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Abstract—In this paper, a new structure is proposed for the
computational design of variable fractional-delay (VFD) 2-D FIR
digital filters. Based on the Taylor series expansion of the desired
frequency response, a prefilter-subfilter cascaded structure can
be derived. For the 1-D differentiating prefilters and the 2-D
quadrantally symmetric subfilters, they can be designed simply by
the least-squares method. Design example shows that the required
number of independent coefficients of the proposed system is
much less than that of the existing structure, while the
performance of the designed VFD 2-D filters is still better under
the cost of larger delays.

Index Terms— Farrow structure, variable fractional-delay
filter, 2-D FIR filter, least-squares method, 2-D quadrantally
symmetric filter, subfilter.

I. INTRODUCTION

onventionally, the transfer function of a variable
fractional-delay (VFD) 2-D FIR digital filter is given by

Nl NZ
H (zl,zz, Py, pz): Z hnlnz ( Py, p2)zl 2, (1)
n,=0n,=0
where
Ao, (P py)= z Z Ny, Ny, My, My ) ™ p,™ (2

m;=0m,=0
Hence, (1) can be represented by

H(z,2,,p1.p;) = Z z Gy, (21,22) P p™ 3)
m; =0 m,=0
where the 2-D subfilters
Nl NZ
Grym, (22:22) Z Z Ny, My My, my ) 22,7, (4)

n=0n,=0
and the system can be implemented by a 2-D Farrow structure
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VFD digital filters belong to the branch of variable digital
filters which are applied to where frequency characteristics
need to be adjusted online without redesigning the system. For
the past decade, several works have been proposed for the
design of variable digital filters [1]-[17] due to their wide
applications in signal processing and communication systems.
By the function, they are generally classified into two main
categories. One is the filters with variable magnitude
characteristics such as cutoff frequencies or magnitude
responses [2]-[8], and the other is the filters with variable
fractional delay [1][9]-[17].

In this paper, the design of VFD 2-D FIR digital filters will
be investigated. Comparing with the conventional 2-D Farrow
structure presented recently in [1], a prefilter-subfilter cascaded
structure is proposed. The structure is developed based on the
Taylor series expansion of the desired frequency response. In
[1], there are four types of 2-D quadrantally symmetric/
antisymmetric filters [18][19] to be designed. But, only two
1-D differentiating prefilters and one type of 2-D quadrantally
symmetric subfilters are needed to be designed in this paper. By
the closed relationships among the proposed structure, the
required number of independent coefficients of the designed
sysem is much less than that in [1] while the performance of the
designed filters is still better than that in [1] under the cost of
larger delays. The phenomenon will become significant for
wider band VFD 2-D filter design by using higher-order 1-D
prefilters and lower-order 2-D subfilters.

This paper is organized as following. In Section I, the
proposed prefilter-subfilter cascaded structure is derived from
the Taylor series expansion of the desired frequency response.
And the design of the mentioned prefilters and subfilters for
even M is presented in Section Il1. For simplicity, the general
least-squares method is applied, and design example will be
presented to demonstrate the effectiveness of the presented
method. Finally, the conclusions are given in Section V.

Il. THE PROPOSED STRUCTURE

For designing a VFD 2-D FIR filter, the desired frequency
response is given by

—J'[“)l(|1+p1)+"b(|z+l)z)} (5)

Hyq (wl’(‘)ZI Prs pz): M (wl'wz)e

where M (@, ®,) is the desired magnitude response, |, and
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I, are the prescribed group-delays with respect to ;- axis
and w,-axis , respectively, and p;,p, €[-0.5,0.5]. For
simplicity, only quadrantally symmetric magnitude response
M (@, ®,) is considered in this paper. By Taylor series
expansion,

. m,
Jw, pz)

m, !

(_jwlpl)ml
m;!

e_j((‘)lp1+(‘}2p2) —

3 C

(6)

M= ng

(_jwlpl)ml ] i (—i@,p, )mz

m; ! m, !

