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Discrete-Time PIDx%{-2) Stage PD Cascade
Controllers with First Order Hold and
Delayed First Order Hold Discretizations
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Abstract---This paper proposes a technique to design the
(n-2) stage PD (Proportional-Derivative) controller cascaded D(S)l
with the PID (Proportional-Integral-Derivative) controller in +Y(
accordance withnth order plants. The Continuous-Time (CT)
design is firstly reviewed to show the advantages of the Kitti's
method. The proposed technique is based on the Kitti's method
in combination with the use of First Order Hold (FOH) to
discretize the CT plant and Delayed First Order Hold (DFOH) Fig. 1. Structure of the 2-DOF control system.
to discretize the CT controller for obtaining the proper
Discrete-Time (DT) controller structure. The simulation results For DT framework, three generations of these PH)(
confirm that the proposed design technique can be applied t0 gtage PD cascade controllers have been proposed recently.
thepelgt'tl;dframework with better specifications than it was The first design for the DT PIDR{2) stage PD cascade

controllers is using Zero Order Hold (ZOH) discretization

Index Terms— Continuous-Time / Discrete-Time PIDxg-2) ~Method [4], while the second one is using “Tustin” or
PD controllers, First Order Hold, Delayed First Order Hold bilinear discretization method to design the controllers in

plane [5]. The third concept to design DT controllers is also
using “Tustin”, but it is required to transform the CT
|. INTRODUCTION designed controller froms-plane toz-plane [6]. In order to

I t is known that most industrial plants are type O ange an alternative method for DT controller designs, this
consist of three to five first order lags or dead time pludaper presents an effective design technique using FOH and
one first order lag [1]. However, the PID controller isPFOH discretizations as well as using Kitti's method. The
proper]y app“ed to a typ|ca| second order p|ant On|y_ |MATLAB simulation results for Verifying the controller
order to control a third order system to obtain the givePerformances are also included.

specifications, an analytic PIDA (Proportional-Integral-

Derivative-Acceleration) controller design technique is then

proposed [2]. For a third or highath order plant, a design Il. METHODOLOGY

method based on root locus technique for the PHER)( Fig. 2 shows the steps for design of digital control systems
stage PD cascade controllers in CT framework has beft}, which are 2 major steps; plant modeling and controller
presented [3]. This design technique is aimed to satisfy thesign.

desired specifications without trial and error. Then, the

forward controller is employed to decrease the overshoo <Continuous-time | <Discrete-time
system> : system>
and the controlled system structure becomes two degree }
freedom (2-DOF) control system as shown in Fig. 1. j | Discrete-time Based
: Design
Plant ]
modeling I
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Fig. 2. Steps of the digital control system design.
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From the given desired specification in term of the Percent
Overshoot P.O), the damping ratio is

‘= \/[m(Poﬂ/{n [m(Poﬂ}:o.eg. )
Fig. 3. Block diagram of typical control system. 100 100

B. Continuous—Time Framework From the given Settling Timet{+2%)}, the undamped
natural frequency is

E(s)
R(9 K(9) U(s) a9 Y(9

v

+

Let thenth order planiG(s) be controlled by the cascade
controllersK(s), their transfer function is assumed to be

—|n(o.o 1—42)
K , = =3.069 rad./sec (8)
G(S): N . 1 é’ts
SYTs+)(Ts D) (T 8 ) W
- 1 - n=3.N=0. Hence, one of the dominant closed-loop poles is located at
(s+1)(s+ 3)(s+ 6)’
s, =-2.118+j 2.221 9
The transfer function of the PID controller can be stated as
Koo (9)= K, + 1 KI K s= K, (s+ q)iSJr ;)’ 2 The open-loop transfer function withayg ats; is
66.139 29.147
whereK is a proportional gairk; is an integral gain, and KG d ) (s, +3.1) (s + 6.1)
; oot ; wozpd §) =
Ky is a fjerlvatlve gain. Hence, the PD controller transfe Sd (5,+1) (:3 +3)(§+ 6)’ (10)
function is —
133 639116.715 68 333 29.771
Kep(8) = K, + Kys= K4( St 7). 3) =-0.069+ j 0.13= 0.41% 106.829

