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Orthogonal Rational Functions, Associated Rational
Functions And Functions Of The Second Kind*

Karl Deckers™ and Adhemar Bultheel?

Abstract— Consider the sequence of poles A = {a1, a2, ...},
and suppose the rational functions ¢, with poles in A form an
orthonormal system with respect to a Hermitian positive-definite
inner product. Further, assume the ¢; satisfy a three-term re-
currence relation. Let the rational function 99(\)1
{a2, as, ...} represent the associated rational function of ¢; of
order 1; i.e. the npil\)l do satisfy the same three-term recurrence
relation as the ¢;. In this paper we then give a relation between
p; and 9‘7;1)1 in terms of the so-called rational functions of the
second kind. Next, under certain conditions on the poles in .4,
we prove that the <p \1 form an orthonormal system of ratio-
nal functions with respect to a Hermitian positive-definite inner
product. Finally, we give a relation between associated rational
functions of different order, independent of whether they form
an orthonormal system.

with poles in
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1 Introduction

Let ¢; denote the polynomial of degree j that is orthogonal
with respect to a positive measure 4 on a subset .S of the real
line. Further, suppose the orthogonal polynomials (OPs) ¢;
are monic (i.e. they are of the form ¢;(z) = 27 + ...) and
satisfy a three-term recurrence relation given by

o-1(z) =0, o(z) =1,
¢;(x) = (v — a;)9j-1(x) — Bidj—2(x), j=>1.

Let the monic polynomial ¢ _y of degree j — k denote the
associated polynomial (AP) of order k > 0, with j > k.
By definition, these APs are the polynomials generated by the

three-term recurrence relation given by

o) (x) =0,
¢§li)k () =

)

) (z) =1
(= ay)ol (@) = Biolt) )

A
=l

()
j>k+1
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Note that this way the monic APs of order 0 and the monic
OPs are in fact the same.

The following relations exist between monic APs of different
order (see e.g. [7])

¢\ (x) = ) (@) —

(ﬁE - ak+1)¢j7(k+l /6k+2¢(k+2+2 ( )

i>k+1 (1)

and

k l k I+
6\ (@) = 61 (2) 6 (2)—Braa 6 Py (@)1 (@),
E+1<i<j—-1. (2)
From the Favard theorem it follows that the APs of order k
form an orthogonal system with respect to a positive measure
,u(k) on S. Therefore, another relation exists between the APs

of order £ — 1 and k in terms of polynomials of the second
kind:

oLy — o (@)
o8y to) = [ B~ B

t—x

dp =D (t). (3)

Orthogonal rational functions (ORFs) on a subset S of the real
line (see e.g. [2, 5, 6] and [1, Chapt. 11]) are a generalisation
of OPs on S in such a way that they are of increasing degree
with a given sequence of complex poles, and the OPs result if
all the poles are at infinity. Let ¢; denote the rational func-
tion with 5 poles outside .S that is orthogonal with respect to
a positive measure 4 on S. Under certain conditions on the
poles, these ORFs do satisfy a three-term recurrence relation
as well. Consequently, associated rational functions (ARFs)
can be defined based on this three-term recurrence relation.
Furthermore, in [1, Chapt. 11.2], the rational function of the
(1]

second kind ¢

() = /S 20450 4, )

of ; is defined similarly as in (3); i.e.

The aim of this paper is to generalise the relations for APs,
given by (1)—(3), to the case of ARFs. But first, we start with
the necessary theoretical background in the next section.

2 Preliminaries

The field of complex numbers will be denoted by C and the
Riemann sphere by C = C U {oo}. For the real line we use
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the symbol R, while the extended real line will be denoted by
R = R U {oo}. Further, we represent the positive real line by
RT = {z € R: z > 0}. If the value a € X is omitted in the
set X, this will be represented by X,; e.g.

Co=C\ {0}.

Let ¢ = a +ib, where a, b € R, then we represent the real part
of ¢ € Cby R{c} = a and the imaginary part by S{c} = b.

Given a sequence A; = {aq,as,...,a;} C Cop, we define

the factors

x
l("L‘) 1—x/al’ ) ) ’]7
and products
bo(z) = 1, bi(z) = Zi(z)by—1(x), [=1,2,...,7,

1 l

, m(x) = H(l —z/ay), mo(x)=1.

i=1

The space of rational functions with poles in A; is then given

by
L; = span{by(x),b1(x),...,bj(x)}.

