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Optimal Guaranteed Cost Control for Exponential
Stability of Nonlinear System with Mixed
Time-Varying Delays via Feedback Control

Nuchira Khongja, Thongchai Botmart

Abstract—The problem of optimal guaranteed cost control
for exponential stability of nonlinear system with mixed time-
varying delays via feedback control is considered. The mixed
time-varying delays consisting of both discrete and distributed
delays are considered without assuming the differentiability
of the time-varying delays. Based on an improved Lyapunov-
Krasovskii functional with triple integral terms and employing
Newton-Leibniz formula, Jensen’s inequality and reciprocal
convex combination technique, new delay-dependent sufficient
conditions for the existence of guaranteed cost feedback control
for the system are given in terms of linear matrix inequalities
(LMIs), which can be checked numerically by using the effective
LMI toolbox in MATLAB. Finally, a numerical example is given
to illustrate the effectiveness and improve over some existing
results in the literature.

Index Terms—exponential stability analysis, nonlinear sys-
tem, guaranteed cost control, feedback control, discrete and
distributed time-varying delays

I. INTRODUCTION

N the scope of functional differential equations, stability

and control problem has been the subject of investigable
research attention. In most control engineering practice, it
is always desirable to design a control system which is
not only stabilizable but also guarantees an adequate level
of performance. The guaranteed cost control was first put
forward by Chang and Peng [5] and introduced by a lot of au-
thors, which different design approaches have been proposed
for systems with delay [11-14]. In [15], author designed
state feedback guaranteed cost control of nonlinear systems
with time-varying delay. By applying Lyapunov-Krasovskii
functional method and linear matrix inequality technique,
new delay-dependent sufficient conditions for designing the
state feedback guaranteed cost control are derived. Optimal
cost controller for linear system with mixed time-varying
delays state and control has been considered in [18]. By
improving Lyapunov-Krasovskii functionals with Newton-
Leibniz formula, the sufficient conditions for the existence
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of an optimal cost state feedback control for the system have
been derived in term of LMIs.

Time-delay systems have actually been studied by several
researchers. This may be the new emerging applications
in engineering (such as network controlled systems) com-
pounded with new theoretical results, that allowed one to
solve some open problems (decoupling problems, stabiliza-
tion, robustness, H,, control, etc.) and less conservative
results. Absolutely, applications motivate the need of theory,
which in return makes the control applications feasible.

Stability criteria for time-delay systems can be divided into
two types: delay-dependent and delay-independent. Delay-
dependent stability criteria are concerned with the size of
the delay and usually provide a maximal delay size. On
the other hand, delay-independent stability criteria tend to
be more conservative, especially for small size delay, such
criteria do not give any information on the size of the delay.
There are many different methods given to deal with the
stability problem. Among the well-known Lyapunov stability
method, the Lyapunov functional is a powerful tool for
stability analysis of time delay systems. Delay-dependent
stability criteria for these systems are established in terms
of linear matrix inequalities (LMIs).

In this research, we have considered the optimal guaran-
teed cost control problem for a class of nonlinear system
with mixed time-varying delays. The mixed time-varying
delays consisting of both discrete and distributed delays are
considered without assuming the differentiability of the time-
varying delays. Based on an improved Lyapunov-Krasovskii
functional with triple integral terms and employing Jensen’s
inequality, Newton-Leibniz formula and reciprocal convex
combination technique. A performance measure for the sys-
tem is considered by a quadratic cost function. The feedback
stabilizing controllers are designed to satisfy with exponen-
tial stability. We give sufficient conditions for existence of
the feedback guaranteed cost control in terms of LMIs, which
can be determined by utilizing MATLABs LMI control
toolbox. A numerical example is presented to show the
effectiveness of the proposed method.

II. PRELIMINARIES

Notations
The following notation will be used in this paper : RT
denotes the set of all real nonnegative numbers; R™ denotes
the n—dimensional space and || - || denotes the Euclidean
vector norm; A™*™ denotes the space of all matrices of
(nxm) -dimensions; A7 denotes the transpose of matrix A;
A is symmetric if A = AT; I denotes the identity matrix;
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A(A) denotes the set of all eigenvalues of A; Apin(A) =
min{ReX\; A € A(A)}; Amax(4) = max{Re\; A € A(A)};
2 = {a(t+5) 5 € [—h,0} [laell = Supaci_po 2t +
s)||; C([0,¢t],R™) denotes the set of all R™-valued continuous
functions on [0, t]; Lo([0,¢], R™) denotes the set of all R™-
valued sguare integrable functions on [0,¢]; Matrix A is
called positive definite (A > 0) if 27Az > 0 for all
x € R" x # 0; Matrix A is called semi-positive definite
(A > 0)if 2TAz > 0 for all # € R"; A > B means
A — B > 0. The symmetric term in a matrix is denoted by
%

