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Recurrent-Fuzzy-Neural System-based Adaptive
Controller for Nonlinear Uncertain Systems

Tzu-Wei Hu and Ching-Hung Lee, Member, IAENG

Abstract— This paper aims to treat the adaptive control of
nonlinear system with un-model uncertainty and bounded
disturbance by using a novel recurrent fuzzy neural system. The
used recurrent interval type-2 fuzzy neural network with
asymmetric membership functions (RT2FNN-A) combines the
interval asymmetric type-2 fuzzy sets and fuzzy logic system
and implements in a five-layer neural network structure which
contains four layer forward network and a feedback layer. The
RT2FNN-A is modified to provide memory elements for
capturing the system’s dynamic information and has the
properties of high approximation accuracy and small network
structure (fewer rules and tuning parameters) from the
simulation results. Based on the Lyapunov theorem, adaptive
updat laws of RT2FNN-A derived and the stability of
closed-loop system is guaranteed for control of the nonlinear
uncertain systems. Simulation result is also introduced to show
the performance and effectiveness of RT2FNN-A system.

Index Terms— Nonlinear control, uncertainty, recurrent,
interval type-2 fuzzy system

[. INTRODUCTION

ecently, the fuzzy systems and control are regarded
as the most widely used application of fuzzy logic
system [8-11, 20, 23, 26, 31, 32]. In traditional fuzzy system
models, the structure is characterized by using type 1 fuzzy
sets, which are defined on a universe of discourse, map an
element of the universe of discourse onto a precise number in
the unit interval [0, 1]. The concept of type-2 fuzzy sets was
initially proposed by Zadeh as an extension of typical fuzzy
sets (called type-1) [34]. Mendel and Karnik developed a
complete theory of type-2 fuzzy logic systems (T2FLSs) [12,
21, 26]. Recently, T2FLSs have attracted more attention in
many literatures and special issues [5, 9, 15, 21, 26]).
T2FLSs are more complex than type-1 ones. The major
difference being the present of type-2 is their antecedent and
consequent sets. T2FLSs result in better performance than
type-1 fuzzy logic systems (T1FLSs) on the applications of
function approximation, modeling, and control. Besides,
neural networks have found numerous practical applications,
especially in the areas of prediction, classification, and
control [18, 23]. The main aspect of neural networks lies in
the connection weights which are obtained by training
process. Based on the advantages of T2FLSs and neural
networks, the type-2 fuzzy neural network (T2FNN) systems
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are presented to handle the system uncertainty and reduce the
rule number and computation [15, 26]. In addition, recurrent
fuzzy neural network (RFNN) has been successfully used in
many areas, such as the nonlinear dynamic system
identification and control problems [11, 18, 24]. One of the
most important features of RFNN is its feedback path in the
circuit. The feedback paths of RFNN make it have the
advantages of storing past information and speeding up
convergence [18].

The design of a fuzzy partition and rules engine normally
affects system performance. Symmetric and fixed
membership functions (MFs) (e.g., Gaussian or triangular)
are commonly used to simplify the design procedure.
Therefore, a large number of rules should be used to achieve
the specified approximation accuracy [25]. Several
approaches have been introduced to optimize fuzzy MFs and
choose an efficient scheme for structure and parameter
learning. This problem has been discussed and analyzed
using asymmetric fuzzy MFs (AFMFs) [1, 13, 15, 22, 24, 28].
The results showed that using AFMFs can improve the
modeling capability. According to the results above, our
purpose is to introduce a recurrent interval type-2 fuzzy
neural network with asymmetric membership functions
(RT2FNN-A).

Recently, there are many literatures addressing in
nonlinear dynamic system identification and control using
neural fuzzy systems [5, 15, 16, 18, 20, 24, 32]. Literature [30]
introduced the design method of nonlinear control, whereas
in [32], the adaptive fuzzy control approach was introduced.
The parameter update laws can be obtained by Lyapunov
theorem. In [18], there were successful application cases in
nonlinear system identification and control by using RFNN,
but lots of rules should be used. In [15, 16], the T2FNN was
successfully applied in many cases. However, the network
structure was a static model and lots of rule numbers should
be used. In [14], the T2FNN with AFMFs was proposed to
improve the system performance. The AFMFs improved
approximation accuracy and reduced the fuzzy rules, but the
network structure still is static. In [15, 16], the T2FNN has
been successfully applied in time-series prediction problem,
but lots of rules should be used. Literature [29] adopted
wavelet network for nonlinear system modeling, but the
initial values of translations and dilations required more care
in procedure design.

