔߨሻ , 0 ൏ ݔ ൏ 1                                         (35) 
,ݔ௧ሺݑ 0ሻ ൌ 0,0 ൏ ݔ ൏ 1                                                (36) 
And the boundary conditions: 
,௫ሺ0ݑ ሻݐ ൌ 0                                                                      (37) 

׬ ,ݔሺݑ ݔሻ݀ݐ ൌ 0
ଵ
଴

                                                               (38) 
Which is easily seen to have the exact solutionݑሺݔ, ሻݐ ൌ
cosሺݔߨሻ cosሺݐߨሻ.			Rewriting  equation  (34) in an operator 
form: 
,ݔሺݑ௧௧൫ܮ ሻ൯ݐ ൌ  ௫௫(u(x,t))                                                (39)ܮ
We operate with the inverse operator Ltt

-1 

On both sides of equation (39), we get the following 
equations: 
,ݔሺݑ௧௧൫ܮ௧௧ିଵሺܮ ሻ൯ݐ ൌ  ௫௫(u(x,t)))                                (40)ܮ௧௧ିଵሺܮ

,ݔሺݑ௧௧ିଵ൫ܮ ሻ൯ݐ ൌ න නݐ݀
݀ଶݑ
ଶݐ݀

௧

଴

௧

଴
ݐ݀

ൌ ,ݔሺݑ ሻݐ െ ,ݔሺݑ 0ሻ െ ,ݔ௧ሺݑݐ 0ሻ 
Then : 
,ݔሺݑ ሻݐ െ ,ݔሺݑ 0ሻ െ ,ݔ௧ሺݑݐ 0ሻ ൌ ,ݔሺݑ௫௫൫ܮ௧௧ିଵሺܮ  ሻ൯ሻ         (41)ݐ
Or: 
,ݔሺݑ ሻݐ ൌ ,ݔሺݑ 0ሻ ൅ ,ݔ௧ሺݑݐ 0ሻ ൅ ,ݔሺݑ௫௫൫ܮ௧௧ିଵሺܮ  ሻ൯ሻ         (42)ݐ
From the above equations we can get the different terms of 
the approximate series solution as: 
଴ݑ ൌ ,ݔሺݑ 0ሻ ൅ ,ݔ௧ሺݑݐ 0ሻ ൌ cos	ሺݔߨሻ                              (43) 

ଵݑ ൌ ଴ሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ െߨଶܿݔߨݏ݋ ׬ ݐ݀ ׬ ݐ݀ ൌ
௧
଴

௧
଴

cosሺݔߨሻ ሺെ
ሺగ௧ሻమሻ

ଶ!
ሻ                                                           (44) 

ଶݑ ൌ ଵሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ cos ݔߨ ׬ ݐ݀ ׬
ሺగ௧ሻమ

ଶ!

௧
଴

௧
଴

ݐ݀ ൌ

cosݔߨሺ
ሺగ௧ሻర

ସ!
ሻ                                                                   (45 

.. 

.. 

௞ݑ ൌ ௞ିଵሻ൯ݑ௫௫ሺܮ௧௧ିଵ൫ܮ ൌ ݔߨݏ݋ܿ ൈ ሺെ1ሻ௞
ሺగ௧ሻమೖ

ሺଶ௞ሻ!
            (46) 

Hence, the approximate series solution is given by: 
,ݔሺݑ ሻݐ ൌ ଴ݑ ൅ ଵݑ ൅ ଶݑ ൅⋯ . . ൅ݑ௞ ൅⋯. 

Or: 

,ݔሺݑ ሻݐ ൌ ሺ1ݔߨݏ݋ܿ െ
ሺగ௧ሻమ

ଶ!
൅

ሺగ௧ሻర

ସ!
െ

ሺగ௧ሻల

଺!
൅ ⋯൅

ሺെ1ሻ௞
ሺగ௧ሻమೖ

ሺଶ௞ሻ!
൅ ⋯ ሻ                                  (47) 

Which converges to the exact solution: 
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,ݔሺݑ ሻݐ ൌ ݔߨݏ݋ܿ ൈ  (48)                                               ݐߨݏ݋ܿ
 
 

IV. CONCLUSION 

In this work we have applied the Adomian decomposition 
method for the solution of the wave equation with non local 
boundary conditions. This algorithm is simple and easy to 
implement. The obtained results confirmed a good accuracy 
of the method.On the other hand, thecalculations are simpler 
and faster than in traditional techniques. 
 
