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Abstract—The uncertainty of demand occurs at a down-
stream side and spreads over an upstream side in a supply
chain. To the contrary, the uncertainty of supply occurs at
an upstream side and spreads over an downstream side in a
supply chain. The quality of items is particularly important as
a factor in the uncertainty. Imperfect quality items included
in the procurement from a supplier brings the uncertainty of
supply, that is, whether imperfect quality items are included
or not, or how many imperfect quality items are included.
An intangible loss due to the uncertainty of imperfect quality
items is unavoidable even if the downstream side (taht is, a
manufacrurer or retailer) prevented all imperfect quality items
from being distributed to customers and society by perfect
inspection. Therefore, in this paper, we consider the impact of
the uncertainty of imperfect quality items in the situation that
the imperfect quality items included in the procurement from
the supplier are perfectly retrieved in the downstream side. In
particular, the impact of the uncertainty of imperfect quality
items is evaluated as an object of a monetary compensation.
Hence, we propose a condition of the monetary compensation
to maintain supply chain partnarship. Through some numerical
examples, the condition of the monetary compensation for the
uncertanty of imperfect quality items is illustrated.

Index Terms—compensation, coordination, incentive compat-
ible condition, newsvendor model,

I. INTRODUCTION

IN common production and inventory systems, the uncer-
tainty about demand of customers exists. In particular, the

spread of the uncertainty about the demand in a supply chain
is well known as the bullwhip effect [1]. The uncertainty
of demand occurs at a downstream side in a supply chain.
Then, the uncertainty of demand spreads over an upstream
side in a supply chain. To the contrary, the uncertainty of
supply occurs at an upstream side and spreads over a down-
stream side. The quality of items is particularly important
as a factor in the uncertainty. In many researches regarding
production and inventory systems, it has been assumed that
the quality of items received from a supplier are perfect.
However, imperfect quality items are sometimes included in
the procurement to a manufacturer or retailer as some results
of imperfect production and inspection by a supplier and
damage in transport.

The impact of imperfect quality items on customers and
society is by no means trivial. It is also known that quality
has a great impact on a reputation and customer confidence.
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Theerefore, the compensation for imperfect quality items
to customers and society has to be made. Then, the cost
allocation problems regarding the compensation between
supply chain members have been considered until now, such
as Gao et al.[2]. On one hand, imperfect quality items
included in the procurement brings the uncertainty of supply.
That is, it is unknown whether imperfect quality items are
included or not, or how many imperfect quality items are
included. As mentioned above, the uncertainty of supply
occuring at an upstream side spreads over a downstream
side. That is, a manufacturer or retailer suffers intangible loss
due to the uncertainty of containing imperfect quality items
in the procurement from a supplier in addition to physical
and mental losses due to imperfect quality items themselves.
Note that the mental loss due to imperfect quality items in
this paper means damage due to a reputation and customer
confidence. Even if the manufacturer or retailer prevented all
imperfect quality items from being distributed to customers
and society by perfect inspection, the intangible loss due to
the uncertainty of imperfect quality items is unavoidable.

In this paper, we consider the impact of the uncertainty
of containing imperfect quality items in the procurement
from a supplier in a supply chain composed of a supplier
and a retailer. In particular, we investigate the case where
the imperfect quality items included in the procurement
from the supplier are perfectly retrieved in the retailer. In
this case, we evaluate exactly the impact of the uncertainty
of imperfect quality items as a monetary loss. Then, a
monetary compensation is calculated in the viewpoint of the
uncertanty of imperfect quality items. Further, we propose a
condition of the monetary compensation to maintain supply
chain partnarship. Through some numerical examples, the
condition of the monetary compensation for the uncertanty
of imperfect quality items is illustrated.