We will also need the reduced sequence of poles Aj\, =
{agt1, k42, .., 0}, where 0 < k < j, and the reduced
space of rational functions with poles in A\ given by

Ej\k = span{bk\k(x), b(k-Jrl)\k(x), . ,bj\k(l‘)},

where

bnk(z) = =

for [ > k and

l

mw(@) = [ A —2/a), myul@) =1.

i=k+1

In the special case in which k& = 0 or kK = j, we have that
Ajo = Aj and Lj\g = Lj, respectively A;\; = () and
Lj\; = Lo = C. We will assume that the poles in A; are
arbitrary complex or infinite; hence, they do not have to ap-
pear in pairs of complex conjugates.

We define the substar conjugate of a function f(z) € L, by
fe(@) = f(@).
Consider an inner product that is defined by the linear func-

tional M :

(f,9) = M{fg.}, f,9€ L.

We say that M is a Hermitian positive-definite linear func-
tional (HPDLF) if for every f, g € L, it holds that

F#0e M{ff.}>0 and M{fg.}=M{f.g}.

ISBN:978-988-17012-3-7

Further, let jio be defined as j1o = M {1} € R, and suppose
there exists a sequence of rational functions {¢; }, with ¢, €
L; \ L;_1, so that the ¢; form an orthonormal system with
respect to M.

Let ag € Cy be arbitrary but fixed in advance. Then the or-
thonormal rational functions (ORFs) ¢; = % are said to be
J

regular for j > 1if p;(a;—1) # 0 and p;(@;—1) # 0. A
zero of p; at oo means that the degree of p; is less than 5. We
now have the following recurrence relation for ORFs. For the

proof, we refer to [5, Sec. 2] and [3, Sec. 3].

Theorem 2.1. Let £y € Cy, a1 € RO and agy € @0 be
arbitrary but fixed in advance. Then the ORFs p;, j = n —
2,n—1,n, withn > 1, are regular iff there exists a three-term
recurrence relation of the form

Cp
+Zn_2*(:v)<p”2(x)} , (5

} Pn—1(z)

with E,, # 0 and

_En + Fn/anl(anfl)

C, =
Enfl

£ 0.

n
Vo’

The initial conditions are p_1(x) = 0 and po(x) =
where 1 is a unimodular constant (|n| = 1).

Let apﬁ@c € Lj\, denote the associated rational function
(ARF) of ; of order ks i.e. ¢\\), j = k+ 1,k +2,..., is
generated by the same recurrence relation as ¢; with initial

conditions cpEle)\k(x) = 0 and go,(ﬁli)k(x) = nék). Note that
(0)

in the special case in which k¥ = 0, we have that o = Pi-

In the remainder of this paper we will assume that 305@ is of

the form

k
(k) () = p§'3k<$)
I\ k()
with i o i
pg_)k(m) = ’i;_)kmj_k t "ﬁg_)k cC
and ﬁ(gk) # 0. We now have the following Favard theorem.

For the proof, we refer to [4].

Theorem 2.2 (Favard). Let {505186} be a sequence of rational
functions, and assume that

(Al) ax—1 €ERgandaj € Co, j =k, k+1,...,

(A2) cpé@ﬂ j=k+1,k+2,..., is generated by a three-term

recurrence relation of the form given by Equation (5),

(A3) @5@ € Lik \LG—y\w j =k+1k+2,.., and
k
902\% € G,
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(A4) Let Fj = F};/E;, with E; = E(k,)C and Fj = F(\z Then Note that this definition is very similar to, but not exactly
the same as the one given before in (4). We will then prove

|| < oo and X X
that the 9;\;, satisfy the same three-term recurrence relation
MHaj_o} B Maj} |Ei-q1)? B as ¢§<(k121) with initial conditions ;1)\ () = 0 and
g2 feyl® |EG2
Sla 1 X Vin(z) = —Ej_1C/EF Y £ 0.
[\s{a] 12}F]|2—${F}] " k(@) 1Ck /Ry #
o
2; 1 ot} Sara) First, we need the following lemma.
E; 1°—4 — - —
[' il laj—1]? |aj—o|? ] ’ Lemma 3.1. Let ¢\, with j > k — 1 > 0, be defined as
j=k+1k+2,..., before in (7). Then it holds that
0, j=k-1
Sy} | Sf{ey 1} 12 o ; =
(45) max {0,438} - Sl b < B2 <00, j = Kk + Yik(@) { R e I
_ hile Y\, € L; | > k.
(A6) CjEj—l = — [Ej +Fj/Zj_1(aj_1)} 7é 0, with C; = " lewj\k j\kforj
cM i =k+1,k+2,...

