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Abstract—The main theorems of this paper, which extend the
previous generalizations of a-matrices, provide some criteria for
nonsingular H-matrices by the theories of non-strict a-matrices
with nonzero elements chain. Meanwhile, the effectiveness of the
result is illustrated by one numerical example.

Index Terms—nonzero elements chain, H-matrices, «-
matrices, non-strict o-matrices.

I. INTRODUCTION

ONSINGULAR H-matrices arise in many practical
applications, such as the Linear Complementarity Prob-

lem (LCP, see [1]), the numerical solution of Euler equations
in fluid dynamics and many other problems. Thus, how to
investigate criteria for H-matrices is of great significance.
However, in most of the cases, it is not practical to answer
this question by using the classical definitions. In this paper,
we extend the previous generalizations of a-matrices and
give some criteria for nonsingular H-matrices based on the
theories of non-strictly a-matrices with nonzero elements
chain, which are easier to check than the original definitions.
First, we will recall some notations and definitions. Con-
sider the set of the first n positive integers denoted by N =
{1,2,...,n} and the pair set M = {(i,j) S A < N}.
Let C™*™ (R™*™) denote the set of all n x n, complex
(real) matrices. For A = [a;;] € C"*" (n > 2), we write

n

R, = R;(A) = > | a;; | (i € N) the ith deleted absolute
i#i

row sums and C; = Ci(A) = > | |aji | (i € N) the

ith deleted absolute column surrjlzé of A, for the sake of
simplicity. A = [a;;] € C"*" is a (row) diagonally dominant
matrix (D) if | a;; |> R;, Vi € N, and A is further said
to be a strictly (row) diagonally dominant matrix (SD) if
| Qs |> R;, Vi €N.

The comparison matrix of a given matrix A = [a;;] €
C™"*", denoted by p(A) = (pi;), is defined by

] aggly =3
Hag _{ —laiz|, i # j.

If A= u(A), and can be written in the form A = 81 — P
where P is a nonnegative matrix and 5 > p(A), the spectral
radius of A, we call A a (nonsingular) M -matrix. We say A
is a (nonsingular) H-matrix if u(A) is an M-matrix. Since
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well-known characterization of H-matrices is given by the

fact that a matrix A is an H-matrix if and only if there exists

a positive diagonal matrix X = diag (z1,za,...,z,), such
n

that AX € SD (ie., z; | aii |[> x; Y |aij|, i € N). So, we

assume that a;; # 0 for all : € N djuﬁing this paper.

Next, we will present some already known subclasses of
H-matrix.

The first result is the well-known Lévy-Desplanques The-
orem (see[2], [3]).

Lemma 1.1. Let A = [a;;] € C"*", n > 2. If A€ SD,
then A is nonsingular, more over A is an H-matrix.

Many generalizations of Lévy-Desplanques Theorem have
occurred in the literature. Ostrowski (see [4]) extended the
Lemma 1.1 by using generalized geometric means of row
and column sums as are given below.

Lemma 1.2. Let A = [a;;] € C"*", n > 2, and let

|aii | > R?Cil_a7 (7’ € N)7

hold for some a € [0,1], then A is nonsingular, more over
A is an H-matrix.

From the generalized arithmetic-geometric mean inequal-
ity (see [5])

at+ (1 —a)o > %172, (1)

where o, T > 0, a € [0, 1], with equality holding for 7 = o
or a = 0, else or o = 1, the following results were given in
[5] .

Lemma 1.3. Let A = [a;;] € C"*", n > 2, and let

| ai; | > aR; + (1 —«a)C;, (i €N),

hold for some a € [0,1], then A is nonsingular, more over
A is an H-matrix.

The matrices that fulfill conditions of the Lemma 1.2 are
known as (strict) as-matrices , while (strict) «;-matrices
are the matrices that fulfill conditions of the Lemma 1.3,
respectively.

Authors extended the Lemmas 1.1, 1.2 and 1.3 by letting
all but at least one of the considered inequalities not to be
strict with irreducible matrices (see [6], [7] and [8]).

In what follows, we are interested in the fact: the matrices
remain to be H-matrices if we change the irreducibility with
the existence of nonzero element chains. P. N. Shivakumar
and K. H. Chew [9] introduced the most basic concept of
diagonally dominant matrix associated with nonzero element
chains as follows.

Lemma 14. A = [a;;] € C"", n > 2, is called a
diagonally dominant matrix with nonzero elements chain
if | ai; |> R;, Vi € N, at least one strict inequality

holds, and for every vertex 7 with | a;; |= R; there exists
a nonzero elements chain a;j,,a;,j,,...,a;j,_,;, such that
| Ajr, |> Rjk'
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It is well known that a diagonally dominant matrix with
nonzero elements chain is an H-matrix ([1], [9]).