In this paper, we proposed a combining interval type-2
fuzzy asymmetric membership functions with recurrent
neural network system, called RT2FNN-A. The proposed
RT2FNN-A is a modified version of the T2FNN [15-17]
which provides memoried elements to capture system
dynamic response [18]. The RT2FNN-A system capability
for temporarily storing information allowed us to extend the
application domain to include temporal problem. Simulations
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are shown to illustrate the effectiveness of the RT2FNN-A
system.

This paper is organized as follows. Section II introduces
the problem formulation of nonlinear control problem. The
RT2FNN-A system and the corresponding adaptive control
scheme is described in Section III. Several simulations for
nonlinear system identification and control problems are
done and introduced in Section IV. Finally, conclusion is
given.

II. PROBLEM FORMULATION

Consider an nth-order nonlinear dynamic system in the
companion form or controllability canonical from

x" = F(x)+G(x)u+D

y=x (1
where u € ‘R and y € R are the control input and output of

x“’”]r eR", F(), and

G(-) are unknown nonlinear and continuous functions; D is

the nonlinear system. x = [x X

the external bounded disturbance or system uncertainty. If (1)
is controllable, the G(x) needs to be invertible for all

xeU,cR".
Our purpose is to design a robust adaptive control scheme

to guarantee boundedness of all closed-loop variables and
tracking of a given bounded reference trajectory y,. We

define the tracking error e as y, —y, and
E= [e e e(”’”]r. 2)
If all the parameters of the plant dynamics are exactly

known, the ideal control law u" can be design by feedback
linearization approach [30]

u =Gx)" [ - F(x)-D(t)+KE| 3)

where K=[k, k_, - k]e®R and k>0, i=1..,n
Substituting (46) into (44) and yields
e +ke" ++ke=0 4)

which implies that lim__e(z) =0 . This can be done by
choosing proper K so that all roots of the polynomial

§"+k -s"P+-+k =0 are located in the open left-half

11—

plane. However, the nonlinear functions F (x) and G(x) are

not exactly known in general. Therefore, we cannot
implement the ideal control law (3). In order to solve this
problem, the adaptive RT2FNN-A control system is
proposed to approximate to the ideal control law u". The
adopted recurrent fuzzy neural system is introduced in next
section.

III. RECURRENT FUZzY NEURAL SYSTEM BASED ADAPTIVE
CONTROLLER DESIGN

A. Recurrent Fuzzy Neural System

We first introduce the recurrent type-2 neural fuzzy
inference system with asymmetric fuzzy MFs (RT2FNN-A)
that was modified and extended from previous results [10,
14]. The RT2FNN-A uses the interval asymmetric type-2
fuzzy sets and it implements the FLS in a five-layer neural
network structure which contains four-layer forward network
and a feedback layer. Layer-1 nodes are input nodes
representing input linguistic variables, and layer-4 nodes are
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output nodes representing output linguistic variables. The
nodes in layer 2 are term nodes that act as MFs, where each
membership node is responsible for mapping an input
linguistic variable into a corresponding linguistic value for
that variable. All of the layer-3 nodes together formulate a
fuzzy rule basis, and the links between layers 3 and 4
function as a connectionist inference engine. The rule nodes
reside in layer 3, and layer 5 is the recurrent part in type-2
fuzzy sets.

B. Construction of Type-2 Asymmetric Fuzzy Member
Functions

In general, given an system input data set x,, i=1,2, ..., n,
and the desired output y,, p=1, 2, ..., m, the representation
of jth rule for RT2FNN-A is

Rulej: IF x; is 61_, and ... x, is éw. and g; is Gf
THEN y, is W/ and ... y,, is W’

m?2
gris a’,gis a,...,and gy is a) .
where G, represents the linguistic term of the antecedent

part, W, and @ represents the interval real number of the
consequent part; and M is the rule number. Here the fuzzy
MFs of the antecedent part G, are asymmetric interval

type-2 fuzzy sets, which represent the different from typical
Gaussian MFs.

