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On Positive Definite Solutions of the Linear
Matrix Equation X + A* XA =/

First A. Sana'a A. Zarea, Second B. Salah M. El-Sayed, and Third C. Amal A. S. Al-Marshdy.

Abstract—Two effective iterative methods are constructed
to solve the linear matrix equation of the form X + A" XA =1.
Some properties of a positive definite solution of the linear
matrix equation are discussed. Necessary and sufficient
conditions for existence of a positive definite solution are

derived for A <1 and ||4]>1. Several numerical examples

are given to show the efficiency of the presented iterative
methods.

Index Terms—Algorithm, Fixed-Point-Iteration,
linear-Matrix-Equation, Numerical-Analysis, Positive-
Definite -Solutions, Two-Sided-Iteration.

I. INTRODUCTION

Considering the linear matrix equation
X+A XA=1, Q)
with unknown matrix X, where 4eC™", [ is the identity
matrix of order Nn. The equation (1) could be viewed as a
special case of the symmetric matrix equations
X+A XA +--+ A XA =Q. (2)

Where Q is a positive definite matrix [15]. There are
many linear matrix equations which were studied by some
authors [2],[3],[8]-[11],[213]-[15].[18]-[21],[24]. Two effe-
ctive iterative methods for computing a positive definite
solution of this equation are proposed. The first one is fixed
point iteration method and the second one is two sided
iteration method of the fixed point iteration method. These
two iterative methods are used for computing a positive
definite solution of nonlinear matrix equations, see [1],[4]-
[71.[12],[16].[17].[22].[23].

This paper aims to find the positive definite solution of
the matrix equation (1) for all values of ||4] =1, for this

purpose we investigated two iterative methods, the first one
is based on fixed point iteration and the second is based on
two sided iteration method, also to derive necessary and
sufficient conditions for the existence of the solution of
equation (1).
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Section Il describes some properties of positive definite
solutions of the equation (1). Section Ill, presents a first
iterative method (Fixed point iteration method) for
obtaining the solution of our problem. Also, it presents
theorems for obtaining the necessary and sufficient
conditions for the existence of a solution of matrix equation
(2). Section 1V represents the second iterative method (Two
sided iteration method of the fixed point iteration method)
for obtaining the solution of the problem and theorems for
the sufficient conditions for the existence of a positive
definite solution of (1). Numerical examples in Section V
illustrate the effectiveness of these methods. Conclusion
drawn from the results obtained in this paper are in section
VI.

The notation X >0 means that X is a positive definite
Hermitian matrix and A>B is used to indicate that
A-B>0.A* denotes the complex conjugate transpose of
A. Finally, throughout the paper, ||| will be the spectral

norm for square matrices unless otherwise noted.

11.SOME PROPERTTIES OF THE SOLUTIONS

This section discusses some properties of positive
definite solutions of the matrix equation (1) .

1) Theorem
If m and M are the smallest and the largest eigen-
values of a solution X of (1), respectively, and A isan

eigenvalue of A, then }1_M <|4| < {I__m
M m

Proof
Let vV be an eigenvector corresponding to an eigen-value

A of the matrix A and |v|=1. Since the solution X of.
(2) is a positive definite matrix, then 0 <m< M <1,
<(X+A )01)/ > (FV)=(v,v), (Xv, v>+<A*X4v v>:<v,v>,

(XV,v)+(XAv, Av)=1and (XV,v)+ |ﬂ| (Xv,v)=1.

Consequenty, ‘/ |/1| ‘/1 m

2) Theorem
If (1) has a positive definite solution X ,then

AA+(aa) > 1
Proof
Since X is a positive definite solution of (1), then

X<l,AXxA<I, ie X<(aa]".
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Thus we have (AA")'>X=7-A"XA>7-A'A.
Consequently, 4"A+(44")">1.

I1l. THE FIRST ITERATION METHOD (FIXED POINT
ITERATION METHOD)
This section establishes the first iterative method which
is suitable for obtaining a positive definite solution of (1)
when A <1.

A.Algorithm
Take X,=al.For k=0712,....,compute
X, =1-4XA (3)
Our theorems give necessary and sufficient conditions
for the existence of a positive definite solution of (1).

1) Theorem
Let the sequence {X, } be determined by the Algorithm
Aand |4 <1 (4)

If (1) has a positive definite solution, then {X,}

converges 1o X', which is a solution of (1) for all numbers
«>1. Moreover, if X, >0 for every k, then (1) has a

positive definite solution.