Consider a nonlinear system with mixed time-varying
delay of the form

&(t) = Az(t) + Bz(t — hi(t)) + C t x(s)ds
t—di (1)

+ f(t, z(t), x(t — hl(t)),/ x(s)ds, u(t))
t—dy (b)
+U(t), (1)
t
U(t) = Dyult) + Doult — ha(t)) + Ds / u(s)ds,
t—da(t)
fE(t) = ¢(t), te [—dg,O], ds = H’lc’iX{hU\/[7 h27d1,d2},
where z(t) € R, u(t) € R™ are the state and control,
respectively, the control u(-) € Lo([0,t],R™), u(t) =
Kz(t), K is constant matrix gain, ¢(¢t) € C([—ds,0],R")
is the initial function with the norm

Il = sup;e|ay 0 \/ch(t)l\2 + ()11,

A, B,C, D1, Dy, D3 are given constant matrices with appro-
priate dimensions, the delay functions h;(t),d;(¢),s = 1,2
satisfy the condition

0<him<hi(t) <hivg, 0= ha(t) < he,
0<di(t) <di, 0<da(t) <ds,
n=him— him
and f(-) : RT x R® x R" x R" x R™ — R" is a given
continuous function satisfying f(¢,0,0,0,0) = 0,Vt € R*,

and f(t,x,y, z,u) satisfy Lipschitz condition with respect to
(z,y, z,u), such that Ja,b,c,d > 0:

Lf (2, y, z,u)ll < allz]] + bllyll + cllz]] + d]|ull.— (2)

Define the following quadratic cost function of the asso-
ciated system (1) as follows :

J :/0 L(t,z(t), x(t— hl(t))7/t_d1(t) x(s)ds, u(t))dt,
3)

where
L() < xT(t>Ztlx(t> +aT(t—hy () Zor(t = (t)
o) (L o)
+ul (t)Yiu(t),

Z1,7Z5, 75 € R"™™ and Y7 € R™*"™ are positive definite
matrices.
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The objective of this paper is to design a feedback con-
troller u(t) = Kx(t) and a finite number J* > 0, such that
the resulting closed-loop system

i(t) = (A+ Dy K)a(t) + Bx(t — hy(t))

N c/ w(s)ds + f(t,x(t),x(t — ha(1)),
t—dy(t)

// x(s)ds, Kx(t)) + Dou(t — ha(t))
t—di (¢)

t
+ D3/ u(s)ds )
t*dg(t)

is exponentially stable and the value J(u) < J*.

Definition 1. Given o > 0. The zero solution of closed-loob
system (4) is a-exponentially stabilizable if there exists a
positive number N > 0, such that every solution x(t,¢)
satisfies the following condition

lz(t, 9)I] < Ne™*[|4]],

Definition 2. Consider the control system (1). If there exist
a continuous stabilizing state feedback control law u*(t) =
Kz(t) and a positive number J* such that the zero solution
of the closed-loop system (4) is exponentially stable and the
value (3) satisfies J(u*) < J* then the cost value J* is a
guaranteed cost value, u*(¢) is a guaranteed cost controller
of the system.

vVt e RT.

Proposition 3. [9]. (Cauchy inequality) For any symmetric
positive definite matrix N € M™*™ and z,y € R™ we have

+22Ty < 2T Nz +yT N1y,

Proposition 4. [9]. (Schur complement lemma) Given con-
stant symmetric matrices X,Y and Z with appropriate
dimensions satisfying X = X7)Y = YT > 0, then
X +2ZTY~1Z <0 if and only if
X z7 -Y Z
[* Y]<0 or [* X}<O.

Proposition 5. [17]. For_any constant matrix Z = Z7 > 0
and positive numbers h, h such that the following integrals
are well defined, then

(i) — /t (o) Za()ds

3 ([ o) o([ o),

—h ot
(44) _/—E /HS x(7)! Za(r)drds < —ﬁ X

</_;Lh /t; x(T)deS)TZ </_;Lh /t; CU(T)deS> :

Proposition 6. [17]. Let f1, f2,..., fnv : R™ — R have
positive values in an open subset D of R™. Then, the
reciprocally convex combination of f; over D satifies

. 1
MmNy, |r; >0, ri=1} Z ;fi(t)

= Z fz (t) + maxg, () Z 9i,j (t)

i#]
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subject to

>0 .