The MFs of the precondition part discussed in this
article are of asymmetric type as described below. Each
type-2 fuzzy MF is constructed by parts of four Gaussian
functions. Each upper and lower MFs is constructed by two
Gaussian MFs and one segment. Herein, we use superscript '
and " to denote the left and right curves of Gaussian MF. The

parameters of lower and upper MFs are denoted by and

respectively. Thus, the upper MF is constructed as

— N2 ]
exp _l[x_r{n ] Jfor x<m'
2\ o
. (x)= 1 Jfor m' <x<m” (5)
_ -
1(x-m" _
exp. ——[x_r_n j ,for m" <x
2\ o

where m' and m denote the uncertain means of two
Gaussian MFs satisfying m' <m", &' and &' denote the

uncertain deviations (width) of two Gaussian MFs. Similarly,
the lower MF is defined as

. .
7 -exp _l(x—[m ] ,for x<m'

p(x) = y Jfor m' <x<m’  (6)

r 2
1{x-m' ,
¥ - exp __(x rm ) ,for m" <x

where m' <m’ . The corresponding width of MFs are o' and

o’ . To avoid the activation value is too small, 7 is chosen

between 0.5 and 1. Thus, the following restrictions should be
added to avoid the unreasonable MFs
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This introduces the properties of uncertain mean and
variance [16]. Additionally, we can construct other type-2
asymmetric MFs by tuning the parameters. The
corresponding tuning algorithm is derived to improve system
accuracy and approximation ability.

C. Network Structure

In this section, the structure of recurrent type-2 fuzzy
neural network with AFMFs (RT2FNN-A) is introduced.
The MISO case is considered here for convenience. The
RT2FNN-A is implemented as the four-layer network with
feedback layer shown in Fig. 1. We first indicate the signal
propagation and the operation functions of the nodes in each
layer. In the following description, O denotes the ith

output of a node in the /th layer.

Feedback Layer
f \

|l

ke REYNG |
oy mdinQ

|l
REYNG |
nduy diysroquap

T
REYNY|

Figure 1: Diagram of MISO recurrent type-2 fuzzy neural network with
AFMFs (RT2FNN-A).

Layer 1: Input Layer
For the ith node of layer 1, the net input and output are
represented as
0(1) (l) (8)

Layer 2: Membership Layer
In layer 2, each node performs a type-2 fuzzy MF
introduced by (5)—(7). The following simplified notation is
adopted
0% = i, (O°). ©

It is clear that there are two parts in this layer, regular nodes

and feedback nodes. Their input are 0" and g;(k). Therefore,

for network input X, , the output is
(2) —
o=y oo =, 0 &,
For internal or feedback variable g,

OjF(z) _ [Qjm 5;(2)]7 - EG,’ (g,(k)) ﬁ&j (g/(k))Jr an

(of“)J’. (10)
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where the subscript ; indicates the jth term of the ith input
0" , where j=1,...,M. The superscript * indicates the

feedback layer.

Layer 3: Rule Layer

The links in this layer are used to implement the
antecedent matching and these are equal to the work in rule
layer. Using the product -norm, the firing strength associated
with the jth rule is

L p yrerp () *u () (123)
S = Hy (%)% () * g, (), (12b)
where M () and g () are the lower and upper

membership grades of x.() Therefore, a simple

PRODUCT operation is used. Then, for the jth input rule

node
B

oo

i=1

o
T (13)

n
AFQ) (3) Q@)
O, ||w‘/ -0y },
i=1

) are assumed to be unity.

where the weights w,

Layer 4: Output Layer
Without loss of generality, the consequent part of

interval T2FLS is w, = [v_vj w

J

w,<w,. The vector

w,] and w=[w, -+ w,] are

used for clarity. The remaining works are type reduction and
defuzzification. For type-reduction, we should calculate the
lower and upper bounds [y,,y.] [12, 26]. Modifying the

Karnik-Mendel procedure [12, 26], we let

(4) = e .o M
O’ = J.L i) J.[& VWH]J‘AE[L,?‘] r‘}e[z‘,ﬁ ]/ ZH Siw,.
Note that the normalization (Z‘; f;) is removed to simplify

the type-reduction procedure, computation, and the
derivation of learning algorithm by gradient descent method.

notations w=[w,

(14)

. .. M
We denote the maximum and minimum of Zil fw, as

0 “and 0, as follows

0" =, =3 (0w ) Yo w) 150
0V =, =3lorw ) 2 01w).  asv

where
fo=lf ot ot ] =00 00.00,007,

TR S R e §
It is obvious that R and L should be calculated first. The
weights are arranged in order as w,<w,<---w, and
w, £w, <---w,, . According to the Karnik-Mendel procedure
[12,26], L and R are

L= arg mm(Q“)) R=

el M-1]

arg max<5“’). (16)
e[l M-1]

Finally, the crisp output is

. 0"+0%
0V ==——. (17)

Layer 5: Feedback Layer
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This layer contains the context nodes which is used to
produce the internal or feedback variable g, . Each rule is

associated with a particular internal variable. Hence, the
number of the context nodes is equal to the number of rules.
The same operations (type-reduction and defuzzification) as
layer 4 are performed here.