 

Table 1 
  Example 1                                                     Absolute Error 
௘௫ݑ|           5-Iterates						஺ௗݑ																														௘௫ݑ										௜ݔ െ  |஺ௗݑ
 
0.0   1.2566*10ିଶ         1.2566*10ିଶ   0.0 
0.1    1.1951 ൈ 10ିଶ						1.1951 ൈ 10ିଶ                    0.0 
0.2    1.0166 ൈ 10ିଶ					1.0166 ൈ 10ିଶ                    0.0 
0.3    7.3851 ൈ 10ିଷ					7.3851 ൈ 10ିଷ                    0.0 
0.4    3.8831 ൈ 10ିଷ					3.8831 ൈ 10ିଷ                    0.0 
0.5    0.0                         0.0                                       0.0 
0.6	െ3.8831 ൈ 10ିଷ 	െ 3.8831 ൈ 10ିଷ                   0.0 
0.7  െ7.3851 ൈ 10ିଷ െ 7.3851 ൈ 10ିଷ                   0.0 
0.8  െ1.0166 ൈ 10ିଶ െ 1.0166 ൈ 10ିଶ                   0.0 
0.9  െ1.1951 ൈ 10ିଶ െ 1.1951 ൈ 10ିଶ                   0.0 
1.0  െ1.2566 ൈ 10ିଶ െ 1.2566 ൈ 10ିଶ                   0.0 
 

		cosሺݔߨሻ sin	ሺݐߨሻ 
 	ݎ݋݂	݊݋݅ݐݑ݈݋ݏ	݁ݐܽ݉݅ݔ݋ݎ݌݌ܽ	݄݁ݐ	݂݋	݊݋݅ݐܽ݅ݎܸܽ

 ݀݊ܽݔ݂݋ݏ݁ݑ݈ܽݒݐ݊݁ݎ݂݂݁݅݀
																																						 

ܾ݈ܶܽ݁	2 

 ݎ݋ݎݎܧ	݁ݐݑ݈݋ݏܾܣ                                          2	݈݁݌݉ܽݔܧ

௜ݔ ஺ௗ      5ݑ                ௘௫ݑ         െ ௘௫ݑ|      ݏ݁ݐܽݎ݁ݐܫ െ  |஺ௗݑ

0.0   0.004            0.004                                          0.0  

0.1   0.10442      0.10442                                        0.0 

0.2   0.20489      0.20489                                        0.0 

0.3   0.30540      0.30540                                        0.0 

0.4   0.40592      0.40592                                        0.0 

0.5   0.50659      0.50659                                        0.0 

0.6   0.60729      0.60729                                        0.0 

0.7   0.70806      0.70806                                        0.0 

0.8   0.8089         0.8089                                          0.0 

0.9   0.90984     0.90984                                         0.0 

1.0   0.0109        0.0109                                           0.0 

 

 	ݏ݁ݑ݈ܽݒ	ݐ݊݁ݎ݂݂݁݅݀	ݎ݋݂	݊݋݅ݐݑ݈݋ݏ	݁ݐܽ݉݅ݔ݋ݎ݌݌ܽ	݄݁ݐ	݂݋	݊݋݅ݐܽ݅ݎܸܽ

 ݐ	݀݊ܽ	ݔ	݂݋
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ܾ݈ܶܽ݁	3 

  3		݈݁݌݉ܽݔܧ

݄௫ ൌ
ଵ

ଵ଴
       ݄௧ ൌ

ଵ

ଶହ଴
 ݎ݋ݎݎܧ	݁ݐݑ݈݋ݏܾܣ                                                

஺ௗ       5ݑ                ௘௫ݑ         ௜ݔ െ ௘௫ݑ|                    ݏ݁ݐܽݎ݁ݐܫ െ  |஺ௗݑ
 
0.0   0.99992      0.99992                                            0.0 
0.1   0.95098      0.95098                                            0.0 
0.2   0.80895      0.80895                                            0.0 
0.3   0.58774      0.58774                                            0.0 
0.4   0.30899      0.30899                                            0.0 
0.5   0.0.0           0.0                                                    0.0 
0.6 -0.30899     -0.30899                                            0.0 
0.7 -0.58774     -0.58774                                            0.0 
0.8 -0.80895     -0.80895                                            0.0 
0.9 -0.95098     -0.95098                                            0.0 
1.0 -0.99992     -0.99992                                            0.0 
 

 
 
 
 
 
Variation of the approximate solution for different values of x and t 
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