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Feller Properties on the Torus

Emil Popescu *

Abstract—A representation of the operators which
form a Feller semigroup defined on a compact abelian
group is given. Thus, are obtained the symbols which
characterize the semigroup and its infinitesimal gener-
ator. The conditions on the symbols determine prop-
erties of the semigroup and conversely. A characteri-
zation for the conservativeness of the semigroup and
applications on a torus are given.
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1 Introduction

Let A: D(A) — Cx (R™) be a linear operator, where
D (A) is a linear dense subspace of Co (R™), the Banach
space of all continuous functions on R™ vanishing at in-
finity with the supremum norm. A satisfies the positive
mazimum principle on D (A) if for all v € D(A) and
zo € R"™ such that

sup u (z) = u(z0) > 0
zeR"

it follows that Au(xo) < 0. It is not difficult to verify
that infinitesimal generators of Feller semigroups on R”

satisfy this principle. In this case, P. Courrége showed in
[4] that for all u € C§° (R™) C D (A),

Au(@) = Z: @ 2d5u(x) + 3 bi(a)du o) +
k(z)u(x) + f — o(x,y)(u(z) + élau(x)(yZ -

2ol dy),

where each b;, a;; and k are measurable functions with
each (a;; (z)) a symmetric pozitive definite matrix and v
is a Lévy kernel. Courrége also showed that A can be
represented as a pseudo differential operator,

Au(e) = (2m) " [ " Ha () (€) dé,

R”
where a is the symbol of A (u is the Fourier transform of

u). This fact has been exploited in recent investigations
of Feller processes by N. Jacob ([7]). Moreover, in [6]
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and [9] has been proved that the operators which form
a Feller semigroup on R™ can be represented as pseudo
differential operators with positive definite symbols. All
these results use the fact that R" is a commutative group
and the Feller semigroup is compatible with the group
structure. The result of Courrége on operators satisfying
the positive maximum principle can be interpreted, in
certain sense, as a perturbation of the translation invari-
ant case, the coefficients becoming real-valued functions.
It is natural to search for extensions to other structures
than R"™. It turns out that there are several extensions for
the translation invariant case. The representation of the
generator of a convolution semigroup as pseudo differen-
tial operator is given in the book of Berg and Forst ([3]),
where R" is replaced by a locally compact abelian group.
For the compact abelian group T, the infinite dimen-
sional torus, important results are due to Bendikov ([2]).
In [1] are considered Feller semigroups on Lie groups. In
the framework of locally compact abelian group a class
of symbols has been studied in [8].

Despite of all the above papers, we have not found results
for the non-translation invariant case in other structures
than R™. This is why we present in this paper a theorem
of representation for a semigroup of operators defined on
a compact abelian group G, in the non-translation in-
variant case. For the Feller semigroup (P;)¢~o on G we
find

Pyu(z pe(z,7) uly),

=> )

yel’

where I" is the dual group of G. Thus, some functions
named symbols, which characterize the semigroup and
its infinitesimal generator, exist. Imposing conditions on
the symbols we obtain properties of the semigroup and
conversely. A condition for the conservativeness of the
semigroup and applications on a torus are given.

The interaction between probability theory and groups is
an active area of research, which contains random matrix
theory, random walks and invariant diffusions in groups,
Lévy processes on a topological group etc. The compact
groups can be seen as a generalization of finite groups
and the Pontryagin duality describes the theory for com-
mutative groups, as a generalised Fourier transform. In
this framework, we obtain new extensions of the results
concerning the physical processes of diffusion, given by
the Laplacian and its Brownian semigroup.
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2 Framework and auxiliary results

This section is introductory. It lists basic definitions and
some theorems which are used in the present paper. In
the beginning, we consider the context of the locally com-
pact abelian groups ([3],[10]).

