
  

 
Abstract— in this study, the problem of natural convection 

and radiation heat transfer in a micro fin array heat sink is 
numerically investigated. A two-dimensional model is used to 
formulate the problem. The governing equations of the problem 
are mass, momentum and energy equations of the fluid along 
with conduction equation in the micro fin. The radiation 
exchange between two adjacent fins, between fin and base plate 
and between fin and ambition is considered. To address the 
micro dimensional effects of the problem Maxwell's velocity slip 
and Smoluchowski's temperature jump boundary conditions 
are used. A finite difference approach is used to solve transient 
vorticity-stream function formulation using the alternating 
direction implicit (ADI) scheme .The steady state velocity and 
temperature field which are obtained by marching through the 
transient stage, are used to calculate the local Nusselt number 
and total heat transfer. The effects of the fin height on the heat 
transfer are investigated through parametric studies. 
 

Index Terms— Free convection, MEMS, Micro fin array heat 
sink, Radiation, Slip flow.  
 

I. INTRODUCTION 

  In the past decades, rapid growth in 
micro-electro-mechanical systems (MEMS) has urged the 
need for more compact and smaller devices. These devices 
produce a relatively high amount of heat but don’t have 
enough surface area in order to dissipate this heat. Also, the 
temperature of electronic devices is a major factor in their 
durability and function. All these factors highlight the urgent 
necessity of efficient cooling systems for these devices. 

  Micro fin array heat sinks seem to be an efficient cooling 
system for small electronic devices. These heat sinks are 
reliable and noiseless cooling systems that don’t need a lot of 
power to run. A typical micro fin array heat sink is made of 
several rectangular fins with micro dimensions that are 
mounted on a flat plate. 

To obtain an efficient design for micro fin array heat sinks, 
the free convection heat transfer in the fluid field that 
surrounds all the fins should be studied. Also, a portion of 
total heat transfer is carried out by radiation exchange 
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between adjacent fins, fin and base plate and fin and ambient 
that should be investigated thoroughly.   

Although the heat transfer from fin arrays through natural 
convection is a three-dimensional phenomenon, a 
two-dimensional model is assumed here because the length 
of heat sink is much larger than its other dimensions. The 
micro-dimensional effect of the problem is modeled by using 
slip velocity and temperature boundary jump conditions near 
solid walls. 

The concept of micro dimensional heat sinks was first 
introduced by Tuckerman and Pease [1] who conducted some 
experiments on silicon based micro channel heat sinks cooled 
with water. Wei et al. [2] studied pool boiling on the micro 
pin-finned surface in FC-72.Go et al.[3] fabricated a micro 
fin array by bulk Si micromachining and studied its 
performance under periodic pressure  distribution. J.S.Kim 
and B.K.Park and J.S.Lee [4] experimentally investigated the 
performance of micro fin arrays with fin height of 100 and 
200µm. It turns out that heat transfer correlation for macrofin 
arrays is improper in estimating heat transfer from micro fin 
arrays. Also, the orientation effect is negligible at micro 
scales. 

Numerical investigations of micro fin array heat sinks are 
rare to find. Hence, to study this type of heat sinks, the 
conservation of mass, momentum and energy balance 
equation of the flow are solved simultaneously with the heat 
conduction and radiation equation within two adjacent fins 
enclosure. The radiation heat transfer occurs between the 
surfaces of two adjacent fins, the fin and the base surface and 
the fin and the wall of the room. The steady state temperature 
and the velocity field in the fluid are obtained from the 
solution of the two-dimensional transient stream 
function-vorticity equations, using the alternating direction 
implicit (ADI) scheme and marched through the transient 
stage.  

 

II. PHYSICAL MODEL AND FORMULATION 

The array consists of many uniformly spaced fins which 
are mounted on a horizontal isothermal flat base plate with 
temperature Tb as depicted in Fig. 1.  

A. Fluid governing equations 

Heat is transferred from the fin surface to the surrounding 
fluid by laminar natural convection. The governing equations 
are continuity, momentum and energy equation. In 
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momentum equation Boussinesq approximation is 
considered. Using the following dimensionless variables, 
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The governing equation for fluid are given as, 
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Where Grashof number Gr, and Prandtl number Pr are 
defined as, 
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In our two- dimensional model, we use vorticity-stream 
function formulation to achieve a more convenient set of 
governing equations. For a two dimensional flow 
dimensionless vorticity Ω is defined as, 
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For a two-dimensional, incompressible flow 
dimensionless stream function is defined as, 
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According to definitions of vorticity and stream function, 
there is a relation between these quantities as, 

)6(2 

 Eq.(6) is called stream function equation. Using the 
definition of vorticity, one can combine X- and Y- 
momentum equations into a single equation which is called 
vorticity transport equation. Thus, the new set of governing 
equations in terms of vorticity and stream function can be 
written as, 
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B. Fin equation 

In our study the fin thickness (tf) is negligible so that a one 
dimensional temperature distribution is assumed along the 
fin. The heat is conducted through fin height and then 
transmitted to surroundings by natural convection and 
radiation from fin surface. The fin equation is given as, 
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and Wradq ,  is radiation heat flux from fin surface. 

