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On A-efficient Treatment-control Designs

Kazuhiro Ozawég, Shinji Kuriki

Abstract—We consider a treatment-control design in the If s =0, itis called an R-type design, while if < s < b, it
design of experiments. We give a construction of an A-efficient is called an S-type design.
treatment-control design generated by a cyclic design. We show Let
such efficient designs obtained by computer search.

Index  Terms—A-optimality, ~cyclic ~design, efficiency, g(xz,2) = vk(v—1)*[bvk(k—1)

treatment-control design. —(bz + 2)(vk — v+ k) + (bx2 + 27 + 2)}71
+oklk(bx 4 2) — (ba® + 2x2 + 2)]
I. INTRODUCTION

I N the design of experiments, we consider an experime"i\rt‘d

to comparev treatments (called test treatments) with a 5 _— {0,1,--,|k/2] —1} x {0,1,---,b} — {0,0}.
standard treatment (called a control) usinblocks, each of
sizek. Such a design is called a treatment-control design. TMajumdar and Notz [5] showed the following theorem.
control is denoted b9 and the test treatments are denoted by
1,2,---,v. Under the usual additive linear model, for givewheorem 1. Let ¢ ands be integers defined by

v, b andk, the problem is to find a treatment-control design i
g(t,s) = min  g(x,2).

which minimizes (2.2)EA

v

Zvar(ﬂ' — %), (1.1) For any treatment-control desighe D(v, b, k),

=1 v
where#; — 7, is the BLUE of r; — 79, 7; is the treatment ZVar(ﬁ» —70) > g(t,s)0” (1.2)
effect of the test treatmentfor i = 1,2,---,v and rg is i=1

the treatment effect of the control, assuming the treatmeR|ds. Furthermore, the equality of (1.2) holds df is

control design is connected. If a treatment-control desigp BTIB(v, b, k; t,s). Hence a BTIBv,b, k;t,s) is an A-

minimizes (11), it is called an A-Optimal treatment-contro&)ptima| treatment-control design_

design. Throughout, we consider a treatment-control design

with & < » and we denote the class of all connected Das, Dey, Kageyama and Sinha [2] have given a list of

treatment-control designs (v, b, k). A-efficient BTIB designs in the practically useful ranges of
Bechhofer and Tamhane [1] defined a balanced treatméim¢ parameters. In this paper, we give a list of A-efficient

incomplete block (BTIB) design, which is useful to findireatment-control (not always BTIB) designs and we compare

an A-optimal treatment-control design. A treatment-controhe efficiencies of our designs with the efficiencies of their

designd € D(v, b, k) is called a BTIB design if there existdesigns as treatment-control designs. The efficiency of a

nonnegative integers. and A\ such that treatment-control desigd € D(v, b, k) is defined by
Xoi=As, for i=1,2,--- v, g(t,s)o?
€=
and Var(7; — 7o)
Aiiw = A, for ’L’ai/:1727"'7vv i7éi/a z—zl

where)\;; is the number of blocks containing the treatmentsee Stufken [6]). Das, Dey, Kageyama and Sinha [2] con-
tandjfori,j =0,1,2,---,v, i # j. structed A-efficient BTIB designs from balanced incomplete
An A-optimal treatment-control design belongs to a sulilock designs and partially balanced incomplete block de-
class of BTIB designs. A BTIB desigd € D(v,b, k) is signs, with
called a BTIRv, b, k; t, s) if
() d is binary in test treatments,
and
(ii) there ares blocks each of which contains
exactlyt + 1 replications of the control,
while each of the remaining— s blocks contains

exactlyt replications of the control. wherer is the number of replications of each test treatment.
A BTIB design withe > 0.950 is said to be highly efficient
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and

e > 0.950,
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TABLE | TABLE Il
THE LIST OF A-EFFICIENTBTIB DESIGNS WITHk = 4, r < 10, THE LIST OF A-EFFICIENT TREATMENTCONTROL DESIGNS WITH
4 < v <b<50INDAS, DEY, KAGEYAMA AND SINHA [2] k=4,r<10,4 <wv <50,b <50BY USING A CYCLIC DESIGN
(v [b[rre] e | [v[bJr]re] e [f]
414 3] 4 1 515 ]3] 5 09941
5| 7| 4| 8 | 0953 6 | 6 | 3] 6 09941
10| 6 |10 1 8 838 09931
6 |10 ] 5 | 10 1 16 | 6| 16 | 0.997 | 1
717 [ 3|7 1 24|91 24]0999 | 1
8 26| 10 | 24 | 0.993 91939 09871
9 [12] 4 [12 1 10 |10 | 3 [ 10 | 0.98T | 1
10 25| 8 |20 ] 0.986 20 | 6| 20| 0.99 | 1
30 | 9 | 30| 0.999 11 | 11 | 3 [ 11 | 0.974 | 1
1219 | 5 | 16 | 0.998 22 (622099 |1
3120 5 | 15 | 0.954 3319330997 |1
26 | 6 | 26 | 0.995 1212 |3 [ 120971 | 1
15 [ 35| 7 | 35 | 0.991 1313 |3 [ 130967 | 1
16 | 28 | 6 | 16 | 0.969 14 [ 14 | 3 [ 14 | 0.960 | 1
36 | 7 | 321 0.998 28 | 6| 28 | 0,986 | 1
20 [ 50 | 8 | 40 | 0.966 4219420989 | 1
21 [ 50 | 8 | 32 | 0.968 15 |15 | 3 [ 15| 0.954 | 1
30 | 6|30|0.986 | 1
16 | 32 | 6 | 32 | 0.981 | 1
Here,among such designs with the same values ahd &, }; 3‘6‘ 2 33 8:3;2 }
they do not list the designs that satisfy both the following 19 [38 6380970 |1
conditions: 20 | 40 | 6 | 40 | 0.965 | 1
21 | 42 [ 6 | 42 [ 0.963 | 1
. - 22 |44 [ 6 | 44 [ 0.958 | 1
(i) small value ofe and (i) large number ob. 53 Ta6 T6 a6 Tooss 11
24 (48 [ 6 | 48 | 0.952 | 1
That is, if for the same values af and k, there are two
designs, sayl; and d, having b; and b, blocks and A-
efficienciese; ande, respectively, such thdt; > b,, then 59
dy is not included in the list ife; < es.
e > 0.950.

Il. A-EFFICIENT TREATMENTFCONTROL DESIGNS .
We use the same rule considered by Das, Dey, Kageyama

Let d = (V,B) be a design, wher& is a set ofv treat- 41 Sinha [2]. We obtained the 188 A-efficient treatment-
ments ands is a collection ofk-subsets of/”. We construct conro| designs by using computer search. Table Il show the
a treatment-control desigdf adding exactlyf replications a_afficient treatment-control designs with= 4,r < 10,4 <
of the control to each block oB. Thend' € D(v,b,k+f) < 50, < 50 by using a cyclic design. B B
andd’ is an R-type design, whereis the number of blocks |, Tapjes | and II, the number of blocks of the A-efficient
of B. Here the treatments of are considered as the teSieaiment-control designs generated by a cyclic design are

treatments off’. _ _ ~ smaller than that of Das, Dey, Kageyama and Sinha [2] in
As the original designl = (V, B), we use a cyclic design. ihe samey treatments.

LetV ={0,1,---,v—1} (mod v), the residues of modulo
v. For a blockB = {bg, by, --,bx_1} € B, let
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