Let (G,+) be a locally compact abelian group with the
neutral element denoted 0. A function v : G — C is called
a character of G if |y (x)] = 1 for all € G and if the
functional equation
Yty =v(@) +v), 2yeQq,

is satisfied. The set of all continuous characters on G
forms a group I, the dual group of G, where the group
operation is defined by

(1 +72)(2) = (@) - 72(2)

for all 1, 72 € T and « € G. The neutral element in T" is
the character x — 1, denoted 0. The inverse element of
v € T is the character

T i)

We denote by C(G) the set of continuous complex func-
tions on G. C(G) is endowed with the topology of com-
pact convergence. Equipped with the subspace topology
from C(G), T is a locally compact abelian group.

Once and for all we choose and fix a Haar measure on G,
denoted wg or dx. The LP— spaces with respect to wg
are denoted by LP(G), p € [1,00). For f € LY(G) and

A~

v € I' we denote by f the Fourier transform of f,

foy) = / Y@ (@)dz.

G

By C»(G), we denote the set of continuous complex func-
tions on G which tend to zero at infinity and this space
will be endowed with the topology of uniform conver-
gence. Co(G) is the set of continuous complex functions
on G which have compact support. M(G) is the space
of Radon measures on G. By M;(G) we denote the set
of the bounded Radon measures on G. The Dirac mea-
sure at a € G is denoted ¢,. We shall not distinguish
between the locally integrable Borel function f on G and
the measure fwg, defined by

< wavg >= f(x)g(x)dx,
/

for g € Co(G).

The Haar measure wr (or just dy) on I' is the dual Haar
measure to wg on G (see [3], [10]). If u € My(G) such
that the Fourier transform 7 belongs to L*(T), then pu

ISBN:978-988-17012-3-7

has a continuous density ¢ with respect to wg given by

o(z) = / (@) der (7).

r
for all xz € G.
For f € L'(G) the Fourier transform f tends to zero at
infinity. The set {f| f e LYG)

of Cy(T"). The Fourier transform, considered as a map of
LY(G) into O (T) is continuous and

17 = nsh-

} is a dense subalgebra

Definition. A function ¢ : G — C is called positive def-
ingte, if for all n € N, for all n-tuples (1,22, ...x,) of
elements from G and for every choise of complex num-
bers ¢y, co, ..., ¢, we have

n n

S et (v —x;) > 0.

i=1 j=1

If ¢ is positive definite, then

o (@) < ¢ (0).

Every character is positive definite, hence so is every
finite linear combination of characters, if the coefficients
are positive. From the theorem of Bochner, a continuous
function ¢ on G is positive definite if and only if there
exists a positive bounded measure ¢ on the dual group I'
such that

¥ (71‘) = mv

o(z) = / V(z)do(y), z€G.

r

Definition. A strongly continuous contraction semigroup
(Pt)t>0 on Coo(G) for which all the operators P; are
positive, i.e. for all ¢ > 0 and f € CL(G) we have
P,f € CL(Q), is called a Feller semigroup on G.

A Feller semigroup (P;)¢>0 on G is said to be conservative
if ,0=0, for all t > 0.

If G is compact, then I' is countable; of course, G is
metrisable and C(G) is separable. An approximate unit
on G is a sequence (¢y),~; of functions ¢, € C*(G)
such that for every &, -

/ ok () dwg () = 1.

G

For an approximate unit (¢g),~,, the sequence
(prwa) >y of probability measures converges to &g in
M (@) with the vague topology. Let E be one of the
following spaces: C (G) with the topology of uniform con-
vergence or M (G) with the vague topology. For an ap-
proximate unit (¢x),~; on G and an element f € E we

WCE 2008



Proceedings of the World Congress on Engineering 2008 Vol 11
WCE 2008, July 2 - 4, 2008, London, U.K.

have ¢, x f € E, for all £k > 1 and ¢, * f converges to f
in the topology of E (x is the convolution).

Definition. Any function of the form

z) = a;v; (x)
j=1

where a; € C, j = 1,2,...,n and n € N, is called a
generalized trigonometrical polinomial on G.

The set of all generalized trigonometrical polynomials is
denoted by S(G). Since G is compact then S(G) is dense
in the spaces C(G) and LP (G), 1 < p < oo, respectively.
Every f € L? (G) can represented as

=" Fy)y(=)

yel’

where the series converges in L? (G), hence the limit does
not depend on the order of summation.

