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Baire’s Theorem in Probabilistic Modular spaces

Kourosh Nourouzi *

Abstract— A real linear space X equipped with a
probabilistic-valued function p defined on X is called a
probabilistic modular space if it satisfies the following
conditions:

i pe (0) =0,

ii. po(t)=1for allt >0 iff x =0,

i, poa(t) = pa(0),

Ve pastsy(s +1) > pz(s) A py(t) for all z,y € X, and
a,B,5,tERoT, a+p=1.

In this note, we give a modular formulation of Baire’s
Theorem in probabilistic modular spaces.
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1 Introduction

A modular on a real linear space X is a real functional p
on X satisfying the following conditions:

1. p(x)=0iff z =0,

2. () = p(—a),

3. plaz + By) < p(x) + u(y),

forall z,y € X and o, 6 > 0, a+ 5= 1.

Then, the vector subspace
X, ={r € X :plaxr) -0 as a — 0},
of X is called a modular space.

Such spaces were considered for instance in [1, 2, 3]. The
notions of modular and probabilistic metric spaces [4]
provide the inspiration for introducing a new concept
that it is called a probabilistic modular space in this note.
We aim to investigate the Baire’s Theorem in such spaces.

2 Probabilistic Modulars

A function f : R — Ro" is called a distribution
function if it is non-decreasing and left-continuous with

infyer f(t) =0, and sup,c f(t) = 1.

Definition 1 A pair (X, p) will be said a probabilistic
modular space if X is a real vector space, p is a mapping
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from X into the set of all distribution functions( for
x € X, the distribution function p(z) is denoted by
Pz, and pg(t) is the value p, at ¢ € R ) satisfying the
following conditions:

L. pI(O) =0,

2. pg(t)=1forallt > 0iff x =0,

3. poa(t) = pult),

4. pagisy(s +1) > pa(s) A py(t) for all z,y € X, and
a,B,s,t € R, a+3=1.

We say that (X, p) satisfies As-condition if there exists
¢ > 0 (Aj-constant) such that po,(t) > p,(L) for all
r e X andt>0.

Example 1 Suppose that X is a real vector space and
w1 is a modular on X. Define

pAﬂ={()

t
t+p(x)

t<0
t>0

Then (X, p) is a probabilistic modular space.

Example 2 Suppose that X is a real vector space and
w1 is a modular on X. Define

_ [0 t<p)
%“y_{l t>Zu)

Then (X, p) is a probabilistic modular space.

Definition 2 Let (X,p) be a probabilistic modular
space.

e A sequence (z,) in X is said to be p-convergent to
a point z € X and denoted by x, — x if for every
t >0 and r € (0,1), there exists a positive integer k
such that p, _,(t) > 1 —1r for all n > k.

e A sequence (z,,) in X is called a p-Cuachy sequence if
for every ¢ > 0 and r € (0, 1), there exists a positive
integer k such that py, s, (t) > 1—r, for all m,n >
k.

e The modular space (X, p) is said to be p-complete
if each p-Cauchy sequence in X is p-convergent to a
point of X.
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e The p-closure of a subset F of X is denoted by F
and defined by the set of all z € X such that there is
a sequence (z,,) of elements of E such that =, — .
The subset E is p-dense in X if £ = X.

e Forx e X, ¢ >0, and 0 < r < 1, the p-ball centered
at x with radius r is defined by

B(z,rt) ={y € X : pp_y(t) > 1 -1}

e An element x € F is called a p-interior point of E if
there are r € (0,1) and ¢ > 0 such that B(z,r,t) C
E. We say that E is p-open in X if each element of
E is a p-interior point.

Baire’s Theorem. Let (X,p) be a p—complete proba-
bilistic modular space satisfying As-condition. If (O)
is a sequence of p—open and p—dense subsets of X, then
N0, is p—dense in X.

Proof First of all note that if B(z,r,t) is a ball in X
and y is an arbitrary element of it, then p,_,(t) > 1 —1.
Since pg_y(-) is left continuous, there is €, > 0 such
that p,_,(£=¢) > 1 —r, for all € > 0 with =< > 0 and
€ € (0,¢y), where c is the Ap-constant. If 0 < r' < r,
€ € (0,¢y), and z € B(y,r’, 55), then there exists a
sequence (z,,) in B(y,r’, 55 ) such that z, — z and hence
we have

Pla—za)(3e2) N Py—20) (32 )5

szy(%) >
> 1-—r

for some n € N. Thus,

pr—z(t) > P2(z—y) (6) N pQ(xt—y) (t - 6)3
> pzfy(i)/\pzfy(%s)v
>

1—r

ie, B(y,7,5%) € B(x,rt). It implies that if A is a
nonempty p—open set of X, then A N O; is non-empty
and p—open. Thus it contains a ball B(zg,ro, %0) By
induction, we choose z,, € X, r, € (0,1), and ¢, > 0 as
follows: With z;, r;, and t; if i < n, we see that

tp—
On N B(wnflvrnfla %)7

therefore we can choose
- 1
0 <7, <min{r,_1, -}

is non-empty and p-open,
Tp,Tn,t, so that 0 < ¢, <
and

1

n’

— t tpn—
B(znvr'lh?n)gOnt(zn—lyrn—l7 n 1)'

Now (z,) is p-Cauchy. Because, if 0 < r < 1, and ¢ > 0,

we can choose k € AN such that 2t < t and r, < r. For
m,n >k we have &p,, ¥, € B(zy, ), %) and
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Pz —xr (Etk)a .
pzk—xn(f) A pxk—xn(f)v
1- Tk,

1—r.

Pz —xn (t)

VIV IV IV

Since X is p-complete, z,, — x for some x € X. But
ZTn € B(ag, rg, %’“), for all n > k and therefore

_ t t
xeB(mk,rk,—k) - OkﬂB(xo,To,ﬁ) - OkﬂA,
& C

for all k. Now, the fact that arbitrary p-open set A inter-
sects N0, and B(z,r,t) 2 B(z, -, %) for all n, completes
the proof.
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