Ik’
Proof. Define q;_(1,_2) by

; (k) _
Then there exists a HPDLF M\%) so that G (h—2) (z) = (1 — I/Oék—l)ﬂ’j\(k—n(x)

(f.g) = M(k){fg*} = / fg*du(k) For j > k it then follows from (6) and (7) that
s
defines a Hermitian positive-definite inner product for which Vnp(z) = 1 (k—1) 1
the rational functions @ﬁﬁl form an orthonormal system. AL Tk (T) t—x

(k 1) (t)q; (z)— (1—t/a (k—1)
k—2)(2) — (1 —t/ak—1)p;_ 4. (@)
In the remainder we will assume that the system of ORFs EAC — ( / J—(k 1)(
(; satisfies every assumption in Theorem 2.2. This way, if Zj (k=1) k 2 {agk)(t)} x

ar_1 € Ry, it is sufficient to prove that gpﬁ@ﬂ ¢ Li_\k Wg\k(m) &)
for j = k+ 1,k + 2,..., so that the ARFs <p(.k) form
e Further, with
an orthonormal system with respect to a HPDLF M ®),1f ’ (@)
ai—1 € Ry and condition (A3) is satisfied as well, we let i = lim 7 \_k il
J.k —k
we have that
3 Associated rational functions fo— k Ciko1 + (ke e
Moy 0) = 2GR 0]
Suppose the ARFs ‘P§I§Zk121) of order K — 1 > 0 form an or- - 0
thonormal system with respect to a HPDLF M (*=1) and let
D\ (k1) be given by so that
(k)
O ey (z,t) = (1 —t/a_ ) M (@), ©) Yjk(z) = Pel®) L\
G\ (k—1) Z, = A1 <pj\(k—1) xX). J Wj\k(x) J
Then we define the rational functions of the second kind 9\
by For j = k we find that
Uik(x) = (1= 2/ap)x ry =
. — P k— _ _
[Mt(kl) {(I)J\(k_l)(txt) (I)J\(k_l)(x’t)} k=D 901(@\(121)(1?)!12(96) — (1 t/@m_1)pV(2)
- ¢ —2(1—t/z)
- j,kle1:| , J2k-=1, (1)
Note that
where §,; ;1 is the Kronecker Delta and
: () PRI
o, 1 i 200 00 ) P @ L,
Rir = [k V| ®) eeme @ Lt/
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so that

_ (k—1)

_ 1—1t _

I N Vo /01| pi ()
T—Q_1 1—75/37 T
(k—1)
_ ’ (k— 1)‘ @k\(k—u(l")
:c—m% 1 Zk(.’li)

= lim

1 Fy,
[EEE—— 4+ -
T—0_1 E(()kfl) |: k Zk—l(l'):|
= [Biv+ Fio/Zi1(@m)] [Ry Y.
Finally, in the special case in which j = k — 1, we have that

20D {<I>(k_1>\<k_1)(t,x) - ‘I’<k—1)\<k—1>($af)} _
| -

t—=x

_ _ 1—z/og_1) — (1 —t/og— —
g (AT =0y} g,

where Rj_1 is given by (8). L]

The following theorem now shows that these 1\, do satisfy
the same three-term recurrence relation as the ¢;.

Theorem 3.2. Let 1)\, be defined as before in (7). The ratio-
nal functions Y\, withj =n —2,n—1,nandn > k + 1,
then satisfy the three-term recurrence relation given by

e e o R

Cn
+Zn_2*(x)'¢}(n2)\k(l’)} . (10)

The initial conditions are V(j,_1)\(v) = 0 and

Yek(T) = —Er 1 Cp /RS £ 0.

Proof. First note that the ARFs ¢\ ! with j =n—2,n—

1,n, do satisfy the three-term recurrence relation given by
(10), and hence, so do the ®,,\ (;,—1). We now have that

¢7L\k‘ ({IJ) .

l—CC/Oék» B

_ 1
Eth(k Y = ¥ [Zn0(6)® (1 (k-1 (£, @)

—Zn (@) P (— 1)\ (k—1) (@, )] }
1
t_

%cb(n_l)\(k—n(% t)} }

(k—1) 1 Zn(t)
+ C’VLMt {t s x |:Zn2*(t)¢)(n2)\(kl)(tax)
Zn(z) ]}

EASTR 1

T an(z) DN 1 (2, t)

+ B, MY

Zn(t)
o [Zn_l(t)q)(n—l)\(k—l)(tvx)

ISBN:978-988-17012-3-7

bnele) = Zu(a) { [ B + ZF()] Bl (@)

Chp n(z,t)
et} (=0
)