3 The main result

In the sequel, we consider that G is a compact abelian
group, C(G) represents the Banach space of continuous
complex functions on G and S(G) is the set of all gen-
eralized trigonometrical polynomials on G. Starting from
[6] and [9] we have the following result.

Theorem 1. Let P : C(G) — C(G) be a linear and
continuous operator such that for every f > 0 we have
Pf > 0. Then there exists a function

p:GxI'—>C
continuous, bounded and such that for every x € G fized,
v = p(z,7)

is positive definite with the property that for all u € S(G)

we have
= " v(@)p(x,7)a(y)-

Proof. Let p: G xI' — C,

(@) (Py)(x).

p is continuous and bounded. Let x € G be fixed. The
function

p(x,7) =

P : T —=C,  pu(7):=p(z,7)
is positive definite since for all m € N, 71,79, ...

C we

yYm €T
> pelme —

k=1
Py — w)(@)]a z =

and 21,22, 2m € have

)27 (Ve — ) () -

f) (v — %)(w)cjg(%

k,l=1

WPz, dy)lzx =

ISBN:978-988-17012-3-7

m

i U (e =)y —2) Pz dy)lar 20 = [(32 zmly —
=1 G i=1

o) é m(y—x» P(ady) = [ | (3 z(y =) P
Pz, dy) >

Let (¢k),>; be an approximate unit on G such that when
k — 00, ¢ — €0 in M(G) with the vague topology and

@(7) — 1,

for every v € I'. Indeed,

u(y)dy = [(f ox(z = y) uly)dy)P(z,dz)
G G

() = 2r(7) -é0(7) = g *eo(y) — &0 () = 1,
for every v € T
For w € S(G), we have: gry(w) p(z,v) Pr(y) uly) =
;FV(JJ) @) (PY@) PR aly) =
726; g (PY)(x) @) ) wly)  dy =
> W) [1)P(xdz)  @r(y) uly) dy =
yel'G _G
JI(Z W) 2(2) 2e(7) Plr,dz) uly) dy =
GG ~er
T Ay —2@k(y) ) Pla,dz) uly) dy =
GG yer
JJ(Z Az = 9er(y) Pz,d2) uly) dy = [ [ or(z -
GG ~el GG
y)P(z,dz) =

(

When &k — oo, we have ¢, * © — u in C(G). Then

klim (pr xu)(2)P(x,dz) = /u(z)P(ac,dz) = (Pu)(x).
G G

On the other hand, we observe that

Jim 2@ =2 @

yel yel’

u(y)-

J«“W@k

Corollary 2. Let (P,);>0 be a Feller semigroup on G.
For every t > 0 there exists a function

p:GxI'—C
continuous, bounded and such that for any x € G,

v — pe(z,7)

is positive definite with the property that for all u € S(G)
we have

Pou(x Z y(z u(y).

yel’

) pe(z,7)
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Theorem 3. Let (P,)i>o0 be a Feller semigroup on G
with the infinitesimal generator (A, D(A)). Suppose that
S(G) € D(A) and the functions

v — (A7) () - u(y)

belong to L*(T') for every x € G and u € S(G). Then for
every u € S(G),

Au(z) = y(2) a(e,y) @),

yel

where a: G xT' — C,

d
- Dt (I’,’Y) |t:0 .

a(z,y) = p

Proof. Let u € S(G). From Corollary 2, it follows that

Pula) ~ @) _ 5~y w) i)

yer

[v(l’)(Pwt)(a:) - 11 i),

{pt(x,;y) - 1] -

> (@)

~el’
Since S(G) C D(A) there exists

. Pu-—u
lim
t—0 t

= Au,

for every u € S(G). For fixed z € G and v € T, the
following limit exists:

y(2)(Pry)(z) — 1

i P =3 iy SR -
v(z)(Ay)(z)
We define
BT pt(lﬁ'}/) -1 _
o) = iy PSR =
d -
2 Pt (@) li=o= v(2)(A7)(@).

Since, by ypothesis,

v — (Ay) (@) - a(y)

belong to L(T) for every x € G and u € S(G), we obtain
the wanted formula.