Q

o

m,=0

=

for sufficiently large M. In this paper, the case for odd M is
considered first, and the case for even M will be discussed in

Section IV. Let M =2M +1, then (6) becomes
e~ i(@ Py, py)

_ i i (_l)n11+m2 (a)l pl)zm1 (0)2 pz)zm2

(2m;)}(2m, )!
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By (5) and (7), the transfer function of the VFD 2-D FIR filter
is represented by

H(Zl’zzvplv pz)

M M
Nd1 Nd2
~Na N2 2m, . 2m
=4 "7y ° ZGZml,ZmZ (z.22) P 7™ P ™
m=0m,=0
M M
-2 1 2m L 2m
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m=0m,=0 my
M M
-Na1 1 2my . 2my+l
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= &= 2m, +1
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and the proposed structure is shown in Fig. 1. In (8), the
quadrantally ~ symmetric  subfilters Gy, o (2,2,) are

characterized by

Ny N

9 9

Gam,,2m, (2,2,)= Imm, (nnp)z ™z, ™ )

n=0n,=0
where N, is assumed to be even while the Type IlI
linear-phase prefilters D; (z;), i =1, 2, are characterized by
i=12.

N :even, (10)

After mathematical management, the frequency response of (8)
can be represented by

H (ejah eja)z, p., pz)

N [ Ngp N (12)
B e U s g
= ( ) e ( ) H(a)lla)zvpl.pz)
where
H(w1.05.p1,P,)
- Z Z GZm1 2m, a’l 0)2 Py am p22m2
m;=0m,=0
B S S G (n00) B2
,2m, )
m;=0m,=0 2m1+1 ™
iD SAS 1 4 2 2m,+1
+JD2(0)2)Z z m +1GZml,2m2 (wlla)z)pl ™ P2 Mo+
. Aml:Omz =0°"72
- 1(0)1) 2 (2)x
i i;é (501 w ) p 2m1+1p 2m,+1
m1:0m2:0(2m1 +1)(2m2 +1) 2m,2m, e ! 2 !
(12a)
Ng Ng
Gam, 2m, (wl 602) z le (nl nz)cos(nla)l)cos(nzwz)
n,=0n,=0
(12b)
Ngi
I:A)| (a),): d (n)sin(nm) i=1 2, (12¢)
n=1
N, N
Ymm, (TQ’TQ) n=n,=0
G 2Gmm, (N—zg—nl,%). 1sn1§%, n, =0
Iy (nl’nz) Ny N, .
29m,m, (TvT‘“z), n =0, 1<n, <%,
49”‘1”‘2 (N_Zg_nl’%_nZ) 1<ny,n, SN—ZQ
(12d)
i(n)=2q;(%-n). i-12 (12¢)

Obviously, the integers I, and 1, in (5) can be set as

I = “d'+—, i=12.
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Fig. 1. The proposed structure of a VFD 2-D FIR digital filter. (M =5)

I1l. DEsIGN oF 2-D VFD FIR DIGITAL FILTERS WITH ODD M 1, &;+“’2_2231,
),
In this paper, it will be dealt with first for the design of the M (o, @,)= wlpzl : (13)
prefilters D, (z,) and D,(z,), and then they are applied for 0, P 21,

the design of the subfilters G Z,,2, ). Design examples . . ,
g omam, (2:72) g P the prefilters Dy (z,) and D, (z,) are designed with passband
will be given to demonstrate the effectiveness of the presented

method. edges oy and @,, , respectively, while their stopband edges
A. Design of the prefilters D, (z,) and D,(z,) are “s1 and @y, , respectively.
Defining
By (7) and (8), the prefilters D;(z) and D, (z,) are used .
as differentiators with magnitudes —@, and —ew, , respectively, d = [&i (1), d; (2),-, d; (%” , (14a)
and their specifications depend on the magnitude response
. . , . T
M (a)la)z) in (5). For example, when the designed filter is an Si( ) [sm( ) sm(Za}) sin(%a},)] , (14b)
elliptically low-pass VFD filter with
ISBN: 978-988-19252-6-8 IMECS 2013
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the magnitude responses lﬁi(a),) of the prefilters can be
represented by