Proof.

Let (1) has a positive definite solution. From Algorithm
A, we have

X,=al >1>X,=1-aA"A,

X,=al >I1>X,=1-AX,A>[-aA'A= X, ie,

X, >X,>X,. Toprove X,>X, if X_, <X, foralls, we
have X, =7/-A'X_A>I-A'X,A=I-aA A= X,. We
will find the relation between X,,X;,X,,X;. Since

X, <X,,then x,=/-A"X,A>1-A"X,A= X, and
X,=1-A"X,A> [-A'X,A=X,, since X, > X,, then
X,=1-A'X,A< [-AXA=X,and

X, =1 -AX,A>1-AX,A=X,.

Also, since X, > X,, then

X,=1-AX,A<I-A X,A=X,.Thus, we get
Xo=al>X;,>Xy4>X5>X3>X,=1-0A"A.

We will prove that X, > X, > X, if we have
X,>X,,>X,, thus
Xo=al>I>1-AX_A<I-AXA=> X, > X,,,>X,.
Also, we can prove that Xy > X > X,,q, if we have

X, > X >X_,, Xy=al >[-A' X A>[-AX A=
X, > X, > X_,,. Therefore, we have

Xy=al > X, > Xyy > Xporz > Xy > X, =1 —aA" A, for
every positive integers r,s. Consequently, the subsequences
{X,, },{X,...} are monotonic and bounded, and lim.x,,,

I|mX exist.

2s+1

To prove these sequences have a common limit, we have
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X 25 — X641 = “I — A* X A~ 1+ A%Xp A“

"(Xas ~Xas-1) A| < AP |Xas ~ X5 4],
Let q=|4]" <1, and we get

[Xas = Xos ]| <Q[[Xas = Xos 4 0% [Xas 2 = Xos 4]
<207 [Xo - Xy <0* (22 -2).

and (2a-1)>0, [X, -X,.,
s—w, that is, {X,,} and {X,.,} have the same limit X
and Xo > X > X»,1,5=12,.... Taking the limit of the
sequence {X,} generated by Algorithm A leads to
X =1-A* XA, which is a solution of (1). Assuming that
X, >0 for every k. We proved that the sequences have a
common limit X . Since X, ,=7-A"X,A>0, taking the

limits of both sides ask approaches to oo , we get
X=1-A*XA,>0. Hence (1) has a positive definite
solution.

Since g<1 —0 as

2) Theorem
Let X, be the iterates in Algorithm A. If q=[A|" <1.

Then |.X, - X| <q“(2a-1), for all real number o« >1,

where X is a positive definite solution of (1) .

Proof

From previous Theorem it follows that the sequence (3)
is convergent to a positive definite solution X of (1).
From (3) and X =7-A4"XxA4, we have
X, - X=A(X-X,,)A.Thus,

[ -] ="

(X=Xi2)A| < AP X = X o <a X = X4
<q?|X X, _y|. after k —steps
<q" X0 -X]-

From Theorem 1, we have

| X, - X] <q"|X, - X] <o (2a-1).

3) Corollary
Suppose that (1) has a solution. If q:||A||2 <1 , then

{ X, }converges to X with at least the linear convergence

rate.
Proof

We have |.X,., - X]| <[4 X, —X|. Choose a real
number satisfying 4| <6 <1. Since X, — X, there exists
a N such that for any k>N. 4| <. Hence

X~ X] < %], ]

4) Theorem
If (1) has a positive definite solution and after k iterative

steps of Algorithm A, we have |7-X,'X,,|<e then
|+ 4 xi -1 < s 4?,

Algorithm A.
Proof

where X, is the iterates in
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Xy +AX A-T=X, +AX A-X, —AX, A
= A" (X — Xy 4)A (5)
Take the norms of both sides of (5)
|x, + a4 x A—1| <| AL | x| - X2 X, | < @] 4. For
|lr-xix | X —>X as koo
Consequently, |/-X,"X,,|—>0 as k-, that is,
|7-xx, | <&, for £>0and from theorem 1, [X,[<e

for every k, thus |x, + A" X, A—1| <4

IV. THE SECOND ITERATION METHOD (TWO
SIDED ITERATION METHOD OF THE FIXED POINT
ITERATION METHOD)

This section establishes the second iterative method
which is suitable for obtaining a positive definite solution
of (1).