II. LITERATURE REVIEW

As early literature about imperfect quality items in the pro-
duction and inventory management, Porteus [3] has studied
an impact of imperfect qualitty items on a basic lot sizing
problem under the assumption that a process goes out of
control with a fixed probability. Rosenblatt and Lee [4] have
studied an impact of imperfect production on production
cycles. Moinzadeh and Lee [5] have dealt with a continuous
review inventory model with Poisson demand and imperfect
quality items. Paknejad et al. [6] have studied an optimal
policy in a continuous review inventory model with imperfect
quality items for any demand distribution. Salameh and Jaber
[7] have developed an extended economical ordering quantity
(EOQ) model where imperfect quality items are salvaged at a
discount price. Further, many researchers have considered the
model with imperfect quality items such as Wu and Ouyang
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[8], Eloglu and Ozdemir [9], Khan et al. [10], and Hsu and
Hsu [11], [12].

Since the 21th century, supply chain models have been
frequently considered in the production and inventory man-
agement. The objective of the studies based on a supply chain
model is to actualize the cooperation between a supplier
and a retailer or manufacturer. Some methods for the joint
determination of a supplier and a manufacturer or retailer
have been proposed. For example, Huang [13], [14] has
extended the model in Salameh and Jaber [7] to present an
integrated inventory policy for supply chain members where
the supplier incurs a warranty cost for the imperfect quality
items. In his models, the quantity of procurement to minimize
the total annual cost consisting of respective cost functions
in the supply chain members has been found. Khan and
Jaber [15] have proposed a three level supply chain model
by extending the model in Salameh and Jaber [7] where a
penalty cost arises in the case that the fraction of imperfect
quality items goes beyond a prescribed value.

Also, Chao et al. [16] first have introduced a partial
allocation contract between a supplier and a manufacturer for
allocating the penalty against selling imperfect quality items
to the customers. Gao et al. [2] have shown that the partial
cost allocation contract coordinates the quality improvement
efforts of a supplier and a manufacturer. Also, Lee et al.
[17] have proposed the quality compensation contract in
which a supplier compensates a manufacturer for imperfect
quality items inadvertently sold to customers. Their study
have offered for the first time as an incentive scheme in a
supply chain the quality compensation contract that has been
long employed for quality control in numerous industries
[17]. This study considers the impact of the uncertainty
of containing imperfect quality items on the downstream
side. And then, a monetary compensation is discussed in the
viewpoint of the uncertanty of imperfect quality items for
the first time as long as we have investigated.

III. MODEL FORMULATION

In this section, we formulate a model with imperfect
quality items on a supply chain consisting of a supplier and
a retailer. The notations in this paper are as follows:

r : retail price at retailer.
w : wholesale price at supplier.
c : original cost at supplier.
s : salvage value for unsold items at retailer.
q : order quantity of retailer.
d : demand to retailer.
p : probability of being imperfect quality items.
n : number of imperfect quality items included in

procurement.
Then following assumptions are considered:
− The demand d is an integer number and a discrete ran-

dom variable. In association with it, the order quantity q
is also an integer number and then a decision variable.

− The number of imperfect quality items n follows a
binomial distibution with q and p.

− The salvage value for unsold items at the retailer s is
less than the wholesale price at the supplier w.

− All imperfect quality items included in the procurement
are discovered and removed at the retailer’s side.

− In section III, all imperfect quality items discovered
by the retailer are returned to the supplier while the
wholesale price w is refunded to the retailer for every
imperfect quality item, namely, full price refund policy.

At first, the supply chain model consisting of a supplier
and a retailer is formulated in the situation that imperfect
quality items are not included at all in the procurement, that
is, p = 0. The expected profit function of the retailer is
defined as the following equation:

ΠR
0 (q)=

q∑
d=0

{rd− wq + s(q − d)}Pr {D = d}

+
∞∑

d=q+1

(r − w)qPr {D = d}

= (r − w)q − (r − s)E
[
(q − d)+

]
, (1)

where z+ = max {0, z} and E[x] means the expectation
of random variable x. Also, D means random variables
expressing demand. Then, the expected profit function of the
supplier in the situation that imperfect quality items are not
included at all in the procurement is given as follows:

ΠS
0 (q)= (w − c)q. (2)

Next, the supply chain model consisting of a supplier and
a retailer is formulated in the situation that some imper-
fect quality items are included in the procurement. In this
situation, we assume that all discovered imperfect quality
items are returned to the supplier while the wholesale price
w per imperfect quality item is refunded to the retailer.
The expected profit function of the retailer is defined as the
following equation:

ΠR
p (q)=

q∑
n=0

q−n∑
d=0

{rd− w(q − n) + s(q − n− d)}

×Pr {D = d}Pr {N = n}

+

q∑
n=0

∞∑
d=q−n+1

(r − w)(q − n) Pr {D = d}

×Pr {N = n}

= (r − w)(1− p)q − (r − s)E
[
(q − n− d)+

]
,(3)

where N means random variable expressing the number of
imperfect quality items in the order quantity q. Then, the
expected profit function of the supplier in the situation that
it is possible that some imperfect quality items are included
in the procurement is given as follows:

ΠS
p (q)= w(1− p)q − cq. (4)

Note that eqs.(3) and (4) are respectively reduced to eqs.(1)
and (2) when p = 0.

From eq.(3), the following proposition is obtained:
Proposition 1:

The expected profit function of the retailer ΠR
p (q)

is concave in q for any p. Therefore, an order
quantity as maximizes ΠR

p (q) is existent uniquely.
Such an order quantity as maximizes ΠR

p (q) is
denoted by q∗p . Then, the relationship of q∗0 ≤ q∗p
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is obtained for any p, where q∗0 means the order
quantity maximizing ΠR

p (q) under p = 0.
The proof of proposition 1 is shown in appendix A. When

the existence of imperfect quality items in the procurement
is anticipated, the optimal order quantity becomes larger
than that of the situation where imperfect quality items
is not included at all in the procurement. This feature is
corresponding to an intuitive standpoint.

Further, we have the following proposition.
Proposition 2:

The relationship of ΠR
0 (q

∗
0) ≥ ΠR

p (q
∗
p) ≥ ΠR

p (q
∗
0)

is satisfied for any p.
The proof of proposition 2 is shown in appendix B. All

imperfect quality items discovered by the retailer are returned
to the supplier according to the full price refund policy.
Hence, the retailer is compensated for the direct damage
from imperfect quality items themselves with the full price
refunds. However, the relationship of ΠR

0 (q∗0) ≥ ΠR
p

(
q∗p
)

has been derived as shown in proposition 2. It can be
understood that this reduction

(
ΠR

0 (q∗0)−ΠR
p

(
q∗p
))

of the
expected profit in the retailer is caused by the uncertainty
about the existence of imperfect quality items. From this fact,
we find that although the retailer should choose q∗p(≥ q∗0) as
the order quantity from the reason that it is possible that some
imperfect quality items are included in the procurement, the
retailer would have some extra stocks if imperfect quality
items were less included or not at all. That is, it means
that the retailer has to bear the cost for holding some extra
stocks. Also, the retailer would miss sale opportunity if
imperfect quality items were included more than expected.
The uncertainty about the existence of imperfect quality
items brings some losses not compensated by the full price
refund policy to the retailer. The responsibility for the quality
of items must be usually taken by the supplier. Also, the
optimal policy of the retailer cannot recover those losses
completely. Therefore, the wholesale price refunded to the
retailer by the supplier is not full compensation for imperfect
quality items. In this paper, we consider a compensation for
a monetary loss due to the uncertainty of imperfect quality
items.

IV. COMPENSATION FOR UNCERTAINTY OF IMPERFECT
QUALITY ITEMS

In proposition 1, the impact of the uncertainty of contain-
ing imperfect quality items in the procurement on the order
quantity has been shown, that is, the optimal order quantity
of the situation that the existence of imperfect quality items
in the procurement is anticipated becomes larger than that of
the situation that imperfect quality items is not included at
all in the procurement. Then, the impact of the uncertainty of
containing imperfect quality items in the procurement on the
expected profit of the retailer has been shown in proposition
2, that is, the reduction of the expected profit in the retailer
is caused by the uncertainty about the existence of imperfect
quality items.