Di(w)=dsi(@), i=12 (15)
where the superscript T denotes a transpose operator. Hence,

the objective error functions for designing the prefilters in
least-squares sense can be defined by

3 A 2 . 2
e(di)= J. [-@-Di(w)] doy+ _[ [Bi(@)] do
0 o (16)
= U; +1 d; +df Qid
where
@pi >
u = f@zdw. = (17a)
0
@i
rizzja;,s,(a))dw,, (17b)
0
Dpi 4
Q= [si(@)s] (@)da+ [si(@)s] (@) dar,  (170)
0 X
and the solutions are
d=-1Qi', i=12 (18)
B. Design of the subfilters Gy, om, (21,2,)
Similarly, by defining
N, N
9= [goo(o 0),-- goo(Tngg)
N
G (0.0):++ Gy (%'N_zg)} ’ (192)

Cee 2[1,...,cos(%a)l)cos(&wz)’...’

T
N N
9028 3 o) |

Coe =[I01v“', plcos(N—zgwl)cos(&a)z),...,

.
N N
= o’ ng v +p’ p22M COS(TQQH)COS(TQ%)} ,(19¢)

Ceo :[pz,..., P2 COS(%@)COS(N—;%),...,

LpPph . Pl COS(%@)COS( )T (19d)

% =[p1pz,---, b, cos( ey Joos( @, ) -+,
rvEl O SRR i M cos( 3 Joos( )T (19)

(12a) can be represented by
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H (@, @5, p1,P,)
:gTCee+le(a’l)gTCoe+jD2(w2)9TCeo—Dl(a’l)Dz(wz)gTCoo-

(20)
Therefore, the objective error function for designing the
subfilters G, »m (21,2,) can be defined by

o 2
B(Q)ZIR‘Hd (a)l’wZ' P pz)—H (ewl e py, pz)‘ dv

. . 2
:.[R‘M (a}l'wZ)e_J(aﬁplmsz) —H (e, @5, p, DJ v

= [ M (@n.@;)cos(@1py +,p,)
~ 2
_gT Cee + Dl a)l) D2 (a)z)gTCoo dv

I |— @y, @, )Sin(@ py +; P,)

—Dy(@,)9" Coe — Dy ()" Cap ‘v
=u+r'g+9'Qg (21)
where
S0 (223
dv = dayd@,dp,dp, | (22b)

R=R,UR,= {-0.5< p,, p,<05}U
{(1,,)epassbands and (@@, )estopbands}  (22c)
and

u:IR|M (@1, ;) cos(aypy + o, p2)|2 dv

+,[R|M (0, @,)sin (@ py + @, p2)|2 dv
- .[R|M (“)l’a)z)|2 v

=[] M(@.0)f dada,, (232)

r——ZJ- (o1, @,)cos(a, p +@, pz)[ ~Dy(a1)D, (@, )c, Jdv

+ZI (01,0, )sin(ey py + @, pz)[ > (a)l)coe+I52(a)2)ceo}dv,

(23b)

Q= [6e0=B1(01)D2 (02)0cn [0 ~Bu(en) B )]

+] [ Bul@)ce + By (@,)ceo || Bi(@1)cee + D ()60 ] v

(23c)

The least-squares solution can be obtained by differentiating
(21) with respect to the coefficient vector g and setting the

result to zero, which yields

g=—-3Q7'r. (24)
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C. Design examples