B. Algorithm
Take X,=alY,=pI. For k=012,...,compute
X.=1-AXAand Y, =/-AY,A (6)

Next theorems provide necessary and sufficient conditi-
ons for the existence of a solution of (1) when ||4] <1.

1) Theorem
If (1) has a positive definite solution, the sequences {X, }

and {r,} are determined by Algorithm B and
4 <1, 0
then the two sequences {X, |, {¥,} converge to the positive
definite solution X for all real numbers «,8 such that
B>a>0. On the other hand, if X,,¥, >0 for everyk,
|4 <1 and B>a>0, then (1) has a positive definite
solution.

Proof

First, considering sequence (6) , for X,,X, we have
Xo=al>I>X,=I—od'Ad=al >1>X,=1—A"X,A>
I—aA"A=X_,ie, X,>X,>X,. Toprove X, > X, if
X, , <X, foralls, hence

X, =1-AX_A>1-AX,A= [ -aA A= X, . We will
find the relation between X, X,,X,,X;.Since X, <X,,
then X,=7-A"X,A>1-A"X,A= X, and

X, =1-AX,A>I-A"X,A=X,,since X,>X,,then
X,=1-AX,A<I-AX,A= X, and

X, =1-AX,A>]-AX,A=X,. Also, since X,>X,,
then X, =7-A"X,A<I- A X,A=X, . Thus, we get
X,=al >X,>X,>X,>X,>X, =1-aA"A.We will
prove that X, > X, > X, if we have X, > X, > X, , thus
Xo=al>I>1-AX_A<I-A X A= X, > X, > X,.
Also, we can prove that X, > X, > X, ,
X,>X,>X,, ,thus
Xo=al>I-A"X_A>I-A'X A= X, >X,> X,

s+1*

s+1

if we have
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Therefore, we have
Xy=al > X, > X,.,> X,00> X, > X, =1 —aA’ A, for

every positive integers r,s . Consequently, the
subsequences {X,, },{X,..,} are monotonic and bounded,

and limX, and lim.x,,, exist.
S—w S0

s+1
For the sequence{,}, similarly, we can prove that
YO :ﬂl > Y2r >)/2r+2 > )/25+3 >)/25+1 > le =1 _ﬂA*A' fOI’ every

positive integers r,s.
Consequently, the subsequences {¥,, },{¥,..,} are monotonic

and bounded, and lim Y, and lim Y,_, exist.
S—0 S0

s
Finally, from (6) we have Y, =47 >al = X, and

YV, =1-AYV,A<I-AX,A=X,, ie., ¥,>X,>X,>Y,.
Also, ¥V, =T-AV,A>T-AX,A=X,.

Similarly, ¥, <X,,Y, > X,. Since ¥, > X,, X, >Y, , then

X, =1-A"X,A<I-AY,A=Y, and

Y,=1-AY,A< I-A"X,A=X,.Also, since Y, > X, ,then
Y,=1-AY,A<I-A"X,A=X,.From (6) we have

X, =d >1>1-AY, A=Y, .Therefore,

X, =1-A"X,A<I-AY,A=Y, and
X,=1-A"X,A>I-AY,A=Y,. Consequently,

X, =1-A"X,A<I-AY,A=Y, and
X,=1-A"X,A>I-AY,A=Y,. Consequently,
Y,>X,>Y,>X,>Y,>X,>X;>Y,> X, >Y,.

We will prove that ¥, > X, >Y,, ifwe have ¥, >Y_, > X,
thus ¥, =7-AY_A<I-AXA=X_,<I<pl=Y,.

Also, we can prove that Y, > X, >Y,,,, if we have
Y,>Y,>X_,,thus

Yo, =1-AYA<I-AX_A=X <I<pI=Y,.
Therefore, we have

Y. >X,>Y,>X, >Y,.,>X,.,
> X, > Y, , for every positive integers r,s.

Finally, to prove that the subsequences {V,,},{¥,.,} have
the same limit, we have

[ Y25 = Yool =1~ A"Y 25 1A~ 1+ A"V | =

from (7) , it follows that q=|A|" <1, and we get

[¥oe = Yasua| < lVas s = Var] € o <@, =Y < 0% (28-1).
Therefore, we have for the limit X" of the subsequences
{)12r }’{)/25+1}’ )/25 >)(>Y'23+1Y S :112""' '

Therefore, also we have for the limit X of the
subsequences {X,, },{X,...}

Y, >X,, > X>X,,, >Y, ., s=12,...