The open-loop transfer function for the PIBsd) stage The angle from the zem,to sy is
PD cascade controllek(s) and the plan6(s) can be given

o sl |- 5~ argKGwozp(s) - 737
PID Controller  (N—2) PD The location of the zerg, can find from
Koo (s+2)(st 2)x Ki(s z)-
KG(9) = —2 ! Im(s,)
@ - IR — =0 2780 12
ss(st (s pP-(s P (4) Zpg | e j+ tan( argkpd ]) e

nth order Plant
(s+3.1)(s+ 6.1)(st 74 )

. Now, it is implied that
s-(s+1)(st+ 3)( s+ 6)

B ing Kitti’ thod 3.1 and 6.1 firstl 95.286 317
y using Kitti's method,zy = 3.1 andz = 6.1 are firstly

assigned, then find onlgy andK from the root locus angle < xKG(g,) =« (8 +3.1)(g +6.1)(§ + 2.789
and magnitude conditions as follows. Si(g+D(g+3)(§+6)

348.457

=-180.(13)

(5)

The open-loop gairK can be found from the magnitude

{xKe(s) =+(2k+7, k=0,1,2;-
condition of the root locus technique as follows:

|KG(9)| =

The desired specifications to be designed are usually

specified in terms of transient and steady state response 3999&@63&&3
characteristics of the control system to a unit-step inpufc _ sl [s+Ys+3[s+8 -3.174. (14)
exhibited by a pair of complex-conjugate dominant closed- s, +3.1|s,+ 6.4 g+ 2.78P
i | M W W —
loop poless,, = (o, * jo,[1-¢? as follows: 2428 4.56 2.32

To decrease the overshoot caused by adding the saegg) (
to the open-loop transfer functioKG(s), the forward
controller can be stated as

,;”]
- 100% 5

Percent OvershooP(O. :.)i
—|n(o.02 1—;2) 6)

= 2secs. K, (s) =

Settling Time ({ =
¢, (+2%) S+ zpd

(15)
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The DT transfer function of the CT plar(s) with the
sampling timeT (sec/samplesis discretized by FOH is as

follows:
_ (2_1)2 2 i
g G(2= = CZ{SZG(S)}. a7)
£ Hence, from (1) yields
F(s)
(z-1y 1
o= ]{ﬁ-(su)( +3) 36)}’ (9

Real Axis

Fig. 4. Plots of root loci in s-Plane. where
F(s) = b c d e
& +
s (s 1) (s+3) (s+6)
) [ (54 [a] @
324 10 -5 54
08 F(s) = + + .
° S (s+1) (s+3) (st6)
%_O.G
<
0.4 Then,
F{F(s)} = (ij Tz : +(i7j z
18)| (z-1) 324)| z-1)
! Timelkgs’ecs) 2 i z i z 20
+ — |+ = (20)
Fig. 5. Unit step responses. 10)[ (z—€") —-54)[ (z-€7)
1 z
The overall system is then approximated as if it is a standard + = — .
540)| z-¢€°")
second order system as follows:
Finally, we have
Y(Q:[ Z j[ K(s+ %d) ] y
RS Loz ) 65D+ K5 2 SPEEANE U ES NEVIES
_ 8.854 (16) 18) (324 10| Tee ) o
5 .
s°+2-0.701 2.976+ 8.2854 +(ij (z—17 +(—1j - 17
¢ e o T(z-e¥) | (540)| T(z— e |’
Fig. 4 shows the plots of root loci #Plane. The unit step
responses with and without the forward controller are show For T =1/50 sec/samplewe obtain
in Fig. 5, respectively. .
G(Z): ﬂsz +ﬂ222+ﬂ12+ﬂ0
T ~3T 6Ty !
C. Discrete-Time Framework (z-e')(z )z €)
; B, =3.203 107 ,
To design the DT controller, the CT plant (or CT system) ~s -0.98, (22)
and CT controller can be discretized by FOH [9] and by /A, =3.386x 10° , - 0.942
DFOH [10], respectively. Then we design the DT controllen g = 3.254x 10° , ’ R
in the same way as the CT framework. B, = 2.841x 107 =0.887.
0~ & '
Design Then
CT system | —————— | CT controller ’
Discretization Discretization G(2) =10° (z+9.5139)(z+ 0.9608)¢+ 0.970) (23)
(z—0.9802)(z— 0.9418)¢ 0.8869
DT system DT controller
Design

