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Delay-range-dependent Robust Stability for Neutral
Systems with Non-differentiable Time-varying
Discrete Delay and Nonlinear Perturbations

Peerapongpat Singkibud and Kanit Mukdasai

Abstract—This paper deals with the problem of delay-
range-dependent robust stability for neutral systems with non-
differentiable time-varying delay and nonlinear perturbations.
By applying a novel Lyapunov-Krasovskii functional approach,
Wirtinger-based integral inequality and Peng-Park’s integral in-
equality, decomposition technique of constant matrix, descriptor
model transformation, Leibniz Newton formula and utilization
of zero equation, new delay-range-dependent robust stability
criteria are derived in terms of linear matrix inequalities (LMIs)
for the considered systems. Numerical examples are given to
illustrate that the presented effective method.

Index Terms—neutral system, Lyapunov-Krasovskii func-
tional, linear matrix inequality, model transformation, time-
varying delay.

I. INTRODUCTION

IME delay is frequently a source of instability and a

source of generation of oscillation in many dynamic
systems such as networked control systems, biological sys-
tems, mechanical systems, and chemical or process control
systems [23]. Thus, analysis and synthesis problem for
systems with time-varying delay have become an important
issue and a large variety of problems have been researched
since the nineties by several researchers [5], [6], [17].

In some physical system, the system models can be
described by functional differential equation of neutral type,
which the models depend on the state delay but also depend
on the state derivatives, are often encountered in various
fields, such as population ecology [8], distributed networks
containing lossless transmission lines [1], heat exchangers,
robots in contact with rigid environments [18], etc. For
interesting research methods, stability criteria for application
neutral stochastic systems and neural networks have been
discussed in [12], [16], [27], [28], [29], owing to that accurate
model cannot be easily obtained, the addressed systems in
some existent works always assume that there exist the un-
certainties on the parameters or contain both the linear terms
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and nonlinear ones. On the one hand, in [2], [3], [4], [24]
some LMI criteria on robust stability for uncertain ones have
been deeply derived. Very recently, improved stability for
uncertain systems with time-varying delays were proposed
in [21]. However, there are rooms for further improvements
in the feasible region of criteria for stability.

Stability criteria for time-delay systems are generally
divided into two classes : delay-independent one and delay-
dependent one. Delay-independent stability criteria tend to
be more conservative, especially for small size delay, such
criteria do not give any information on the size of the delay.
On the other hand, delay-dependent stability criteria are
concerned with the size of the delay and usually provide
a maximal delay size. Generally speaking, the latter ones
are less conservative than the former ones when the time-
delay values are small. Many times and efforts have been put
into the development of some techniques and new Lyapunov-
Krasovskii functional because how to choose Lyapunov-
Krasovskii functional and estimate an upper bound of time-
derivative of Lyapunov-Krasovskii functional play key roles
to improve the feasible region of stability criteria. Delay-
dependent stability criteria for these systems are established
in terms of linear matrix inequalities (LMIs).

With above motivations, based on Lyapunov stability
theory, an improved stability analysis for neutral systems
with non-differentiable time-varying delay and nonlinear
perturbations delays is derived by the framework of LMIs
which will be introduced in Theorem 9. Some numerical
examples are given to illustrate that the presented effective
method.

Notation:

The following notations will be accounted in this paper:

let R™ and R™*™ denotes n-dimensional Euclidean space
with vector norm ||.|| and set of n x m matrices, respectively.
A matrix P is symmetric positive definite, write P > 0, if
PT = P and 2TPz > 0 for all z € R*z #0.