In the previous setion, it has been assumed that imperfect
quality items are returned to the supplier while the wholesale
price w is refunded to the retailer, that is, full price refund
policy. However, it has been shown that the full price refund
policy does not recover the loss in the retailer due to the

impact of the uncertainty of imperfect quality items. On
evaluating the impact of the uncertainty of imperfect quality
items as a monetary loss, we introduce the compensation fee
u per imperfect quality item paid to the retailer, where u is
more than the wholesale price w.

We assume that all discovered imperfect quality items are
returned to the supplier while the compensation fee u(> w)
per imperfect quality item is refunded to the retailer. In this
case, the expected profit function of the retailer is defined as
the following equation:

ΠR
p (q, u)=

q∑
n=0

q−n∑
d=0

{rd− wq + s(q − n− d) + un}

×Pr {D = d}Pr {N = n}

+

q∑
n=0

∞∑
d=q−n+1

{r(q − n)− wq + un}

×Pr {D = d}Pr {N = n}

= (r − w)(1− p)q − (r − s)E
[
(q − n− d)+

]
+(u− w)pq. (5)

Then, the expected profit function of the supplier is given as
follows:

ΠS
p (q, u)= w(1− p)q − cq − (u− w)pq. (6)

Note that eqs.(5) and (6) are respectively reduced to eqs.(3)
and (4) when u = w.

From eq.(5), the following proposition is obtained:
Proposition 3

The expected profit function of the retailer
ΠR

p (q, u) is concave in q for any p. Therefor, an
order quantity as maximises ΠR

p (q, u) is existent
uniquely. Such an order quantity as maximizes
ΠR

p (q, u) is defined as q†p. In this case, the rela-
tionship of q∗p ≤ q†p is given, where q∗p is the order
quantity maximizing ΠR

p (q) in eq.(3).
The proof of proposition 3 is omitted because the proof

is similar to that of proposition 1. From proposition 3, it is
found that the risk avoidance by the compensation fee to the
retailer makes the order quantity larger. In addition, we see
that the fair compensation for imperfect quality items by the
supplier can be an incentive to the order of the retailer.

Then, we consider the assessment of the compensation fee
for the monetary loss due to the impact of the uncertainty
of imperfect quality items. At first, the compensation fee u
has to secure the profit of the retailer at least. As mentioned
above, the compensation fee can be an incentive to the order
of the retailer. Then, the following relationship is considered
as the assessmeent of the compensation fee:

ΠR
p (q, u)−ΠR

0 (q
∗
0) ≥ 0. (7)

The compensation fee u is decided so as to guarantee that
the profit of the retailer, ΠR

p (q, u), is equal to or greater than
the profit of the retailer, ΠR

0 (q
∗
0), in the case that there is

no imperfect quality item. Using eqs.(3) and (5), eq.(7) is
transformed into

u ≥ w +
ΠR

0 (q
∗
0)−ΠR

p (q)

pq
. (8)
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Eq.(8) indicates the condition of the compensation fee u
such that the expected profit of the retailer becomes equal
to or greater than that of the retailer in the case that there is
no imperfect quality item for a given q. That is, the lower
bound of the compensation fee for the monetary loss of the
uncetainty of imperfect quality items has been shown.