Taking limit in the Algorithm B leadsto X =7-A4"XA.

If XY, >0 for every k. We proved that the sequences
have the same limit X. Since X,,=7/-A"X,A>0 and
Y,,=1-AY,A>0, hence X=7-A"XAand (1) has a
positive definite solution.

> X

2s+3

>Y, .>X, . >Y

2s+3 2s+1 2s+1

A" (Y5 =Yoo 1) A <[[AI[ Y2 = Yas 4],

s+l
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2) Theorem.
For the Algorithm B, if there exist a positive real

numbers « and g suchthat g>aand q=|A| <1, then

| X, - X|<d*(2a-1), |V, - X]<q*(28-1) and

|x, - x| <|[¥, - x| <d"(28-1), where X isa positive
definite solution of (1) and X,,Y,,k=012,.. are defined
in (6) .

Proof.

From previous Theorem it follows that the sequence (6) is

convergent to a positive definite solution X of (1). We
will compute the norm of the matrices X,-X and

)/k _Xi
X, = X|=[r-A"X, A -1+ A"XA| |

AT (X=X 1)

<JAP X = Xy o] <X - X < <05 [Xo - X]|

From previous Theorem, we have

X, - x| <a"|x, - X] <o (2a-1).

Similarly, |, - X <d"|[¥, - X| <q*(28-1). Also, we have
|x, - x| <[V - X]| Therefore,

[ - Xl <[, - x| < 25-1).

3) Corollary

Suppose that (1) has a solution. If q:||A||2<1, then
{X.}and {Y }converge to X with at least the linear
convergence rate.

4) Theorem
If the (1) has a solution and after k - iterative steps of the

Algorithm B, we have |7 - XX, ;| <& and

| -vv, | <e Then |x, +4'X, A-1|<adA|" and
[V + AV A= 1] < pe] A"

Also, X, + A X, A— 1| <|[v, + AV, A- 1| < pel| A,

where X,,Y,,k=012,.. are defined in (6) and ¢>0.
Proof
Since, X, +A' X, A-I=X, +A X, A- X, -A"X, A
=A(X, - X,,)A. Take the norms of both sides
[ + AxicA=1] < JAP I - X

<A I =Xk o] < as]af.

Similarly, |

A'Y, A=Y, ~I||< pe| A" . From Theorem 1, we

have |X,,, - X | <[¥..— Y| and since

X - X ] =|1 - 4" X, 4- x| =| X, + 4" X, A~ 1] and
s =Y = - AV A=Y, |=|V+ AV, 4-1] , then
|x, + A x A= 1| <|v, + AV, A= 1] < pel|A].
C.Algorithm

Take X, =alY,=pI. For k=012,...,compute
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Xk+1:B*(I_Xk)B and Yk+1:B*(I_Yk)B' 8
where B=A*,B =A"".

Next theorems provide necessary and sufficient
conditions for the existence of a solution of (1) when
|A|>1.

1) Theorem
If (1) has a positive definite solution, the sequences {X,}

and {r,} are determined by the Algorittm C and the
inequalities

(i)B*'B<adl and B'B< I, O<a<p,

(iDg=]8| <1, (9)
are satisfied, then {X,}, {¥,} converge to a positive
definite solution X . Moreover, if X, >0 and ¥, >0 for
every k, B'B<al , B'B<pland a,8>0, then (1) has a
positive definite solution.

Proof

First, from Algorithm C, we have

X,=al >B'B>X,=B'B-aB'B and

X,=al >B'B>X,=B'B-B'X,B>B'B-aB'B=X,. i.e.,
X,>X,>X,. Toprove X,>X, if X, <X, foralls,
from Algorithm C.
X,=B'B-B'X_,B>B'B-B'X,B=B'B-aB'B=X,. We
will find the relation between X,, X;, X,, X, . Since
X,<X,,then X,=B'B-B'X,B>B'B-B'X,B=X, and
X,=B'B-B'X,B>B'B-B'X,B=X,,since X,>X,,
then X,=B"B-B'X,B<B'B-B'X,B=X, and
X,=B'B-B'X,B>B'B-B'X,B=X,. Also since
X,>X,,then X,=B'B-B'X,B<B'B-B'X,B=X,. Thus,
weget X, =al >X,>X,>X,>X,>X,=B'B-aB"B.
We will prove that X, > X, > X if we have