II. PRELIMINARIES

Consider the following neutral system with non-
differentiable time-varying discrete delay and nonlinear per-
turbations of the form

i(t) — Ci(t —r(t))
= Ax(t) + Bx(t — h(t)) + fi(t, z(t))

+fa(t,x(t — h(t))) + fa(t, &(t —r(t)), t>0;
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where x(t) € R™ is the state variable, 7(t) is neutral interval
time-varying delays, h(t) is the time-varying delay satisfying

0<r <r(t)<ry 0<r(t)<rqg, (2)
0 < h(t) < ha, 3)

where 1,72 and hpy are positive real constants. ¢(t) is initial
condition function, A, B and C' are constant matrices. The
uncertainties f1(.), f2(.) and f3(.) represent the nonlinear
parameter perturbations with respect to the current state x(t),
the delayed state (¢t — h(t)) and the neutral delayed state
z(t — r(t)), respectively, and are bounded in magnitude

S () fi(t,a(t) < o”z” () (t), 4)
f3 (2t — h(t)) fa(t, x(t — h(1)))
< B2’ (t — h(t)x(t — h(t)), (5)
f3 (4@ (t —r(t)) fa(t, &(t — r(t)))
< il (t —r(t)a(t —r(t)), (6)

where «, 5 and 7 are given positive real constants.

Lemma 1. (Jensen’s Inequality) For any symmetric positive
definite matrix (), positive real number &, and vector function
z(t) : [=h,0] — R™ such that the following integral is well
defined, then

—h/ T(s +1)Qi(s +t)ds

T o
< 7(/7h (Sth)ds) Q([hx(5+t)ds).

Lemma 2. (Wirtinger-based integral inequality [25]) For
any matrix Z > 0, the following inequality holds for all
continuously differentiable function z : [a, 8] — R™ :

B
f(ﬂfa)/ il (s)Zi(s)ds < wlOw,

where  w = [27(8),27 (a), 5325 ff zT(s)ds]”
—-47Z =27 67
and O=| x —4Z 62
* * —-127

Lemma 3. (Peng-Park’s integral inequality [19],[20]) For

any matrix > 0, positive scalars 7 and 7(¢)

Z
satisfying 0 < 7(¢) < 7, vector function & : [—7,0] — R"
such that the concerned integrations are well defined, then

t
—7'/ il(s)Zi(s)ds < wlOw,
t—T1

where  w = [2T7(t), 2T (t — 7(t)), 2T (t — 7)|*

-7 Z -8 S
and ©=|x —-2Z74+S+8T Zz-58
* * —7Z

Lemma 4. [10] For a positive matrix M, the following
inequality holds:

(0 — 5 / / u)duds
/ / u)duds) / / u)duds)
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Lemma 5. [10] For a positive matrix M, the following
inequality holds:

Gl / / / Nd\duds
/ / / d)\duds
X M / / / N)dAduds)

Lemma 6. [26] For any constant symmetric positive definite
matrix ¢ € R™*", h(t) is discrete time-varying delays with
(3), vector function w : [—hps,0] — R™ such that the
integrations concerned are well defined, then

7hM/ )dS
hM
Ry
—h(t) h(t)
. h(t
L]
ha har
Lemma 7. [26] For any constant matrices (Q1,Q2, Q3 €

R™™ Q1 > 0,Q3 > 0, @ G > 0, h(t) is
* Qs

discrete time-varying delays with (3) and vector function
& : [~hpr,0] = R™ such that the following integration is
well defined, then

wf B 6

by (s x Qs |2(s)
wt) 1"
z(t — h(t))
< x(t — har)
ftf;h(t x(s)ds
D 2 (s)ds
[—Qs Qs 0 -Q3 0
x  —Qs—QF Q3 QF -QF
X | x * Q3 0 Q3
* * * -1 0
| * * * —Qq
[ 2(t)
z(t — h(t))
X x(t — h]\/[)
ftt_h(t) x(s)ds
i tt__:k(;) x(s)ds

Lemma 8. [26] Let z(t) € R™ be a vector-valued func-
tion with first-order continuous-derivative entries. Then, the

following integral inequality holds for any constant matrices
X,M; € R"*" ¢ = 1,2,...,5 and h(¢) is discrete time-
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varying delays with (3),

T
¢ (1)
7/ iT(s)Xa(s)ds < |x(t —h(t))| x
t—hwm .Z‘(t — hM)
My + M{ —M{ + M, 0
* M1+M1T—M2—M2T —MlT—f—MQ
* * —M; — M2T
0 o) 1"
x |x(t—h(t))| + ha |2t — h(t))
_x(tth) l’(tth)
_Mg M4 0 Jf(t)
X * M3+M5 M4 I(t*h(t)) s
| * * M| | z(t —ha)
where
X M, M,
* M3 M4 Z 0.
* * M5

Remark 1. In Lemma 6, 7 and 8, we have modified the
method from [7], [21] and [31], respectively.

