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Convergence of Powers of a Nonnegative Interval
Matrix in Max Algebra

Chia-Cheng Liu, Ching-Feng Wen and Yung-Yih Lur*

Abstract—In this paper, we proposed the notion of max
algebra of nonnegative interval matrices. Some properties of
nonnegative interval matrices in max algebra are derived. Nec-
essary and sufficient conditions for the powers of a nonnegative
interval matrices in max algebra to be nilpotent, asymptotically
p-periodic and convergent are proposed as well.

Index Terms—Interval matrix; Max algebra; Convergence,
Asymptotical p-period, Nilpotence.

I. INTRODUCTION

NTERVAL matrix have been extensive studied in the

literature (see, e.g. [1],[5-8], [10]). The max-algebra of
interval matrices are established in [11]. In this paper, we
shall follow this concept to study the limit behavior of max-
product powers of a nonnegative interval matrix. We refer
to Alefeld and Herzberger [1] for the background materials
of interval matrices. Real numbers are denoted by lowercase
letters a, b. The @ and a denote the upper and lower bounds
of a real closed interval [a,a], respectively. The set of all
these closed intervals is denoted by I(R). We may denote an
interval [a, @] by [a] = [a,@]. Let * € {4+, —, x,+} be one
of the usual binary operations on the set of real numbers.
For [a] = [a,a] [b] = [b,b] € I(R) the binary operation
[a] *[b] = {axb:a € [a],b € [b]}, is assumed that 0 # [b] in
the case of division. For a nonnegative interval [a] = [a, ],
the width d([a,@]) and the absolute value |[a, @]| are defined
by

d([gva}) =a-—a,

|[a,a]| = max{|a|, |a|}, respectively.

We called [a] = [a, @] a point interval if a = @. In this case,
we say [a] = [a,@] is degenerated to a point interval.

A matrix with entries belonging to I(R) is called an
interval matrix. The set of all real n X n interval matrices
is denoted by I(R™*™). We denote an interval matrix A €
(R™™) by A = [A, A]. We may denote A;; = [4;;, Aij] =
[a;;,@ij]. Two interval matrices A and B are equal if and
only if A;; =B;; for all 4,5 =1,2,...,n. Thatis a;; = b;;
and a;; = b;; for all 4,7 = 1,2,...,n. For interval matrices
A,B € I(R" ™) and an interval [z] = [z,T] € I(R), the
matrix operations +, —, X are formally defined as

A £ B = ([a]s; + [b]i5),

A X B = (E_ [alir x [blk;),

(2] A = (2] X [alsy).
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Let I be an n x n identity matrix. The powers of interval
matrix A are defined as

A =1,

AP =AF"1x A E=1,2,....

As noted by Mayer [6], the product of the interval matrices
is not associative in general. Therefore, (A x BB) x C may not
be equal to \A x (B x C). An interval [a] = [a,a] is said to
be nonnegative if ¢ > 0. The set of all nonnegative interval
is denoted by I(R™).

II. MAXIMUM CIRCUIT GEOMETRIC MEAN

Let A be an n X n nonnegative matrix. The weighted
directed graph D(A) associated with A has vertex set
{1,2,...,n} and an edge (i,j) from vertex i to ver-
tex j with weight a;; if and only if a;; > 0. A path
L(i1,42,...,ik,9k+1) of length k is a sequence of k
edges (i1,12), (i2,%3),- - -, (ig,ixs+1). The weight of a path
L(iy,42,...,%k+1), as denoted by w(L(i1,%2,...,%k+1)) OF
simply by w(L), is defined by

w(L(ilv ig,. .. 7ik+1)) = QiyigQigig " " Qigiigyq -

A circuit C of length k > 2 is a path L(i1,42...,0k+1)
with 2541 = 41, and 41,1%9,...,% are distinct. The class of
circuits includes loops, ie., circuits of length 1. Associated
with this circuit C is the circuit geometric mean known
as W(C) = (ai,iyQiyiy -~ Giyi, ) *. The maximum circuit
geometric mean in D(A) is denoted by p(A). Note that
we also consider empty circuits, namely, circuits that consist
of only one vertex and have length 0. For empty circuits,
the associated circuit geometric mean is zero. A circuit C'
with w(C) = p(A) is called a critical circuit. Vertices
on critical circuits are called critical vertices and edges on
critical circuits are called critical edges.