II. NON-STRICT a-MATRICES WITH NONZERO ELEMENTS
CHAIN

We call a;-matrices and aix-matrices as «(alpha)-matrices.
It is well known that the class of a-matrices play a central
role in identifying H-matrices, and characterizations of «-
matrices were given in [5] and [10]. Non-strict a-matrices
with nonzero elements chain are extension of c-matrices. So,
we will start this section with its definitions.

Definition 2.1. A matrix A = [a;;] € C"*", n > 2, is said
to be a non-strict as-matrix with nonzero elements chain if
there exists « € [0, 1], such that

|aii | > REC;™%, (Vi €N),

and for each vertex i of A with | a; | = R¥C} ™, there
exists a nonzero elements chain a;;, , @iy, - - - , a;,; such that

jeJ={ieN|:|ay|>RIC}=} 0.

Definition 2.2. A matrix A = [a;;] € C"*", n > 2, is said
to be a non-strict «r;-matrix with nonzero elements chain if
there exists « € [0, 1], such that

| aii | > aR; + (1 —a)C;, (VieN),

and for each vertex ¢ of A with | a;; | = aR; + (1 — a)C},
there exists a nonzero elements chain a;;,, Qi iy, - - -
such that

s Gy j

jGJ():{iGN‘ :|aii|>OLRi+(1*0¢)Cz’}7é@.

As shown in [11], non-strict as-matrices with nonzero
elements chain are nonsingular, moreover are subclass of H -
matrices. And by the generalized arithmetic-geometric mean
inequality (1), we easily get that non-strict o -matrices with
nonzero elements chain are nonsingular, and are subclass of
H-matrices, too.

The following notations are useful in the sequel.

%oz{i‘lRi>Ci,i€N};
Coi{i‘ici>Ri,i€N};
50:{i\:C’i:Ri,i6N}.

Then, the following theorems hold.

Theorem 2.1. A matrix A = [a;;] € C"", n > 2,
satisfies the following three conditions:
@) | Qi | > min{Ri, CZ} for all 7 € N;
(ii)
| @i | &
log r; > log 07 (2
a G | ajj |
forall i € Ry \ {I : C; =0}, and for all j € Co \ {! :
Rl = O};
(iii) for each vertex s € N with | ass | = Rs = Cs, and
each vertex i € Ry, j € Cy with
| @ii | G
log &, =logc; 3
e o T R Tay | @
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if they exist, there are three nonzero elements

chains ags,, 05,555+, Asyps iy s Qiginy - - - Gj;q and
@jjys Ay jas - -+ G, SUCh that
p,q7t€J/:{7;€§R0‘: IOgg L Hl >10gcj W?
j€Co} 75 0.
4

Then A is nonsingular, more over A is an H-matrix.
Proof: For each i € gg, condition (i) directly implies

the inequality | a;; | > RC; ™ for any a € [0, 1], with
equality holding only for | a;; |= R; = C;. Recalling the
assumption that a;; # 0 for all ¢ € N during this paper, then
for i € Ry such that C; = 0, or ¢ € Cy such that R; = 0,
inequality | a;; | > R¥C!™ for any a € (0,1), follows
immediately. Thus, it remains to show that | a;; | > R*C}
holds for vertexes from the set R \ {{ : C; = 0} and the set
Co\{lRl:()}

Next, we consider the following two cases.

Case 1. If forall i € Rp\{l: C; =0}, and all j € Co\{!:

R, =0},
ii Cj
log r; i | > loge, ——. )
@ G L |ajj |

Noting that for each i € R \ {I : = 0}, we have
R; > Cy, ie., £ > 1, and, thus by condltlon (1), leads to

| a;i |> Ci, ie., Ia”l > 1. Now, using the properties of the
log function for the base greater than one, we obtain

| aii |

I . > 0.
og % c. = 0 (6)
With similar arguments, for each j € Cy \ {l : R; = 0},
we deduce
C;
logo; <1 (7
R | a‘JJ |

Together the inequalities (6), (6) and (7) imply that there
is some « € [0,1], such that

loge, —9— < o < log n, 1| 8
B Ta, ] T e G ®)

foreach i e Ro \ {{: C; =0}, j € Co\ {l: R, =0}

From the left inequality and right inequality of inequality
(8), we have, respectively, that j € Co\ {l : Ry = 0}, “g—]‘ >
J