III. MAIN RESULTS

In this section, we give our main results. We introduce the
following notations for later use:

Z = [Z(i,j)]lsxw ) 7

where Yij =%l 47=1,23,.,18,
Y11 = 610421+W1+W2+W1T+W2T+P2TA1

+PI'B, + ATP,+ BIP, + PF + Ps + 4
+Ry + h2,Qo + My + MT + hpy Ms — 4Q,4

h4
—Qs + i Ra — Ro + Q6 — 213, Qs

his
_TQS + Zs,
Yo = P —Pf+ATPy+ B Piy+ Pis + Ry
+h%,Rs,
Y13 = A{Pu+ B Py+Pyy—Pl —2Q,+ 85,
Y4 = Wi+ PFAy+ PIBy+ AT Ps + BY Ps
—P{ + Ps+ P — M| + Mz + hay My + Qs
—S + Rg, Y15 =—Wa+ Ly,
Y16 = —Wi—PyBy+PlAy— P] + Lo,
17 = —Wa+Ls, Yi5=-Pf,
Y19 = ¥1,10=0,
Sin = —R5 +A{Ps+ B{ B + P,
6
Y112 = TQ4, Y113 = V2hnQr,
M
h
Y14 = %Qs, Y115 = PJC,
Y6 = Yi117=X118= Py,
Yoo = (ro—11)Qo — Py — P+ Rs + huQs
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Y34

X35
Y37

213,10
23,12

3,16
Y4

26,12

Xr.7

Y10,10
10,11

10,15

h4
+h3Qa + h3,Qs + hiy Re + Q7

+%Q8 + h3 2y + 1 Zs,

—Pyy — Py,

—Ps + PL Ay + P, By — P + Pig,
0, Yo6=—P},By+PLA; - PL,
0, Yog=—-Pf, 29=23%510=0,
—Pg, Xa12=23313=2214=0,
PLC, %316 = Y017 = Y218 = Pl
—Pl; — P13 — Q1 — Ry — My — My
+hayMs — 4Q4 — Q5 — R,

Pl Ay + P\ By — P}y — P; + Ply — M
+My +hay My + Q5 — ST + Ry,
0, Y36=—P}By+PLAs—PL,
0, Sss=P%, Y39=—Ry,

RE, $311 =P,

6
WQ@ Y313 =314=0, Y315=PC,

Y3517 = S35 = Py,

€2ﬂ2f + P5TA2 + P5TBQ + Agp5 + ng5
—PY — Ps+ P + P+ M, + ML — M,
~M3 + ST + hayyMs + harMs — 2Q5 + S
—Rg — R6T, Y45=0,