—_— X
+ O kp1 Re—1Crp1 [(1 —x/oy) Zi+(

Zk— 1*(96)]

where f,(z,t) = (1 — x/ag)gn(z,t) and g, (z,t) is given by

gn(x,t) = En[Zn(t) — Zn ( <I>(n D\(k—1) (£, 2)

Zn(t)

+Fn|:Z ( :|<I)n1)\(k 1)t£L')
n— 1
Zn(t) (z) }

+C, — D, _ (t,x

|:Zn 2*(t n 2* ( D\k= 1) )
Note that

(t—=)
(I—t/an)(l—a/ay)

Zn(t) - Zn(m)

Zn(t) - Zn(x) (t — .T)/Zn_1<an)
Zn-a(t)  Zn-a(x) (I=t/on)(1—z/an)
Z”(t) _ Zn(.%‘) _ (t - x)/Zn72*(an)

Zp—2:(t)  Zn—24(x) (1—t/an)(1 —2/am)’
so that
% = [(1—3:/04@%] (1 —t/an) tha(t)
where

k-1
ha(t) = {EMPE” 1))\(k ()

F, (k—1)
* 7o) P e @)

Ch (k—1) )

(o) =\
It clearly holds that
M On k+1Ck+1
(1)} = =) e

Z—14(0ky1)

Further, note that

Znt) _ _Zat)
Zn-2i(an)  Zn-2:(t)
and
Zn(t) _ _ZaH)
Zn—1(am) Zn—-1(t) .
Hence,
Zn(t)hy(t) = flk\(kl) 1(®)

(k—1) (k—1)
= (e () = G o)\ 61y (0
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so that

M {Zu k() _ Snisi O
an, Eék—l)

Qf41

Consequently, we have that

M {fn(l‘t)} _

t—zx
_ 7, T
— 0 kt1Re—1Cr11 [(1 - m/ak)Z:_Ji((x)) ,
which ends the proof. O

The next theorem directly follows from Lemma 3.1 and The-

orem 3.2.

Theorem 3.3. Let 1))\ be defined as before in (7). These
Yj\r are the ARFs @51& of order k with initial conditions

k
@Ek)_l)\k(x) =0and

goék\)k(x) = —Ek_le/Egk_l) # 0.

In the above lemma and theorems we have assumed that the
ARFs @x(}l—)l) form an orthonormal system with respect to a
HPDLF M (*~1)_ The assumption certainly holds for k = 1,

and hence, the ARFs @5,1)1 are the rational functions of the sec-
ond kind of the ORFs ;. The next question is then whether

the ARFs @ﬁi) form an orthonormal system with respect to a

1
HPDLF M@, Therefore, we need the following lemma.

Lemma 3.4. Let the ARFs 9"5@ of order k be defined by
(7). Then the leading coefficient K (-]i)k, i.e. the coefficient

J

of bj\k in the expansion of @E@C with respect to the basis

{bk\ks - - > Dj\k }» IS given by
B _ gt ey f[1ZH@a ]
K7 = Kjf(k—l)Mt { 1 t/a; |’ Jj=>k.

Proof. Note that the leading K J(.]i)k is given by (see also [3,

Thm. 3.1])

(%) (k)
. X . x
‘Pj\k( ) T p],k( )

T l’jik

Further, let q;_(y_2y be defined as before in Lemma 3.1.

Clearly, for j > k it then holds that

(k=1)
lim _MM(’“*U M —0
T x-ji(kfl) t 1— t/fE ==

So, from (9) we deduce that
(k—1) _
pj—(k—l)(“”)M(k_m 1—t/ag_1
gi—(k=1) 1—t/z

(k—1) (k-1) [1—t/ap
R {1—t/aj :

K" = lim

ISBN:978-988-17012-3-7

This proves the statement. O

As a consequence, we now have the following theorem.

Theorem 3.5. Let the ARFs goi@c of order k be defined by (7)

and assume that o1 € Rg. Further, suppose that

M {1 —t/ag_y } 40

1715/04]' (1])

whenever j > k and o; ¢ {ap—1,0, ar}. Then it holds
that the 50;@ form an orthonormal system with respect to a
HPDLF M®.

Proof. As pointed out at the end of Section 2, it suffices to
prove that the @51& € Ljvip \ L—1)\ for j > k.