Radiation analysis using infinitesimal areas [5] is used to 
predict the radiation heat transfer from fin surface and base 
plate. In this study we assume that all surfaces are diffuse 
gray and we consider the open top boundary of the geometry 
as a black surface with ambient temperature. Also, we 
assume that all the properties of surfaces are independent of 
temperature. 

The radiative heat flux from fin surface regarding to 
radiation exchange with adjacent fin, base plate and 
environment, can be formulated by using non-dimensional 
variables as, 
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In Eqs. (10) & (11), dF is configuration factor between 
differential surface elements that are available in literature 
[5]. 

C. Boundary conditions 

In this paper, the rarefaction effect is modeled through 
Maxwell’s velocity slip and Smoluchowski’s temperature 
jump boundary conditions [6, 7]. 
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Fig. 1 Fin array heat sink 
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mF  and 
TF  are the momentum and energy 

accommodation coefficient respectively. For gases these 
coefficients are approximately 1.0. Along the fin surface and 
base plate tangential velocity and temperature are modified 
through Eqs. (13) & (14). Due to the geometrical symmetry, 
it is sufficient to analyze only half of the fin spacing. as 
shown in Fig. 3.The boundary conditions at right, left, bottom 
and top boundaries of the enclosure are given below, 
Along fin height: 10,0  XY  
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III. NUMERICAL SOLUTION 

In order to obtain a proper numerical solution for Eqs. 
(7-18) finite differences method is utilized. Vorticity 
transport and energy equation are discretized by the 
alternating direction implicit (ADI) scheme and a successive 
over relaxation method (SOR) is used to solve stream 
function equation. Convection terms in governing equation 
are approximated by first order upwind scheme. A fully 
implicit method is used for fin equation and the convection 
and radiation heat fluxes are computed by the temperature of 
the fin from previous time step through trapezoidal numerical 
integration. 
The solution procedure can be summarized as, 

1. Begin from initial conditions for velocities (zero 
everywhere) and temperature (zero everywhere except base 
plate) 

2. Solve fin equation to obtain temperature distribution 
along the fin which is the boundary condition for fluid energy 
equation. 

3. Solve vorticity transport and energy equation to acquire 
vorticity and temperature values everywhere. 

4.  Solve stream function equation to obtain velocities 
throughout the domain. 

5. Repeat the above procedure until the steady state 
solution is obtained. 

In this paper, for all the cases we use a 50×40 uniform grid 
size corresponding to x-and y-direction respectively. For the 
SOR method we use following convergence criterion, 
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IV. RESULT AND DISCUSSION 

Validation of current numerical solution is investigated by 
a comparison of numerical result and experimental data 
available in literature. Experimental data by J.S.Kim and 
B.K.Park and J.S.Lee [4] is illustrated and compared with 
numerical results in Fig. 4. In Fig. 4 the variation of average 
Nusselt number with Rayleigh number based on fin spacing 
is shown. There is a good agreement between numerical and 
experimental data and the average relative difference 
between two results is 6.9%. 
Rayleigh number based on fin spacing is defined by, 

Fig. 2 Radiation geometry 
 

Fig. 3 Computational domain 
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The average convective heat transfer coefficient (hc) is 
defined by following equations: 
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Where A is total heat transfer area including fin surface 

and TconvQ , is total convective heat transfer from heat sink.  

Average Nusselt number based on fin spacing is defined by, 
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 The result presented here are for a fin with thickness (tf) of 
40 µm and the length of fin array (L) is 10mm. All the 
surfaces are assumed to be gray and diffuse with emissivity 
of 0.7 and the thermal conductivity is 156W/m2K. Fluid 
properties are evaluated at film temperature Tf which is 
defined as below, 
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Where Tb is base plate temperature and the ambient 

temperature is 20 C . The thermal expansion coefficient (β) 
is calculated as 1/T∞.   

Ras

N
u

s

0.01 0.02

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

Exprimental Results of Kim et al.[9]
Numerical Results

  
Fig. 4 Comparison of numerical results with experimental data of 

Kim et al. [9] 

A. Case Study 

In this section we are going to investigate the case of a fin a
rray heat sink with geometrical and thermal conditions that 
are shown in Table. 1. 

 
Table. 1 Specifications of the problem  

Fin height 200µm 
Fin spacing 160 µm 

Base plate temperature 80 C  
 

In Fig. 5 stream function contours are drawn across the 
two-fin enclosure. An “up and down” flow pattern is 
observed. Cold air enters from the middle of enclosure while 
hot air rises near the fin. Also, isothermal lines are shown in 
Fig. 6 where the maximum temperature occurs at the fin 
surface and the temperature decreases monotonically by 

moving toward the middle of fin spacing. 
Vertical velocity profiles in various distances from the fin 

are depicted in Fig. 7. In vicinity of the fin, because of 
natural convection flow the vertical velocity is positive and 
close to the middle of enclosure the sign of vertical velocity 
changes due to down ward flow of cold air. The values of 
the vertical velocity peaks along the line y=s/2.   