X,>X_, > X, ,thus

X,=al >B'B>B'B-B'X_,B<B'B-B'X_B.ie.,

X, > X, > X,. Also, we will prove that X, > X, > X_,, if
we have X, > X, > X_, ,thus

X,=al >B'B-B'X_,B>B'B-B'X_B. i.e.,
X,>X,>X,,.
Xo=al>X, >X,.,>X,.,>X,,>X,=B"B—aB'B

= (1—a)B*B,
for every positive integers r,s . Consequently, the
subsequences {X,, },{X,..,} are monotonic and bounded,

and lim X, , lim X,
S0

S—®0

Therefore, we have

exist.

s
For the sequence {Y, }, similarly,

Y,=pl>Y, >Y, ,>Y,. . >Y,. . >Y,=(1-B)B'B, for every
positive integers r,s . Consequently, the subsequences

{V,: V... } are monotonic and bounded, and lim v,

lim Y, exist
S0

s+1
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Finally, from (8) we have Y, =4I >al = X, and
Y,=B'B-B'Y,B<B'B-B'X,B=X,.

ie. Y, >X,>X,>Y,. Also,
Y,=B'B-B'Y,B>BB-B'X,B=X,. Similarly,
Y,<X,.Y,>X,.Since Y, > X,, X, >Y,, then
X,=B'B-B'X,B<B'B-BY,B=Y, and
Y,=B'B-BY,B<B'B-B'X,B=X,.

Also, since Y, > X, ,then
Y,=B'B-B'Y,B<B'B-B"X,B=X,. From (8) we have
X,=al >B'B>B'B-B'Y,B=Y,. Therefore,
X,=B'B-B'X,B<B'B-BY,B=Y, and
X,=B'B-B'X,B>BB-BY,B=Y,. Consequently,
Y,>X,>Y,>X,>Y,>X,>X,>Y,> X >Y,.

We will prove that ¥, > X,
Y, >Y , >X,,
Y,=B'B-B'Y_,B<B'B-B'X,B=X,

s+l

>Y,, if we have

<B'B<pl =Y,.
Also, we can prove that ¥, > X, >Y,,, .if we have

Y, >Y,> X, ,

Y., =B'B-BY.B<B'B-B'X_,B=X,<BB<pl=Y,.

Therefore, we have

definite solution of (1) and X,.Y, .k =012,... is defined in

Algorithm C.

Proof. From Theorem 1, it follows that the sequence (8)
is convergent to a positive definite solution X of (1). We
compute the norms of the matrix X, - X and ¥, - X . We

obtain

X, - x] =]
<[B X - X < o X - X < - < 04X, - X] < 0 (2 - 2).
Similarly, ¥, - X]|<d"|¥, - X] <d"(28-1). Also, we have
| X, - X]| <[V, - X]. Therefore,

1, - x| <[~ x] <0 (25-1)

B'B-B'X, BB B+B XB|-|

B5'(x- X, )8

3) Corollary
Suppose that(1) has a solution. If q=||B||2<1, then
{X.}and {Y, }converge to X with at least the linear

convergence rate.

4) Theorem

If (1) hasa positive definite Solution and after k
iterative steps of the Algorithm C, we have
|- x2x| <& and |7 -¥,"v, | <&, then

Vo> X, >Y, > X, >V > X505 > Xy > Vo3 > X5 > Y > X, > Y, (i) "Xk +B*XkB—B*B" < 0{8"3"2 and

for every positive integers r,s .
Finally, to prove that the subsequences {Y,, },{¥,..,} have the

same limit, we have
||,/25 _Y'Zs+1|| =||B*B_ B*YYZSAB_ B*B+ B*Y;sB

From (9), let q=|B| <1, and we get
[¥o = Yors| S Y =Yoo | < < 0% |Y, — Y] < 0% (28-1).
Therefore, we have for the limit X of the subsequences
o o}

Y,, > X>Y,.., s=12,...
Therefore, also we have for the limit X of the
subsequences {X,, },{X,...}

Y, > X, > X>X,,>Y, 1, s=12,....
Taking the limit of (8) as S —> o0, we have
X=B(I-X)B.
If X, >0 and Y, >0 forevery k. We proved that the
sequences have the same limit X . Since
X,,=B'(I-x,)B>0 and Y,,,=B'(/-Y,)B>0 and
hence X =B°(/ - X)B, equation (1) has a positive definite
solution.
2) Theorem

For the Algorithm C, if there exist positive numbers o
and g such that 0 <« < gand the following two
conditions are hold
()B'B<al and B'B<pI,
(ig=|8 <1,
then |X, -X|<d“(22-1) , |¥,-X|<q*(26-1) and
|x, - x| <[[r, - X]| <a*(28-1).. where X is a positive
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|v.+ BV, B-BB|< pe| B

(i)

X, +B*X, B —B*B” < “Yk +B'Y,B-B'B

< pe|B[f.