~PIB + PYAy — Py — Ly, $47=0,
—Pl'| $49=0, Y¥410=-RI,

R + AT Py + B Py — Py + Py,

Yu13 =412 =0, X415=PIC,

Yy17 =418 =P/,
—LT — Ly — Z3 + raZs,
~LT - L,

5,0 = 5,10 = L5,11 = 25,12 = 25,13 = 25,14

Y56 =0,

= Y515 = 25,16 = 25,17 = 25,18 = 0,

~LI —Ly— 27y, Se7=0,

—Z1, Y69 = 26,10 =0,

~B{ Ps + A3 Ps — Py,

216,13 = 26,14 = 26,15 = 26,16 = 216,17
= Yg,18 =0,

—LY — L3 — Z,,

Yr0=2X710=2711 = 27,12 = X7,13

=374 =2%715=0,

Y717 = 2718 =0,

—Z1, Ygo9=2810=0, Xg11=—"yo,
28,13 = Xg,14 = 28,15 = 28,16 = 28,17
=g,18 =0,

—R3, 3910 = 29,11 = 29,12 = 29,13

= Y914 = Yg,15 = Xog,16 = 9,17 = Xg,18 = 0,
—Q2 — Ry,

210,12 = 210,13 = 210,14 = 0,

210,16 = 210,17 = 210,18 = 0
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Yn,a1 = —Q2— Ry, where J, K € R"™™ will be chosen to guarantee the
Sz = Sz =%114=0, Yi1.5=PlC asymptotic stability of the system (1). By (15)-(18), the
’ ' ' 7 Y ’ system and can be represented by the form
L6 = S11,17 = D118 = Py Y P Y
_12 t
Y12 = ?Q% Y1213 = 12,14 = Y1215 i) = y(t)+ Jx(t) — Ja(t — h(t)) — J/ y(s)ds
= Y1216 = 212,17 = 212,18 = 0, t=h(®)
Yisas = —Qr, X314 =X13,15 = X13,16 +Kz(t) — Kot —r( K/
i _513,122_ E1;,18 =0, , (19)
1414 = —Qs— s, 14,15 = 214,16
_ B _ 0 = —y(t)+ (A1 + B1)x(¢)
= Y1417 = 14,18 = 0, +(As + Bo)al(t — h(t)
2(t —
Sis1s = enl — (r2 —71)(1 —r4)Qo, ? ? .
Y1506 = 215,17 = 215,18 = 0, —(B1 — A2)/ e )y(s)ds
t—h(t
by = I, X =¥ =0
Biose = el Figr =Bz =0 O R I0)
Inir = €25 SIni8 +fa(ty(t — (1) + Cy(t —r(t). (20)
E18,18 = eI, Wi=PJ W;=PRK

Construct a Lyapunov-Krasovskii functional candidates for

Theorem 9. For a prescribed scalars 7o > 0,74 > 0 and the system (19)-(20) of the form

har > 0 the system (1) is asymptotically stable, if there

exist positive definite symmetric matrices Py, R4, Rg, @, 9
Z;,i=1,2,..,9, j=1,2,3, any appropriate dimensional matrices, V(t) = Z Vi(t), (21)
S, J, K, Ry, M, P,,, k=1,2,...6,1=1,2,...,5, m=2,3,...,16 and i1
positive real constants €1, €5 and e3 satisfying the following
LMIs where
B Bal g, ® Vi) = (THEP®),
_RQ R3_ t
(R, R:] Vo(t) = / 27 (s)Qrz(s)ds
B o V0 = [ e
_R5 RG_ ‘ T
Qs ST (10) +/ {x(s)] [Rl RQ} {I(S)} ds,
ST Qs = n W) Lx Baf |y(s)
Qs My M, Vi(t) = h / /
3 = M QQ(E )d@ds
ME My M| >0, (1n har Jits
ME MT Ms; Jd
Y <0. (12) /hM /ﬂ 0)Qsy(0)dods,
Proof. Under the condition of the theorem, we will show Vi(t) = huy / / 0)Q4y(0)dods
the asymptotic stability of system (1). From model transfor- ha Jt+s
mation. method, we rewrite the system (1) in the following Sy / / 0)Qsy(0)d6ds,
system: has +S
o(t) = y(t), I3 v = hy / / { } [1‘;’;4 25} [zgzg] dods,
0 = —y(t)+ Az(t) + Bx(t — h(t)) har Jtts 6] LY
+fa(ty(t —r(t) + Cy(t —r(t).  (14) s s
In order to improve of the discrete delay h(t) in (1), let us T2 [ o / trs 0)Z2y(6)dods,
decompose constant matrix A and B as hM
Vz(t) = / / / A)Qez(N)dNduds
A=A+ Ay, (15) t—hy
B =B + B, (16) / / / N)Qry(\)dAduds,
t—h
where Aq, As, B1 and By € R™*™ are real constant matrices. Y
By utilizing the following zero equation, we obtain Vs(t) = / / / / 0)Qsy(0)dodAduds,
t—hn