In this work, to obtain the structure of DT PIDXZ)

Fig. 6. Discretization.
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DFOH [10] is applied. Based on the DFOH, the desired DT The desired specifications for design of the contrdig)

transfer function can be stated as are given in (6). Then the dominant closed-loop pole-in
Plane is
L K(s)j
K(2)=(1-2Z"+ z%) Z 7Y =2 |} 24
@ ( ) { (Ts2 } @4) z, = €% =0.958+j 0.043 (30)
T =1/50 sec/ sample.
Here,
Then, the necessary angle of the open-loop transfer function
Ki
K(s)=| K, o KyS ( K, + Kﬁ, (25) without the zeroZ-z.) at the dominant closed-loop paigis
=(bS+hS+bs B/ s { KGwoz( 7) = —0.036+ j 0.057 -
Then, arg[KGwoz (7 )] = 122.438.
From the angle condition of the root locus method, the angle
@:i bs+bS+ hs p, from z. to z; can be written as
T TS s
f‘l(K(S)j: E+&(—Zj arg[z,|= 7 — ard KGwoz (z ]= 57.562 (32)
TS T T\lz-1
’ Since, the angle of the zers-£,) is less tharB0 , thenz is
ﬂ 12 > & T4zl , (26) located at the left hand side Ryfas follows.
T (z-1) T\ 2@z-1¢
—1)? Im
K(2) = @ EJFE[LJ %=|Re(2u1—&=0-931- (33)
z T Tlz-1 tan( ardz, ])
b( Tz | b(T4z) : : —
+? (z-1) +? 2¢-1 [ Another required parameter is the controller géjrwhich
can be found from the magnitude condition of the root locus
method as follows.
Finally, we have
K =1|K(z,)G(z)| = 292.683 (34)
K(Z)=ﬂ323+ﬁ222+ﬂlz+ﬂ0 ]/| Zd zj |
z’(z-1) Finally, the controller transfer function can be stated by
A 2 2 0 O0fb
6 - 2 z- z- z
Bo| 1|6 -4 = r b, | 27 K(z)= K\ Zd)(2 Nz a
Bl 2T 6 2 -2 T z(z-1) (35)
- (z—0.9518)(z— 0.8969)¢- 0.931
B 2 .0 0 Ofh = 292.68% 1 ;
(z-2)(z (2 3 2 (z-1)

K(2)= K

7*(z-1)
The root loci for the DT controller with the sampling time

From (22) and (26), the open-loop transfer function used 'E[):]/SO sec/sampl are showr\ In Fig. 7. Wh|le, the unit
design the DT PID¥(-2) stage PD cascade controllers ca§teP response are shown in Fig. 8, respectively.
be written as

_Wz-z)(z= p(z 3
K(2)G(3 = K Z(2-1)
s (z+9.5139)(+ 0.9608)&+ 0.970)
(z—0.9802)(z— 0.9418)¢- 0.8869

(28)

(%)
=
<
=)
[
E

By wusing Kitti's Method to design the cascad
controllersK(z) , let z, =0.951€ and z =0.896€. Then,

the open-loop transfer function witho(¢— z) is

KGwoz (3 = V(Z—O.9518)(Z— 0.8969)
z ) Z(z-1) 0. . ) 92 094

29 -
105 (2+9.5139)¢+ 0.9608)¢+ 0.970)( ) RealAxe
(z-0.9802)(z— 0.9418)¢- 0.8869

Fig. 7 Root Loci irnz-Plane.
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Fig. 8 Unit Step Responses.
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Fig. 9 Root Loci inz-Plane.
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Fig. 10 Unit Step Responses.

I1l. CONCLUSION

The design of PIDx(-2) stage PD cascade controllers in
CT framework has been described to point out the aim of
Kitti's method, which provides that all desired specifications
to be designed can be achieved without trial and error steps
in the design process. However, the original design based on
Kitti's method uses the forward controller for decreasing
undesired overshoot. Nowadays, the forward controller is
rarely or never used, because there is alternate way to
decrease the maximum percent overshoot by increasing the
controller gain to be greater than the designed value, so that
the plots of root loci are always toward the real axis along
circular shape. If the sampling time is enough, all desired
specifications are easily obtained.
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