Definition 1 [11]. Let A = [A, A] be an n x n nonnegative
interval matrix. The maximum circuit geometric mean of A
denoted by p(A), is p(A) = max{u(A4): A € A}.

As u(A) > p(B) for all nonnegative matrices A > B,
we see that u(A) = u(A). Let A = [A,4] = ([a]i;) =
(la;;,ali;) be given. Recall that r - A = (r- Ajy) =
([ra;;,@i;]), for all real number 7. Suppose that ji(A) # 0.
Set k = . It is easy to see that p(k - A) = 1.

Theorem 1 [11]. Let A = [A, A] be an n x n nonnegative
interval matrix with p4(A) < 1. Then there exists a diagonal
real matrix D such that |[D~! x Ax D| < [J,], i.e., [D™! x
AxD|;; <1,forall 1<4,j<n.

III. MAX PRODUCT OF POWERS OF A NONNEGATIVE
INTERVAL MATRIX

We refer to [2-4] and [9] for the study of nonnegative

interval matrices in max algebra. Let [a] = [a, a], [b] = [b, D]
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be two nonnegative intervals. Define the maximum of [a] and

[b] by
[a] VO] ={aVb:ac€ld,be b},

here a Vb = max{a, b}. It was shown in [11] that [a] V [b] =
[max{a, b}, max{a,b}] is also an interval for all [a],[b] €
I(R).

Define max{[a], [b]} = [a] V [b]. The max algebra interval
system is defined as follow: Let I(R ;.. ) = I(R1),®,®)
be consisted of the set of nonnegative interval numbers with
sum [a] @ [b] = [a] V [b] and the product of [a] ® [b] is defined
by [a]® [b] = [a] x [b]. The following theorem shows that the
max algebra on interval is a semiring with identity element

[0] = [0,0]. Moreover, & is idempotent, ie., [a] P [a] =
[a]. Let {[a1],[az2],-..,[ar]} be a finite set of nonnegative
intervals. Define Vf 1la;] = [a1] V [as] V --- V [ag]. The

order < is defined by [a] < [b] if @ < b and @ < b.
Let A and B be two nonnegative interval matrices. The
max-product A ® B of A and B is defined by

n
(A®B);; = \/ Aij ® Bij.
k=1
Let I be an n x n identity matrix. The powers of nonnegative
interval matrix .4 in the max algebra interval system are
defined as

0
A =T,

Ab = AT A k=1,2,. ...

Note that 4 ® B may not be equal to B ® A. However,
ARB)®C=A® (BxC().

It is easy to see that if u(A) > 1 then limy_ o A”
diverges. In this section, we shall study the convergence of
power of an interval matrix 4 with u(A) < 1.

Definition 2. Let A be an n X n nonnegative interval
matrix. A is said to be nilpotent if A% = 0, for some positive
integer k.

Theorem 2. Let A be an n xn nonnegative interval matrix.
Then
(1). A is nilpotent.

(2). A% =0
(3). There is a real permutation matrix P such that P ® A®
PT is a strictly lower triangular interval matrix.

Proof. (1) = (2). Let k be a positive integer such that
.A’é = 0. Suppose, by contradiction, that A% # 0. Then
there exist 1 < 41,19,...,ip4+1 < n such that

Aiyip @ Ajgis @ -+ @ Ainin+1 #0.

As {il,ig, - ,’L.n+1} C {1,2, RN
n such that i,, = 75. Therefore,

Aiivr @ - @Ay, _yi, #0.

Thus, (Ag")i,i, # 0, which implies that (A(S Y #0.
This contradicts to A% = 0.

(2) = (3). We prove the assertion by induction on dimen-
sion n. The case of n = 1 is trivial. Assume that n > 1 and
the assertion is true for all cases of m less than n.

Claim: There exists 1 < 4 < n such that A;; = 0 for all
i=1,2....n

Suppose to the contrary that for each ¢ there exists j such
that A;; # 0. Let 1 < ¢y < n be given. Then there exists 4o

n}, thereare 1 <r < s <
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such that A, ;, > 0. Corresponding to this io, there exists i3
such that A;,;, > 0. By continuing this process, we obtain
{i1,02,...,ing1} C{1,2,...,n} such that A; ; ., > 0 for
all 7 =1,2,...,n. Thus there exist 1 <r < s <n-+1 such

that i, = 45. Then (A " )i, > Aii @ ®@A;,_ 5, > 0.
Hence , (Aéé9 _T)”)iris > 0 a contradiction. This proves the
claim. Let P, be a permutation matrix such that

0 O

P AQ Pl = oA |

where A is an (n — 1) x (n — 1) nonnegative interval
matrix. Observe that A7 = 0, this implies A is nilpotent.
According to (1) = (2), we see that /l%*l = 0. By induction
assumption, there exists an (n —1) x (n— 1) permutation P,
such that P, @ A® P{ is a strictly lower triangular matrix.