Variation of horizontal velocity is shown in Fig. 8. The 
horizontal velocity is zero on the fin surface and along 
symmetry line and between these two locations it takes first 
negative and then positive values which are the sign of a 
counter clockwise circulation within the enclosure. This 
circulation takes the cold air from the middle of enclosure to 
the fin. 
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Fig. 5 Stream function contours 

Y

X

0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 
Fig. 6 Temperature contours 

 
Temperature profiles along vertical lines within the 

enclosure are shown in Fig. 9. The maximum temperature 
occurs on base plate and it reduces from base plate to top 
boundary. Also, the temperature of fluid close to fin surface is 
higher than the middle of enclosure due to natural convection 
heat transfer from the fin to surrounding fluid.  

Local Nusselt number along the fin for slip and no-slip 
boundary conditions is drawn in Fig. 10. By moving along fin 
surface from base plate to top boundary temperature gradient 
rises and consequently the local Nusselt number climbs and 
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peaks at fin tip. Using slip velocity and temperature jump 
boundary conditions decrease temperature gradient and local 
Nusselt number due to sharp jump in temperature near the fin. 
There is a remarkable difference between results that are 
obtained from slip flow consideration and those obtained 
from conventional no-slip flow. For example for this case the 
total convection heat transfer rate that acquired from slip 
flow is 2.4668mW when the total convection heat transfer 
that is obtained from continuum assumptions is 2.6411mW. 
The relative difference between these two values is 7% which 
cannot be neglected. This fact highlights the importance of 
micro dimensional effects in this problem that should be 
addressed properly 
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Fig. 7 Vertical velocity profile 
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Fig. 8 Horizontal velocity profile 

 
Variation of radiation heat flux along the fin is depicted in 

Fig. 11. The radiation heat transfer peaks at the top of the fin 
where it has minimum configuration factor from base plate 
and it receives less radiation from it. As fin spacing rises, 
there is more available surface for radiation exchange which 
is the reason for increase in values of radiation heat flux.  

In Fig. 12 variation of dimensionless radiation heat flux 
along base plate is presented. The maximum heat flux occurs 
at the beginning of the plate due to minimum configuration 
factor form fin surface and in the middle of the plate heat flux 
is approximately constant. 
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Fig. 9 Temperature profile 
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Fig. 10 Local Nusselt number along fin for slip and no-slip 

conditions 
 

B. Effect of fin height 

In order to study the effect of fin height on heat transfer 
from micro fin array heat sinks, we investigate the case of a 
fin array heat sink with fin spacing of 60µm and the base 

temperature of 100 C . The fin height is set to be 100,150 
and 200µm. 

In Fig. 13, vertical velocity along mid height of the fin for 
different fin heights is drawn. The value of vertical velocity 
reduces by increase in fin height due to lower temperature 
gradient within two-fin enclosure for bigger fin heights. 
Since the variation of fin height affects down and up flow 
equally, transition from up to down flow occurs remains 
unaffected.  

Variation of temperature along line y=S/4 for different fin 
height is depicted in Fig. 14. For higher fin heights there is 
more space for the fluid to circulate and this leads to more 
intense heat transfer and fluid flow and lower temperature. 

Details of effect of fin height on heat transfer are presented 
in Table. 2. Radiation exchange climbs with increase in fin 
height but convection heat transfer and total heat transfer is 
maximum for H=200µm and minimum for H=150µm. The 
ratio of radiation heat transfer to total heat transfer is more 
than 20% for all the cases. Thus, the radiation exchange 
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should be included in study of natural convection micro-fin 
heat sinks. 
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Fig. 11 Dimensionless radiation heat flux along fin height 
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Fig. 12 Dimensionless radiation heat flux along base plate 
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Fig. 13 Dimensionless vertical velocity along x=H/2  

 
 
 
 
 
 

 
 Table. 2 Heat transfer from micro fin arrays with different heights 
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Fig. 14 Dimensionless temperature along y=S/4  

 

V. CONCLUSION 

A numerical investigation was conducted on natural 
convection and radiation heat transfer from micro fin array 
heat sinks. Micro-dimensional effects were considered by 
using slip velocity and temperature jump boundary 
conditions on solid surfaces. It was shown that micro-
dimensional effects are too important to be neglected. In all the 
cases, an “up and down” flow pattern was observed.  Also, the 
effect of fin height was studied. It is observed that radiation 
contributes up to 22% of the total heat dissipation which is a 
significant effect that shouldn’t be excluded from the 
performance study of micro fin arrays.  
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Fin height 100 µm 150 µm 200 µm 
Convection 
heat transfer 
(mW) 

1.3616 1.3275 1.4547 

Radiation 
heat transfer 
(mW) 

0.3749 0.3856 0.3932 

Total  
heat transfer 
(mW) 

1.7365 1.7131 1.8479 

Radiation 
ratio (%) 

21.58 21.51 21.28 
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