Remark. The functions p; (x,7) and a(z, ), which char-
acterize the semigroup (P;)¢~o and its infinitesimal gen-
erator, are named symbols. Imposing conditions on the
symbols we obtain properties of the semigroup and con-
versely.

ISBN:978-988-17012-3-7

4 Conservativeness

The intuitive meaning of conservativeness of the Feller
semigroup (P;)¢>0 on G can be given with the help of
the associated stochastic processes {X;},~ . The relation
between them is given by

Fixp (v) = E* (X; € B),

for all z € G and all Borel sets B C G, where xp is the
indicator function of B. Therefore,
OZPtO (ZL’)ZEmleI (Xt GG) a.s.

and the conservative process {X; },~ has a.s. infinite life-
time. -

In the following we consider that the assumptions of The-
orem 3 are true. p;(z,7) and a(z,v) are the symbols
defined above.

Theorem 4. The Feller semigroup (P;);>0 s conserva-
tiwve if and only if a(x,0) =0 holds for all x € G, where

d
I Pt (»’UW) |t:0 .

a(z,y) =
Proof. We suppose P.0 = 0 for every ¢t > 0. Then

A0 = lim

t—0

0.

PO-0
— =

Since
a:GxT —C, a(z,y) =7 () (Ay) (2)
it follows that
a(z,0) = A0 (z) =0,
for all z € G.

Conversely, if a (x,0) =0 for every « € G then we have

d
7P (x,0) |¢=0= 0,

for every z € G. By Taylor’s formula,
t

d
Pt (7,7) — po (fm):/E ps (z,7) ds.
0

We obtain

Pt (J,‘,’Y) -0 E Ds (l“ﬁ) |5:pt dp

1
/ d
t
0

d% [ @) (P) (@)] Lz dp:
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Since

it follows that

Thus we find for v = 0, p; (z,0) = 0, for every z € G.

Since
e (2,7) =7 (2) (P) (x),

we obtain 0 = P,0 (z), for every z € G, i.e. P,0 =0 and
(Pt)¢>0 is conservative.

We present two examples of conservative semigroups.

The brownian semigroup (A;):>o on the compact abelian
group given by the torus T = R/27Z ([5)]) is

o

Atf Z ezne —tn /2f( )
n=—oo
If -
Z ane™  (f € S(T)),
n=-—oo
then
i ane—tn2/2ein9
n=-—oo
where )
pi(0,n) = e/,
Thus,
n? _ n?
a(f.n) = 5 pu(0.n) limo= —e "% |imo= — -

and the formula of the infinitesimal generator A of
(At)eso is

> 2

_n_ inf __ 1 "
Z 5 ane”™ = 2f 9).

n=—oo

Af(0) =

We observe that a(6,0) =0 and (A4)¢>0 is conservative.

In the context of the infinite-dimensional compact group
G = T with the dual group I' = Z(*°), where Z(*) is
the subgroup of Z>° consisting of sequences v = ()72 4,
which are eventually zero, let X be a space-homogeneous
Markov process on G with almost surely continuous tra-
jectories, the transition function being invariant with re-
spect to the action of the group ([2]). The semigroup

ISBN:978-988-17012-3-7

(P;)t>0 of the process X is a Feller semigroup and the
formula of Corollary 2 is valid on a set D of cylindrical
infinitely differentiable functions with compact supports
with

—t[¥(y) —il(y)]}, v €T,

where U(v) > 0 is a quadratic form and ¢(y) is a linear
form on I'. In the natural basis of group I' these forms
can be written

U(y) =Y aiviv,

i,7=1

pe(w,y) = exp{

Y= (’yt)?il € F?

= Z br vk
k=1

From Theorem 3, it follows that on D the infinitesi-
mal generator of the semigroup (P;);~o is the infinite-
dimensional differential operator

L= Z ai;0;0; +Zb 0,

3,5=1

where 0; is the operator of differentiation respect to vari-
able z; (z = (2;){2; € G). Here

a(z,v) = =) +illy

Z aijvivy +1 Z br Yk

i,7=1

and a(z,0) = 0, hence (P;)¢~o is conservative.
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