One the other hand, the monetary compensation for the
impact of the uncetainty of imperfect quality items is con-
sidered from the viewpoint of the supplier. The profit of the
supplier is decreased by the payment of the conpensation fee.
On one hand, it is expected that the compensation increases
the profit of the supplier because the compensation fee can be
an incentive to the order of the retailer. Hence, it is desirable
to satisfy the following relationship on the assessmeent of
the compensation fee :

ΠS
p (q, u)−ΠS

0 (q
∗
0) ≥ 0. (9)

The compensation fee can be decided so as to maintain
that the profit of supplier ΠS

p (q, u) is equal to or greater
than the profit of supplier, ΠS

0 (q
∗
0), in the case that there is

no imperfect quality item. Using eqs.(2) and (6), eq.(9) is
transformed into

u ≤ w − c

p

(
1− q∗0

q

)
. (10)

Eq.(10) indicates the condition of the compensation fee u
such that the expected profit of the supplier becomes equal
to or greater than that of the supplier in the case that there
is no imperfect quality item for a given q. That is, the upper
bound of the compensation fee desirable to the supplier can
be considered.

As the results, we have obtained the following relationship
about the compensation fee:

w +
ΠR

0 (q
∗
0)−ΠR

p (q)

pq
≤ u ≤ w − c

p

(
1− q∗0

q

)
. (11)

This condition is called the incentive compatible condition
for compensation in this paper.

Then, some numerical examples about eqs.(7)-(11) are
illustrated. The parameters about revenue and expense are
given as follows:

r = 200.0, w = 125.0, c = 75.0, s = 25.0.

Then, the demand distribution is assumed to be a discrete
symmetrical triangle distribution with the range (400, 600),
where the mean and standard deviation are respectively given
as 500.0 and 40.8. In this case, the optimal order quantity
and respective expected profits of the supplier and retailer
in the situation that there is no imperfect quality item in the
procurement are obtained as follows:

q∗0 = 493, ΠR
0 (q

∗
0) = 34629.2, ΠS

0 (q
∗
0) = 24650.0.

Figs.1 and 2 show the result of eqs.(8) and (10) when
p = 0.010 and p = 0.025, respectively. In Fig.1, the
conpensation fee u is assessed higher as the order quantity of
the retailer is larger. When the order quantity of the retailer
is larger, it is expected that the impact of the uncetainty
of imperfect quality items is significant. On one hand, the
profit of the supplier increases when the order quantity of
the retailer is large. Hence, the expensive compensation fee
can be offered by the supplier. The gray area indicates the
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incentive compatible condition for compensation satisfying
eq.(11). In this case, the suppiler can secures the profit
himself in addition to compensating the retailer for the mon-
etary loss due to the impact of the uncertainty of imperfect
quality items. On the other hand, there is no area satisfying
eq.(11) in Fig.2. When p = 0.025, there are many imperfect
quality items in the procurement. The supplier has a large
payment due to the compensation for imperfect quality items.
Then, the suppiler cannot secures the profit himself when
compensating the retailer for the monetary loss due to the
impact of the uncertainty of imperfect quality items. From
the viewpoint of the uncertainty of imperfect quality items,
the importance of quality can be reconfirmed.

Further, supply chain coordination in this model is con-
sidered. The coordination approach is well known as one of
solutions in supply chain contract problems [18], [19]. At
first, we apply the coordination approach to the model with
the compensation for imperfect quality items in this paper.
On applying the coordination approach, we define the total
expected profit of the supplier and retailer as follows:

ΠR+S
p (q, u)= ΠR

p (q, u) + ΠS
p (q, u)

= r(1− p)q − (r − s)E[(q − n− d)+]− cq
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Fig. 3. expected profits and conpensation fee when qCp = 529

= ΠR
p (q) + ΠS

p (q) (12)

Note that the terms for the compensation fee u are canceled
in the total expected profit because the compensation is a
simple transfer between the supplier and retailer.