0 = Ja(t) — Jalt — h(t)) — J/t_h(t)x'(s)ds, a7 Velt) = /t_ | Tz

0=Kz(t) - Ka(t—r(t)) — K z(s)ds,  (18) +(ro — 1) /t o yT (5)Qoy(s)ds,
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with

[T 0 0 O
0 0 0 O

E = |00 o0 o],
0 0 0 O
000 0
_Pl 0 0 0 0

P - P P B P Py
P Ps Py Pio Pis|’
\Pr P Py Pz Pis
[ 2(t)
z(t — h(t))
¢

) = | [ @(s)ds
ac(t—hM)
L ()

The time derivative of V(t) along the trajectory of system
(19)-(20) is given by

(22)

From (4), (5) and (6), we obtain for any positive real
constants €1, €g, €3,

&1 (a2 (Wa(t) - [T (L2 Ak 2(1)) 20, @3
&2 (82T (t = h(t)w(t — h(1))

— (G a(t = b)) Lot a(t — (1)) 20, (24)
s (%" (t = r(0)i(t = (1))

—f it = rO) fslt, it — (1)) 2 0. @)

According to (22)-(25), it is straightforward to see that

(1) <) (26)
where (7 (t)= [wT t), 2T (t — har), x7 (t — h(t)),
tfrt),fth(t dsf”(t YT (s)ds,
t- hM)y (s)ds,y™ (t — har), tt :(t) (s )ds

ft ht) xT(s )ds, ftth xT s)ds,\fftth (u)du,

S, JadTdAdu, y(t = r(t)), fi(t (1),

Folt, (t — h(1))), fa(t, y(t — r(t)))}. If the conditions (8)-
(12) hold, then (26) implies that there exists § > 0 such that
V(t) < —6||lz(t)||* . Therefore, system (1) is asymptotically
stable.

IV. NUMERICAL EXAMPLES

In this section, numerical example is given to present the
effectiveness of our main results by comparing the upper
bounds of the delays hy;.

Example 10. We consider system (1) of the form

z(t) — Cx(t —r(t))

= Ax(t) + Bx(t — h(t)) + fi(t, z(t))
+fa(t, x(t = h(t))) + fs(t, 2(t — (1)),
z(t) = ¢(t), t e [=h,0l;
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with the parameters

-2 0 0 04
4 = [0 2}’ B_[0.4 0}’
01 0
C = [0 0.1}’ a=0.1, B=n=0.05 (28)

Decompose matrix A and B as follows : A = A; + Ao,

B = B; + By, where

~15 —0.5 —-05 0.5

A = [0.1 1.5}’ A2_[0.1 0.5}’
—-06 0 0.6 0.4

B = [0.5 1.1}’ 32_[0.9 1.1] 9

Table 1 lists the comparison of the upper bounds delays for
asymptotic stability of system (27) by different methods. It is
clear that our results are superior to those in [4], [14], [15],
[22].

Table 1
Maximum allowable upper bounds hjps for the delay is time-varying in
Example 10.

Method
m 0.5 0.9 1.1 Unknown
rq=0.6
Lakshmanan et al. (2011) [15] - - - 3.9563
Cheng et al. (2013) [4] - - - 4.6235
Qiu et al. (2015) [22] - - - 4.9423
Ours - - - 8.7375
rq=0
Liu et al. (2015) [14] 8.975 8.820 - -
Qiu et al. (2015) [22] 9.646  9.225 - -
Cheng et al. (2013) [4] 9975 9.756  9.685 -
Ours - - - 9.7967

V. CONCLUSION

The problem of robust stability for neutral systems with
mixed interval time-varying delays and nonlinear perturba-
tions was studied. The restriction on the derivative of the
discrete time-varying delay is removed. By applying a novel
Lyapunov-Krasovskii functional approach, Wirtinger-based
integral inequality and Peng-Park’s integral inequality, de-
composition technique of constant matrix, descriptor model
transformation, Leibniz Newton formula and utilization of
zero equation, an improved delay-range-dependent stability
for considered system are established in terms of linear
matrix inequalities (LMIs). Numerical examples have shown
significant improvements over some existing results.
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