95 R™ = R, g;4(t) = 95 (t), { fit)  gi5(t) }

9i5(t)  [;(t)

III. MAIN RESULTS

The following theorem gives sufficient conditions for
designing a guaranteed cost controller for system (1).

Theorem 7. Given a > 0. Consider the system (1) and the
cost function (3). If there exist symmetric positive definite
matrices P, @1, Q2, Ry, Ro, R3, Ry, S1, T1, Ty, Wy, Wo
and W3 satisfying the following LMIs

Dy Dy D3
o= ¥ Dy Pa3z | <O, @)
* * (I)33
then
1
u(t):ﬁDlTPflx(t), te Rt (6)

is a guaranteed cost controller and the guaranteed cost value
is

T = Xol[oll*.

Moreover, the solution x(¢, ¢) satisfies

llz(t, @) < \/i»je“tlaﬁll, vt € RY,
where
My My Mis Ma Ms
* MQ’Q 0 0 0
(I)ll = * * M373 0 0 5
* * * My 4 0
* * * * Ms 5
0 M7z Mg My 0
0 0 0 0 0
P9 = 0 0 0 0 0,
0 0 0 0 0
| Msg Ms7z Mss 0 0
My My Migz Mis O
0 0 0 0 0
ds=| 0 0 0 0 0|,
0 0 0 0 0
0 0 0 M 0
[Mgs O 0 0 0
* M777 M778 0 0
Doy = * *x  Mgg 0 0 ;
* * * Mgﬁg M9$10
L * * * * MlO,lO
[0 0 0 0 0
0 0 O 0 0
=000 0 0],
00 0 Mysa O
(000 0 o0
[ My 0 0 0 0
* M12712 0 0 0
P33 = * * M3 13 0 0 ;
* * * Mig1a Migs
* * * * M15,1d
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My = [A+allP+ P[A+all" + (a+b+c+0.5d)T
— DD +dD, DT +0.25D,Y1 D + Q1 + Q2
+ d?Ty + 3e**h2 Dy S, DT + 2¢2242 Dy Ty DT
_ 672ochlmR1 _ 672ah1MR2 _ 2674ah1mW1

2e~ 4 (B — Bym)

_ 2674ah1MW _
2 (him + Pim)

W37

Mo =P, My3= Dy, Myy= d3Dy, My;= BP,
M1,7 = 6_2O‘h1'“R1, MI,S — 6—201}111\/[]%27 ]\4—1’9 _ CP,
2¢~4ahin 9¢—4ahiu

Ml,l]_ = 7W17 M1’12 = W2,

hlm th

2674(1th AT .
M = — W3, M - P —0.5D,DT,

1,13 (oot + o) 3 1,14 1Dq

M2}2 = — (2aI—|— Zl)_I’ ]\43’3 — _2620zh2517
My, = — 4d3T1,
Mss = —2e 2Ry e~ 29M(Ry + RY),

Msg =P, Ms7;= e >*"MRg — e 2" Ry,
M5,8 _ e*QO&thRS o 672o¢h1]\/1]_23;7 M5714 —_ PBT,
—(2b] + Z5)7 1,

_ 672ah1mQ1 o 672ah1"‘R1 _ 672&th]%37

—2ah T
M7A,8 =e ¢ 1MR4,

M8,8 —_ _ e—2ah1MQ2 _ e—2ah1MR2 _ 6_2athR3,
—2ad T
Mgg= —e T, My1g= P, My1s= PC",
_9e—4ahin
—1
Moo= — (2cl + Z3)"", M1 = Tz Wy,
Im
7267404th 7267404th
Miz12 = TWZ’ My313 = WW&
™ (hiy — him)

Miga = hin Ry + hiyRs + (him — him)*Rs + higWh
+ h%MWQ + (him — ham)hamWs
+3¢%*"2 Dy 81 DY + 2> DTy DY
+(a+b+c+0.5d)I - 2P,

Myss = h3Dy, My515 = —4h35),

A1 = Amin(P71),
A2 = Amax (P + himAmax (P71Q1 P71
+ PivAmax (P71Q2P ™)
+ 3 Amax(P7'R1P7Y)
+ 3y Amax (P Ry P7Y)
+ (hivt — Pim)* Amax (PR3P
+ ihg)\max(P‘lDlSl_lDlTP‘l)
+ idgAmax(P*DlelDlTP*)
+ A3 Amax (P71 TP
+ b3 Amax(PTTW P71

+ B3y Amax (P71 W P~h)
+ (ham — him) P2y Amax (P~ W3 P™1).