R] o :
()" that is,
| ajj | > R§C;="

and for each i € Ro \ {l : C; = 0}, ‘““‘ > (g‘ )<, that is,

|Cli1' | > R?Cll_a

Case 2. Without loss of generality, we assume that there

exist some ig € Ko \ {l : C; =0}, jo € Co \ {{ : Ry =0},
such that
| @igig | C;
log &, 9% =logc, Jo__
cig Cio ﬁ | 5050 ‘

and for any ¢ € Ro \ ({{ : C; = 0} U {io}), 7 € Co \ ({I :
Ry =0} U{jo})s
i

| @i |
logRi J |CL |
JJ

o G

> logc;
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Let
‘ Qigig | Cjo
Qo = log Rig 07 = log Cig PR
Cig 0 Rj, | @jogo |
and hence,
L. _ (e 7)) 17040_
‘ Qigig | - Rio Cio ’
L. _ [a75) 170&0
‘ @jojo | - Rjo Cjo ’

From condition (zz) it is obvious to get for all i € R\ ({I
Cr=0}U{io}), j € Co\ ({I: R =0} U {jo}),

loge; 17>
Ej | Gjj

implying in Case 1 that
| (077 | > R?OCS_O‘O;
| Qjj ‘ > R?Oo;iag.

To sum up, for any i € Ry U Cy U gy = N, there exists
some « € [0, 1], such that

| aii | > R{C7,

with equality holding only for vertex s € N satisfying |

ass | = Rs = Cs, and vertex i € Ry, j € Cp satisfying
logR | | = logc] —‘fj‘

.7
Further by condition (#i¢), for each vertex i of A with
| a;; | = R?C’il_a, there exists a nonzero elements chain

Qiiy > Qi gy - - - > Qgy 5, Such that

jeJ ={ieN|:ay|>RC >} #0.

Since A is a non-strict co-matrices with nonzero elements
chain, then we can complete the proof. ]

Next, we will state and prove the similar result, precisely,
as follows.

Theorem 2.2. A matrix A = [a;;] € C"*", n > 2,
satisfies the following three conditions:
(i) | ai; | > min{R;, C;} for all i € N;
(ii)
Qi | — CZ C — | Qjj
0 [=C, | Cy=lay | o
for all 4 € Ry, and for all j € Co;
(iii) for each vertex s € N with | ass | = Rs = Cs, and
each vertex i € Ry, j € Cy with
\az‘v:|*ci70f|ajj|’ (10)
R, — C’z Cj — Rj

if they exist, there are three nonzero elements chain-

N a8517a81821"'7a8kp; Qiiyy Aiqigy -5 Aigq and ajjla

Ajyjoy vy @jots such that
Then A is nonsingular, more over A is an H-matrix.
Proof: Similar discussion as in the proof of the Theorem
2.1, based we obtain A is a non-strictly «;-matrices with
nonzero elements chain. It follows that A is nonsingular,

more over A is an H-matrix. [ |
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ITII. EXAMPLE
Example Let

1 -1 0 0
A= é —31 72'5 301
0 O 1.2 15
We have
lan |=1, ax|=3, a3 |=4, |aw|=15;

R1 = 1, RQ = 1.5, R3 = 4.1, R4 = 1.2;
Ci=1,Cy=2, C3=17, C; =3.1.

These conditions do not satisfy the theorem 4 or theorem 5
in [5], and it is hard and complicated to determine the value
of « if we want to check if A is a non-strictly a-matrix with
nonzero elements chain or not.

Nevertheless, by this paper, we know | a;| >
min{R;, C;} for all i € N with | a1; |= Ry = C4, and

§RO = {3}7 CO = {234}3 £0 = {1}7

An easy calculating yields

C
0.9720 ~ log ny L2331 & logg, 2~ 1.4094;
s Cs | a22 |
0.9720 ~ log ry [ ass | > lo gc4 7“407649
o Cs | aaa |
that is, for all i € Ry, j € Coy
| aii | Cj
1 )
Og% Ci = |aJ] |

and for the vertex 1 with | a1; |= Ry = C}, there exists a
nonzero elements chain a2, ass such that

C;
3€J6:{36%0|:10g%‘a3§|>logc] T2 |,]€C0}
Ji
# 0.

So, the matrix A satisfies conditions of the Theorem 2.1
in this section, and then A is an H-matrix.

IV. CONCLUSION

In conclusion, we extend previous generalizations of -
matrices, provide some criteria for nonsingular H-matrices
by the theorems of non-strict a-matrices with nonzero el-
ements chain theorem and illustrate the effectiveness and
advantage of the new result by one numerical example.
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