Q;5><k+1>=gjf;—2(0;” JeY(ora,) s

h=L"+1

0 (k+)=a'f, = Z(_(” ) (0“ ) (18b)

and
L' = arg mm(_( '(k +1)) = arg max(af“) (k+ 1)).

/ e[l M-1] he[l--M-1]
(19)
Finally, the crisp output of this layer is

g (k+1)= 0" (k+1)= %[Q;”(k +1)+ 0% (k+1)} 20)

Adaption 5 Compensated
Laws - Controller
T D
I'w
. u, l
¥
u +
PN RT2FNN-A rt “ Plant >y
- Controller

Figure 2: Diagram of robust adaptive control scheme using RT2FNN-A.

C. Adaptive Controller Design for Nonlinear uncertain
Systems

The configuration of the proposed RT2FNN-A control
system is depicted in Fig. 2. The RT2FNN-A controller u, is

connected with a compensated controller u, to generate the
control signal u , which is

u=u+u,. 21
According to (15)-(20), we may define the control input
produced by RT2FNN-A as

u=—wf,+=wf, (22)

Based on the universal approximation theorem of [23, 18],
there exists optimal parameters w and w' such that

u, @*,W*)E u, approximates the ideal controller " defined
in (3). Define the minimum approximation error &

e=u —u , (23)
where |5| <0, and 0>0 1is the uncertainty bound of
approximation error.

The control objective is let u, be able to approximate u’
as close as possible, meaning, minimum approximation error
& can be made as small as possible. Therefore, u, can be
represented as

R U |
u :E(LV )TfL-i-E(w Y fote. (24)
Thus, the following error dynamic is obtained
E=AE+B(x)u - u,—u,)

(PRI IR [CA)
=AE+B(X){5+E(1’ —W) S+ -W) fR—”(}
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where
0 1 0 0
A=l T T lew™and B=| | |ew.
0 0 1 0
- kn - kn—l - kl G(X)

Thus, we have the following stability Theorem.

Theorem 1: Consider the nonlinear system (1) having
adaptive control input (21). The adaptive control input u, are
design by (22). Let the parameter vectors W and W be
adjusted by the following adaptive laws
w=y E'PB
W=7, ), 26)
w =y E"PBf,
where y, is positive constant. P is a symmetric positive

definite matrix satisfies
AP +PA =-Q, 27
where Q is a symmetric positive definite matrix and is

selected by the designer. The compensated controller u, is

u, = 6 sgn(E'PB) (28)
where & is the estimation error bound by
L i >0 if5:<éimx 29
0, if6>0_

where éA'max is the maximum of & and is selected by the
designer. O

Using Lyapunov theorem, we can only obtain the update
laws of consequent part parameters. In order to obtain a better
performance of the system, we need to obtain the update laws
of antecedent part parameters. We can also use the gradient
descent method to obtain the update laws for the antecedent
part’s parameters for interval type-2 asymmetric membership
functions to enhance the performance of the recurrent fuzzy
neural system. More details can be found in literature [6 ].

Remark 1. Theorem 1 introduces the compensated

controller u, = 5 sign(E"PB), the sign function signal often

results in chattering phenomenon. In order to reduce the
chattering, we choose the compensated controller as [14]

u, = 6 sat(E"PB, h) (30)
where

sign(E'PB) , >h
sat(E'PB,h) =4 gpp

<h,

in which % is a small positive number. If & we chose is
small enough (% > 0), then E can be limited to a small range
as the sliding mode control with sliding surface. Although the
saturation function can solve the chattering property, it loses
the accuracy of system. In this section, we only take u, to be

a compensated controller. The main function of this
controller is to maintain system convergence when the error
is large. If the RT2FNN-A system can achieve the accuracy,
the whole control framework then can make the error
converge to zero [14].
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IV. SIMULATION RESULTS
The inverted pendulum system is [30, 32]
X, =X,
x, = F(x,x,)+G(x,x,)u+D

The nonlinear functions F(x,,x,) and G(x,,x,) in (31) are

31

mlx; cos x, sin x,

gsinx, — i
+
defined as F(x,x,)= < e and
4 mcos x
G-
3 M, +m
COS X,
M + .
G(x,,x,) = - m2 , where g=9.8m/s’ is the
4 mcos” x,
(2 meos
3 M, +m

acceleration due to gravity, M, is the mass of the cart, m is the
mass of the pole, / is the half-length of the pole, u is the
applied force (control), and D is the external bounded
disturbance.