Proof: Let Y = P71 y(t) = Yux(t). Using the
feedback control (3), we consider the LyapunovKrasovskii
functional for the closed-loop system (4),
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tl’t

ZVtxt

where

Vi) = et ()Y a(t),
Va(:) =/ eZa(s_t)xT(s)YQlYm(s)ds

2S_hflm

t
20T ()Y QuY (s)ds,
¢
_ th/ a(f— t
—h

aO0=84T(9) ST u(0)dbds,

/ 2=y T (9)T ' u(0)dbds,
t+s

t
_ d1/ / 2= T ()Y T,Y x(0)dOds,
d1

Vio(") / / / 2Ot ET (0)Y W1 Y i (6) %
him t+s
dfdsdr,

Vi (- / / / 0+s=0) ;T (9)Y W, Y i(6) x
him t+s
dfdsdr,

him 0 t
Via (") / / / e20(0Fs=0 3T ()Y WY i(0) x
him T t+s

dfdsdr.
It is easy to check that

Mz < V(tze) < Aofjae]|?, V> 0.

(0)Y R5Y #(0)dods,

20T (9)Y R, Y 2(0)dfds,

T(0)Y RyY i:(0)dbds,

(7

Taking the derivative of V;(t,z;) along the solution of the
system by using Newton-Leibniz formula, condition (2),

Proposition 3, Proposition 5, Proposition 6, we have

V(t,xy) 4 22V (t,z) < E7(t) T £(t) — L(-)

yT(t - hl(t>)’yT(t - hlm)>

®)

yT (t - th)7

t t t
yT (s)ds, / yT (1)dr, / yT (r)dr,
t—dq(t) t—him t—him

t— hlm
/ T)dr, g7 (t )}
t—him
I;; IIp Iy
II = * H22 H23 <0,
* * H33
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€))

Nig Nio Nijs
Iy, = ¥ Nog Nog |,
L * * N373 1
[ Niy Nis Nig |
Mig=| Noga O 0 ,
Nsa 0 0 |
N1z Nig Nig |
I3 = 0 0 DNog |,
o0 0 0|
[ N,y O 0 ]
ITyy = * Ny 0 ,
L * % N6,6 i
[0 0 0
o3 = 0 0 Nsg |,
0 0 0
I N77 0 0
Il33 = * Ngg 0 ,
L ES * Ngyg ]

Nig=[A+allP+ P[A+al]" + (a+b+c+0.5d)]
— D:DT +dD, DT +0.25D,Y1 DT + Q1 + Q>
+ d3Ty + 3¢**h2 Dy S, DI + 2¢2*42 Doy DT

_ e—2ah1mR1 _ e—Qah,1MR2 _ 28—4Oéh1mW1
_ ge—tahuyy, _ 24 (b — ) W
(him + him)

+ P(2al + Z1)P + 0.5¢72%"2 D, ST DT
+0.25d3D, T, ' DT,

Nio= BP, Nig= ¢ MRy Ny = e 2*MMR,,
26—4Oéh1m
Nis=CP, Nig= ———Wq,
hlm

2674ah1M 2674ah1M

Ny =———Wy, Ng= ———Ws5,
b7 him 2 e (him + him) ’

Nig= PAT — 05D, DT,
N272 = — 2672Qh1MR3 + 672ah1M (R4 —+ RZ)

+ P(2bI + Z5) P,
N273 — 672ah1MR3 o 672o¢h1MR4,
Nyy = e 2Ry — ¢ 2*MMRT Nyg = PBT,
N3’3 - _ e—Qahlle _ e—Zahlle _ e—2(yh1MR3’
I
N4 4= — 67204}7,1]\/[@2 _ efzoéthRQ _ 6720(’1/1MR37
Nss5= —e 20Ty + P(2cI + Z3)P, Nsg9= PCT,

_26—4ah1m —26_4ah1M
Ne g = TWb Ny = TW%

Im M

_26—40£th
Ngg = Ws,

(hiv = hin)

Ng g = h%le + thRQ + (ham — hlm)2R3 + h%mwl
+ hiuWa + (ham — him)ham W
+ 3e2*h2 D, S, DT + 2¢2*%2 D3 Ty DT
+(a+b+c+0.5d)I — 2P +0.25h3D, S, DT,
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Using Proposition 4 (Schur complement lemma), condition
(5) is equivalent to the condition II < 0. Thus, from (5)—(9)
,we obtain