In this subsection, design examples are presented and the
results are compared with those of the conventional method [1].
To evaluate the performance, several measured criterions are
defined as below:

b

: . 2
IR‘Hd(wl,wz,pl,pz)—H(eJ”he“"%pl,pz)( dv

e IR|Hd(ah’w2: Prs p2)|2dv

&

x100%, (25a)
Emp = max{‘Hd (a)llwzv Pr pz)_ H (eiaa,ejwzl P1, P2 )‘,
(e, w,) € passbands, -0.5< p;, p, < 0.5} (25h)
Ems = max{‘Hd (r,@,, Py, p;)—H (e 1 p, pz)‘,
(,@,) e stopbands, —0.5< p;, p, <0.5}  (25¢)
2, 1
[RACT A EACTIA
& ms = 2
J-R p;dv
x100%, (25d)
2 1%
IR|rd2(a)l,a)2,pl,pz)—rz(a)l,a)z,pl,pz)| dv
Eryms = 24y
J P
x100%, (25¢)

& = max{|7d1(a’11a’21 P Py) =7 (@, @, P, p2)|,
(a1, @,) < passbands, ~0.5< py, p, <05},  (25f)

&, = max{|7d2 (@,0,, P, P,) =7, (@1, 0,, P, p2)|,

(@, 0,) € passbands, —0.5< p;, p, < 0.5} (259)

where 7, (@, 0,,p,p,) and (@, , p,p,) denote the
desired and actual group delays, respectively, with respect to
a;-direction , i =1, 2. Meanwhile, the numbers of independent

coefficients are also taken into account for comparison, which
are computed as below:
Proposed method (including scale factors):

2, . ~ ~
N, +(N—;+1) (M +1)2 +4AM +3M2 (26a)
Conventional method [1]:
(82)" (Mo +1)° +(2)" M2 +2(L+2) (M, +1)M, (26D)
where

M=M=,
M +1=M, = Ml

2

foreven M ,
(27)
for odd M .
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TABLE |
COMPARISONS FOR THE PROPOSED METHOD AND
THE CONVENTIONAL METHOD [1].

Example Example 1
Method Proposed Conventional
Ng1=Ng2=30
Filter order N =20
Ng =20
Number of
independent 1139 3969
coefficients

o, -direction: 25 o, ~direction: 10
Average delays

o, -direction: 25 o, ~direction: 10

£m,rms (%) 0.21486344 0.24878285
£mp 0.01013381 0.01140162
£ms 0.00844768 0.00992308

&z, rms (%) 0.00141645 0.02759631

&z, rms (%) 0.00241521 0.05946121
& 0.03280007 0.09599047
& 0.03488614 012677654

2

To compute the errors in (25), the frequencies @, and @, are
uniformly sampled at step size /100, and the variable
parameters p, and p, are uniformly sampled at step size

1/50 .

Example 1: In this example, an elliptically symmetric low-pass
VFD FIR filter is designed and the desired magnitude response
has been given in (13). When w, =0.457 , w,, =067,
0y =07r , 0,=0857 , Ngy=Ng, =30, Ny=20,
M =5, the obtained magnitude responses for ( py, p,)=(0,0),
(0.25,0.25), (0.5,0.5), (0.5,-0.5) are shown in Fig. 2(a), the
group-delay (p1,p,)=(0.25,0.25) and
(0.5,-0.5) are shown in Fig. 2(b) and (c), while the variable

group-delay responses and magnitude responses for both
w,=0, p,=0and @ =0, p, =0 are shown in Fig. 2(d)
and (e), respectively. The errors defined in (25) are tabulated in
Table I, accompanying those of the conventional method with
N =20.

responses  at

IV. CONCLUSION

In this paper, a prefilter-subfilter cascaded structure for the
design of VFD 2-D FIR digital filters has been proposed, which
is derived based on the Taylor series expansion of the desired
frequency response. By the specified relationships among the
presented structure, it has been shown that the required number
of independent coefficients is much less than that of the
existing structure, while the performance of the designed filters
is still better. Design example hse been presented to
demonstrate the effectiveness of the presented method.
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