Suppose we set M, =1kg, m=0.1kg, [ =0.5m, and the

x,7 =[0 of
following simulations (other choices are possible). The initial

reference signal chose as [x, in the

condition of state is x=[x, x,]"=[z/18 0] ;

compensated controller parameters are chosen as
4 1 08 .

K=| |P= , a=0.01,6,=2, 0, =10, and
4 0.8 1

h=0.1; the Ilearning parameter is chosen as

v, =y =7 =1.Then, we simulate two cases as follows

Case 1: External disturbance free, i.e., D=0,
Case 2: The external disturbance D as follows exists.

0, if <8
D=+ . :
sin(¢), if ¢>8.

The simulation results of our approach for Case 1 and
Case 2 are shown in Figs. 3 and 4. Figure 3 presents the
comparison results of state trajectories for Case 1,
(solid-line:  RT2FNN-A, dashed-line: T2FNN-A,
dash-dotted-line: T2FNN, and dotted-line: reference
trajectory). Figure 4 shows the corresponding control
effort for Case 1 (solid-line: total control force,
dash-dotted-line: compensated controller, and dotted-line:
RT2FNN-A controller). The comparison results of state
trajectories for Case 2 are shown in Fig. 5 (solid-line:
RT2FNN-A, dashed-line: T2FNN-A, dash-dotted-line:
T2FNN, and dotted-line: reference trajectory). Figure 6
shows the corresponding control effort for Case 2
(solid-line:  total control force, dash-dotted-line:
compensated controller, and dotted-line: RT2FNN-A
controller). Obviously, the RT2FNN-A system performs
well with using less adjustable parameters and fuzzy rules.
In addition, the constructed fuzzy control rules are

R“:IFx is G, andx,is G, and g, is G’ THEN y s
[-1.9104 -2.8653], and g is [-0.9323 —-0.9193]
and g,is [-1.1937 -1.1348].

R* TF x, is 512 and x; is 522 and g, is (N;ZF THEN y is
[0.1327 0.2559], and g; is [0.9666 1.1594], and
2215 [0.9781 0.9146].

(32)
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where (N;‘./., i, j=1,2, are shown in [6].

System Response
T2FNN

0-18

!
0.15 otsl N\s &£ ——RT2FNN-A| 1
- %/RTZFNN-A —— T2FNN-A
bl 0.14 ~
i« 0.1 o2 / o — T2FNN b
5 .
H T2FNN-A S Xy
8 0.05 R 4
o . 0.4 0.6 0.8
ol
| |
0 5 10 15
of _ T
~~ -0.05 —RT2FNN-A il
z ——T2FNN-A
g 01 — T2FNN E
2 " ET2rNN - X
-0.15{4 2d 4
oz T2FNN-A ‘ ‘
o 5 10 15

Time (sec.)

Figure 3: Simulation results in Case 1 of inverted pendulum system:
state trajectories (solid-line: RT2FNN-A, dashed-line: T2FNN-A,
dash-dotted-line: T2FNN, and dotted line: reference trajectory).

Control Effort

-3.5
0

Time (sec.)

Figure 4: Control effort in Case 1 of inverted pendulum system (solid-line:
the total control force, dash-dotted-line: compensated controller, and
dotted-line: RT2FNN-A controller).

V.CONCLUSIONS

In this paper, we have proposed a recurrent interval
type-2 fuzzy neural network with asymmetric membership
functions (RT2FNN-A) for solving the control problem of
nonlinear systems with system uncertainty. The
RT2FNN-A uses the interval asymmetric type-2 fuzzy
sets implements the fuzzy logic system in a five-layer
neural network structure which contains four layer
forward network and a feedback layer. According to the
Lyapunov theorem, the stability of the closed-loop system
of nonlinear system is guaranteed and the adaptive laws of
RT2FNN-A’s parameters is derived. The perfromance of
the proposed approach has been introduced by the
illustration example.
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x 10° System Response
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Figure 5: Simulation results in Case 2 of inverted pendulum system in large
sacle at 8-12 seconds: state trajectories (solid-line: RT2FNN-A, dashed-line:
T2FNN-A, dash-dotted-line: T2FNN, and dotted-line: reference trajectory).

Control Effort
1

-3.5
0

Time (sec.)

Figure 6: Control effort in Case 2 of inverted pendulum system (solid-line:
total control force, dash-dotted-line: compensated controller, and dotted-line:
RT2FNN-A controller).
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