V(t, ) +2aV(t,2) < —L(), VteRT.  (10)
Since L(-) > 0, we have
V(t,z) < —2aV(t,x,), VteR*. (11)

(
Integrating both sides of (11) from 0 to ¢, we obtain
V(t,xr) <V(0,20)e 2, VteRT.
Furthermore, taking condition (7) into account, we have

M|zt @)|]* < V(t, ) < V(0,20)e > < Aoe>*|¢][?,

then
A2 —at
llz(t, @) < 3 ° pl|, Vt>o0,

which implies the exponential stability of the closed-loop
system (4). To find the upper bound of the cost function (3),
we consider the derived condition (10) and V (¢, x¢) > 0,we
have

V(t,ze) < —L(-),
Integrating both sides of (12) from 0 to ¢, we obtain

Yt e RT. (12)

t
/ L) dt < V(0,30) — V() < V(0,20), V€ RT)
0

because of V (¢, 2:) > 0. Hence, letting t — oo, we finally
obtain that

J :/ L(-) dt <V(0,20) < \ol|0||* = J*.
0

This completes the proof of the theorem.

IV. NUMERICAL EXAMPLES

In this section, we now provide an example to show the
effectiveness of the result in Theorem 7.

Example.1 Consider a nonlinear system and mixed time-
varying delay using feedback control with the following :
t
z(t) = Az(t) + Bx(t — hi(t)) + C z(s)ds
t—di (t)

b P 2(t), 2t — by (1)), /t gy F )
+U®), (1)

u(s)ds,

t

U(t) = Dyu(t) + Dyu(t — ha(t)) + Ds /7(1 )

z(t) = ¢(t), te[—ds,0], ds=max{him,hs,di,ds},
where )
R |
e[ 07 8] 03]
D?:_Oo1 0(.)1}’ DB[Obl 0(.)1}’
Zl—Zz—Zg—Yl—[O(')l 0(_)1],
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a=b=c=d= 0.001, o= 0.01,
hy =0.3, him= 0.1, hyy=0.3,
d; = 0.03, ds =0.02.

By using the LMI Toolbox in MATLAB, we obtain

[ 4.5599
P= | —0.6159
0, [ 3.8029 0.5375
"7 05375 1.8969
Qs = [ 4.2538 0.4146
>7 ] 04146 1.0766
[ 17.9365
B = | —15.9555
[ 0.3552
Bp = | —0.7884
[ 20.7980
B3 = | —3.6989
[ 1.0501
Ry = | —2.6087
[ 5.2109
b1= | —1.8802
[ 1.0972
= | —2.2022
[ 82.1632
= | —80.0082
[ 2.4264
Wi= | —4.0157
[ 0.5094
We = | —1.1200
[ 0.1800
Ws = | —0.2595
[ —0.2241
K= | —0.0538

and the feedback control is

u(t) = [ —0.2241

—0.0538

—0.6159
3.8500

|\
|\

—15.9555
48.7317

—0.7884
2.3270

—3.6989
18.9409

—2.6087
7.6735

—1.8802
12.7356

—2.2022
6.1546

—80.0082

|

|\

205.1834 |’

—4.0157

12.5592 |
—1.1200 ]

3.3355

—0.2595 |

0.7044

—0.0359 ]
~0.3982 |

—0.0359
—0.3982

[0

A1 =0.2034, Ao = 0.4143.

We take the initial condition

o) = |

0.5sin ¢
0.5cos t

|\

llell =1

and the guaranteed cost value is

J* =0.4143||¢||* = 0.4143.

By Theorem 1, the system is exponentially stable and solu-

tion x(t, ¢(t)) satisfies

|lz(t, ¢(£)]| < 1.4272¢=0-01F,

t>0.
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05

0.4 q
*,0)

= X0
03 z

X0, %,(0

7 8 9 10

Fig. 1. The trajectories z1(¢), and z2(t) of closed-loop system

V. CONCLUSION

In this paper, we have investigated the problem of optimal
guaranteed cost control for exponential stability of nonlinear
system with mixed time-varying delays via feedback control.
The mixed time-varying delays consisting of both discrete
and distributed delays are considered without assuming the
differentiability of the time-varying delays. Based on an
improved Lyapunov-Krasovskii functional with triple integral
terms, new delay-dependent sufficient conditions for the
existence of guaranteed cost feedback control for the system
are given in terms of linear matrix inequalities (LMIs). A
performance measure for the system is considered by a
quadratic cost function. Finally, a numerical example is given
to illustrate the effectiveness and improve over some existing
results in the literature.
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