Where X, Y, ,k=012,.. are the iterates generated by
Algorithm C and ¢>0.

Proof

(i) Since,
X, +BX,B-BB=X, +B'X,B-X, -BX, ,B

=B'(X, —X,4)B.

Take the norms of both sides,

[ + B B-B"B| <[BI X Xl

< [BI° i1 - Xi i o] < B
Similarly, |v, +B'Y,B-B'B|< pe|B|".

(i) From Theorem 1, we have  |[.X,., - X, ]| <[V, - Y]

Since
| X - X =|B B-B' X, B-X,|=| X, + B X B-BB]

thus | X, + B°X,B- B'B|<|v, + B'Y,B-B"B| < | B .

Wia-Y| =] B-BY.B-Y|-|V,+ BY.B-5B

V. NUMERICAL EXPERIMENTS

In this section the numerical experiments are used to
display the flexibility of the methods. The solutions are
computed for some different matrices A with different
sizesn. For the following examples, practical stopping
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criterion | X - X, <10 and obtains the maximal solution
X=X,

500 "

A.Numerical experiments for the first method (Algorithm
A)
In the following tables we denote
a=[A4]", &(x)=]x x|, &.(x)=|X, + A" X, A-1| where
X the solution which is obtained by the iterative method
(Algorithm A)
I. Example
Let «=10 and
1 05542 06684 99700 0.2218 01120
05542 1 11270 32320 11440 11880
1 {06684 11270 1 11570 23180 0.1430
:166 99700 32320 11570 1 09990 0.8855
02218 11440 23180 0.9990 1 01287
01120 11880 0.1430 0.8855 01287 1

|A|=0.121701  q=0.014811k1, see Table I.

B.Numerical experiments for the second method
(Algorithm B):
The following tables denotes
A =4 () =[x = X, (X) = =¥, s () =[x, =)
&(X)=|x, + 4 X, A= 1|, &5(X)=[¥, + 4V, 4~ 1], X and
Y are the solutions which are obtained by the iterative
method (Algorithm B).
Il. Example
Let «=2,5=3 and
-1.274 -0.5755 2.384 4118 -0.1482
-05755 -3.221 -0.9663 5.737 6.286
:F100 -08774 6.286 -0.9663 5.737 -3.221
2.384 -0.5755 -0.1482 4118 1.274
0.8774 5737 -0.9663 —-0.5755 -2.384

||A4| =0.011220¢%, q=0.00012589<1, see Table II.
C.Numerical experiments for the second method
(Algorithm C)

The following tables denotes

a=[B]" ()= )X - X e (X) = |y = ¥i].s(X)= % - Y],

&(X)=|X, + B X,B-B'B|, &(X)=|v, + BY,B-B'B|, X a
nd Y are the solutions obtained by the iterative method
(Algorithm C).

I11. Example

Leta=5 , =7 and

-1274 5.755
:[—5.755 —32.21]'

|A|=32.9351, |B|=0.0726747and q=0.00528%6 ,
see Table 111

VI. CONCLUSIONS

In this paper, the positive definite solution of the linear
matrix equation X +A"XA =17, which is a special case of
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the symmetric matrix equations (2) for |A|=1 was

obtained. Two effective iterative methods for computing a
positive definite solution of this equation were proposed.
The first one is fixed point iteration method when |4 <1

and the second one is two sided iteration method of the
fixed point iteration method when ||4|<1 and |4|>1.By

Algorithm A, for initial matrix X, =/ and Algorithms B
and C, for initial matrices X, =a/,Y, = g/ satisfying the

hypothesis of theorems (A.1) in chapter Ill , (B.1) and
(C.1) in chapter 1V, a positive definite solution X can be
obtained in finite iteration, with at least the linear
convergence rate. The given numerical examples show that
the proposed iterative algorithms are efficient.
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