The coordination approach aims at maximizing the total
expected profit ΠR+S

p (q, u). It is obvious that ΠR+S
p (q, u)

is concave in q. Therefore, we obtain an order quantity
as maximizes the total expected profit ΠR+S

p (q, u). Such
an order quantity is noted by qCp , where qCp is unique.
Further, using qCp , Eq.(11) is transformed into the following
relationship:

w +
ΠR

0 (q
∗
0)−ΠR

p (q
C
p )

pqCp
≤ u ≤ w − c

p

(
1− q∗0

qCp

)
. (13)

Hence, the setting of the compensation fee in eq.(13) sat-
isfies the incentive compatible condition for compensation
proposed in this paper. The setting of the compensation fee
satisfying eq.(13) is appropriate on acheiving supply chain
coordination. Althogh the profit allocation is practiced by
setteing of the compensation fee, other theory and techniques
will be needed in order to realize a fair profit allocation.
Note that the compensation fee satisfying eq.(13) is not
existent when there is no incentive compatibel condition for
compensation.

Then, a numerical example about eq.(13) is illustrated. The
parameter settings is same as Fig.1. In this case, qCp = 529
is obtained. Hence, the compensation fee u, 276 ≤ u ≤ 340
is possible to achieve the supply chain coordination.

V. CONCLUSION

In this paper, we have considered the impact of the
uncertainty of containing imperfect quality items in the
procurement from a supplier in a supply chain. In particular,
we have investigated the case where the imperfect quality
items included in the procurement from the supplier are
perfectly retrieved in the retailer’s side. This is the reason
why the impact of the uncertainty of imperfect quality
items is unavoidable in spite of whether imperfect quality
items is distributed to customers or not. Then, the monetary
compensation for the uncertanty of imperfect quality items
has been evaluated. Through some numerical examples, the
impact of the uncertainty of imperfect quality items has been
illustrated. However, the combination of the compensation

fee and order qunatity has not been detemined uniquely yet
in this study. This will be an urgent challenge.

As other researchers [2], [16], [17] have considered, im-
perferct quality items is sometimes delivered to customers.
In this case, the compensation for imperfect quality items
themselves has to be considered in addtion to the compensa-
tion for the uncertainty of imperfect quality items. When
a supply chain composed of a supplier and a retailer is
considered, the supplier has to offer the compensation for the
imperfect quality item to the retailer and customers. When
a supply chain composed of a supplier and a manufacturer
(especially, assembler) is considered, the compensation cost
allocation betweeen the supplier and manufacturer depending
on the root of failure should be disucussed like the previous
researches [2], [16], [17]. In any cases, the compensation
for imperfect quality items can be considered from the
viewpoint of securing the profits of the supplier and retailer
or manufacturer in the situation that there is no imperfect
quality item. This will be our next research theme.

APPENDIX A
PROOF OF PROPOSITION 1

Assume that fi(x), i =, 0, 1, 2, · · · , is a concave function
in x and the top of fi(x) is given at x∗

i , where x∗
i ≤ x∗

i+1.
The function F (x) defined as F (x) =

∑
i kifi(x) is concave

and x∗ giving the top of F (x) has the relation of x∗
0 ≤ x∗,

where ki > 0 for any i.
From eq.(3), we get

ΠR
p (q)= (r − w)(1− p)q − (r − s)E[(q − n− d)+]

=

q∑
n=0

{(r − w)(q − n)− (r − s)}

×E[(q − n− d)+ |N = n ] Pr {N = n}

≡
q∑

n=0

gn(q) Pr {N = n} .

Note that ΠR
0 (q) = g0(q). Therefore, we have the relation of

q∗0 ≤ q∗p .

APPENDIX B
PROOF OF PROPOSITION 2

From eq.(1), we get

ΠR(q∗0)= (r − w)q∗0 − (r − s)E[(q∗0 − d)+]

=
∑
n

{
(r − w)q∗0 − (r − s)E[(q∗0 − d)+]

}
×Pr {N = n}

≥
∑
n

{(r − w)(q∗p − n)− (r − s)

×E[(q∗p − n− d)+ |N = n ]}Pr {N = n}

= ΠR
p (q

∗
p).

Further, it is obvious that ΠR
p (q

∗
p) ≥ ΠR

p (q
∗
0). Hence, we

have proposition 2.
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