Note that @5’& € Ly \Li—y\w iff Kj(.]i)k # 0. We now have

that K](,’:,i)_l) # 0 for every j > k, due to the fact that the
ARFs <p§,’§(_k1_)1) are regular. Moreover, as M *~1) is a HPDLF
k—1

and because @fc\(kll)

(h—1) [1—t/op_1
M -
! { 1—t/a; }7&0

is regular, we also have that

whenever a; € {ap_1,ak,x}. Thus, together with the
assumption given by (11), it follows from Lemma 3.4 that

apga € Lk \ Lj—1)\k for every j > k. Consequently,

the ARFs 9";@ then satisfy the six conditions given in The-
orem 2.2. O

Finally, in Theorem 3.7 we give a relation between ARFs of
different order that holds independent of whether the ARFs in-
volved form an orthonormal system with respect to a HPDLF.
First we need the following lemma.

Lemma 3.6. The ARFs 505:’\)5 = ngs)cﬁfls\)s, with s = k,k +

1,k+4+2andn > k + 1, satisfy the relation given by

S(k) (o Fry1 | k41
P () = Zita (2) {Ek-&-l + Zk(x)] P (k1) (@)
Z2() | (k42)
T Oy P (@) (12)

Proof. First, consider the case in which n = k + 1. From
Theorem 3.2 we deduce that

Ak Fropi | e
Blr\i(®) = Zisa (@) {EHI + o ] Pk (@).

Zy(x)
We also have that @,(;i)k(x) =1= @Eﬁg\(kﬂ)(x), while

A(k A (k42
cpgk)_l)\k(m) =0= @Ekilg\(k+2) (x). Hence, the statement

clearly holds forn = k + 1.
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Next, consider the case in which n = k+2. From Theorem 3.2
we now deduce that

k Frio | Lk
‘pgkzm)\k( ) = Zi42(x) [Ek+2++] Ek)+1)\k( )

Zit1(x)
Zt2() (k)
+ Ck2 m@k\k(fﬂ)'

Furthermore, we have that gogi)k( )=1= @é:ﬁ;\(kﬂ) ().

While,
Frio | Lk
Zyao(T) |:Ek+2 + Z}ﬁj()} Ekz',-l)\k( )

= Zps1() |:Ek+1 + 519(4;1)} X

Feio | L(k+1)
Zy2() {Ekn + Zk-&-l():| Pt D\ (h+1) ()

Froir | e+
= Zp41(z) [Ek+1 + 7 (Jr)] ‘ngi2g\(k+1)( )-

Consequently, the statement clearly holds for n = k 4+ 2 as
well.

Finally, assume that the statement holds for n — 2 and n — 1.
By induction, the statement is then easily verified for n >
k + 3 by applying the three-term recurrence relation, given by

Theorem 3.2, to the left hand side of (12) for ¢51\)k’ as well as

to the right hand side of (12) for @;k\'gk 1) and cﬁff\?fig) O

Theorem 3.7. The ARFs @S\)S = /ﬁ(()s)gofj\)s, withs = k,j +
1,7+2and k+1 < j <n—1, are related by

P (@) = e ()8 ()
(

Zjn1(®) . (+1) (k)
+ it 1Z 1*(£E)<pn\(a+1)( >"0(7 1)\;.@( x). (13)

Proof. Note that for every [ > 0 it holds that

(1 ~(1
D=1 ad Gl (o) = Zin (o) | B +

Thus, for j = n — 1 or j = k + 1, the relation given by (13) is
nothing more than the three-term recurrence relation given by
Theorem 3.2, respectively the relation given by (12).

So, suppose that the statement holds for j. By induction we
then find for 7 + 1 that

A (k) A (5) A (k)
Plire(®) = PG ()25 (@)
Zjy1(x) 5
+CJ+127 ( ) (] 1)\k( )
and

Zj2(2) (j+2) L ()
Oj-ﬂm@n]\(ﬁ_g)( ) ‘Pn\ ( )

LG a0)
— @an(iin (@G (2)

ISBN:978-988-17012-3-7

Consequently,

L(G+1) k)
PG @)k (@)

ZJ+2(:E) ~(7+2) (I) (k)( )

Oy 0 2342 542
T @) Pmar) Pk

Zix1 (%) . (j+1) 5 (k)
j+1m¢n\(j+1>(“f)%—1>\k(@

. k
+ 2N E),
which ends the proof. O

4 Conclusion

In this paper, we have given a relation between associated ra-
tional functions (ARFs) of order £ — 1 and k in terms of ratio-
nal functions of the second kind, assuming the ARFs of order
k — 1 form an orthonormal system with respect to a Hermi-
tian positive-definite inner product. Further, we have given
a relation between ARFs of different order that holds in gen-
eral; i.e. the relation holds independently of whether the ARFs
involved form an orthonormal system with respect to a Her-
mitian positive-definite inner product. If all the poles are at
infinity, we again obtain the polynomial case.
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