Set
1 0

P=19 p

® Py.

Then
0 0

T
PeA® P = 0 P,eA® Py
is strictly lower triangular. This completes the proof.

(3)= (1). It is trivial.

Theorem 3. Let 4 be an n xn nonnegative interval matrix.
Then p(A) = 0 if and only if A is nilpotent.

Proof. (=) Assume A} # 0. Then there exists 1 <
i1,92,...,9p41, < nsuch that A;,;, ., #0forall 1 <t < n.
Since 1 < 41,%2,...,ip41, < N, there exist 1 <r < s <n
such that i, = is. Thus A;,;,,, # 0 forall r <t <s—1.
Hence A;,;,,, # 0 for all r <t < s — 1. Thus u(A) # 0.
This implies that u(.A) # 0, a contradiction.

(<) Assume p(A) # 0. Then p(A) # 0. Then there exists

01,92, 0k, 1p+1 With i3 = ip1 such that Azm+1 > 0 for
L —k
allkt = 1,2,...,k. This implies that (Ag);,s, > 0. Hence,
n

(Ag )iriy > 0. Therefor, (AE");,;, > 0, a contradiction.

Definition 3. Let A be an n X n nonnegative interval
matrix. Then A is called to be asymptotically stable if
limy 0 A = 0.

Denition 4. Let A be an n X m nonnegative interval
matrix. Then A is called to be asymptotically p periodic if
limg o0 .Aj kP — A exists for j = 1,2, ..., p. The minimal
such p is called asymptotic period p. If p = 1, then A is
called to be convergent , ie., limg_, A® = A exists.

Let A = [A, A] be an n x n nonnegative interval matrix
with u(A) < 1. By Theorem 2, there exists a diagonal real
matrix D such that |[D7! x Ax D| < [J,,], i.e., [D7t x Ax
D|;; <1, forall 1 <4i,j < n. Thus, we may assume that
|Aij| <1forall 1 <i,j<n.

Theorem 4 [11]. Let A = [A, A] be an n X n nonnegative
interval matrix. Then A% = [A%,Zg], for all £k > 1.

Theorem 5. Let A = [A, A] be an n x n nonnegative
interval matrix with A;; <1 forall 1 <4,5 < n. Then A is
asymptotically stable if and only if limy_, Z’é =0.

Proof. By Theorem 4, we have A% = [Ag,zg]. Observe
that 0 < (A%);; < (A% )i, for all i, j. If limy_00 Ay = 0
then we see that limy_ ..o Ag = (. This implies that
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limy,_,0c A% = 0. It is clear that if limj_,oc A% = 0 then
imy_y o0 Ay = 0.

Let A = [A, A] be an n x n nonnegative interval matrix
with A;; <1 for all 1 < 4,5 < n. Corresponding to A we

define an n x n Boolean matrix A by
) 1 if |Al; =1,
i | Ali;

ij = .
0 otherwise.

Theorem 6. Let A = [A, A] be an n X n nonnegative
interval matrix with A;; <1 for all 1 < 4,5 < n. Then the
following statements are equivalent

(1) A is asymptotically stable.

(2) The directed graph D(A) contains no cycles.

(3) u(A) < 1.

Let A = [A4, 4] be an n X n nonnegative interval matrix
with A;; <1 for all 1 < ¢, < n. Corresponding to A we

define two n x n Boolean matrix A and A4 by

R 1 if Aij =1,
Aij =
0 otherwise,
and _
~ 1 if 4 =1,
Aij =

0 otherwise.

For each k > kl, we define an n X n Boolean matrix by
k _iak T

I'"(A) = [Ag, Ag). _
Theorem 7. Let A = [A, A] be an n X n nonnegative

interval matrix. Then A is asymptotically p periodic if and
only if the sequence of {I'*(A)} is p periodic.

IV. CONCLUSION

In the literature, there are many authors studied the max
algebra system of nonnegative real numbers. In this paper,
we extend the notion of max algebra system of nonnegative
matrices to the notion of max algebra system of nonnegative
interval matrices. Properties of max-product powers of an
interval matrix are established.
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