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The Accuracy of Characteristic Length Method
on Failure Load Prediction of Composite Pinned
Joints

0. Aluko, and Q. Mazumder

Abstract— An analytical model was developed to investigate
the choice of failure criterion based on characteristic length
method for predicting composite joint strength. The available
experimental data for joint strength in literature were used to
determine the accuracy of analytically obtained results. The
analysis utilized six failure criteria, where it was shown that
among the failure criteria investigated no one gave a best fit for
all the three plates evaluated for strength, and the fit of
individual failure theories is variable from one type of material
to another. The results also showed that the accuracy of this
method can be improved by computing the average predicted
values of more than three failure criteria.

Index Terms— Characteristic length, Composite, Failure
Criteria, and Joint strength .

. INTRODUCTION

Adhesive bonding and mechanical bonding remain the two
most common methods of joint design. While an adhesive
joint offers the advantage of distributing the load over a larger
area than a mechanical joint, its use is very restrictive due to
its sensitivity to environmental conditions such as
temperature and humidity. Therefore, mechanical joints are
widely used as a reliable and practical method to assemble the
composite parts that constitute a mechanical structure; they
offer the advantage of assembly and disassembly for
accessibility and maintenance, and reliability at various
environmental conditions. However, a significant drawback
when using the mechanical joint is that it always requires joint
holes, which can be a source of stress concentration and
thereby weakens the intended strength for the structures.
Therefore, for the design of composite joints, stress and
failure analysis around the fastener hole should first be
conducted.

During the loading of mechanical joints, the laminate
deforms as the applied load increases and the contact surface
between the fastener and the plate changes. It should be noted
that despite the fact that the distributed stress around the
fastener hole could be accurately determined, the failure at
any point within the stress concentration region does not
necessarily lead to failure of the joints. The strength of the
structure will be underestimated if local failure is taken to be
the ultimate failure of the joint. It becomes a big task to
develop an analytic or computational method that can
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adequately model the complicated failure and structural
response to loading of composite joints. Because of the
complexity of the failure of composite joints coupled with the
intension to reduce the cost and materials wastage in practical
testing to failure, the analytical determination of bolted joint
strength has received the attention of many researchers
[1]-[16].

One of the most common and efficient methods of
predicting the strength is the characteristic length method.
This method was proposed by Whiney and Nuismer [1]-[3],
and it has been further developed by Chang et. al [4]. For this
improved method, both the characteristic lengths in tension,
R; and compression, R, must be determined by stress
analysis associated with the results of bearing and tensile tests
on notched and unnotched plates before employing an
appropriate failure theory along the characteristic curve, r. as
shown in Figure 1. By definition, the characteristic length (in
tension or compression) is the radial distance from the hole
boundary over which the plate must be critically stressed to
initiate a sufficient flaw that can cause failure.

Wang et al. [5] analytically determined failure strength of
composite joints in both circular and elliptical holes using
stress functions developed by Lehknitskii [6] and Tsai-Wu
failure criterion. However, only characteristic length in
tension was used around the hole boundary to evaluate the
failure load and mode of the composite joint. Whitworth et al.
[71, [8] utilized the characteristic curve developed by Chang
et. al [4] (which requires both the characteristic length in
tension and compression to be determined) along with
Yamada failure criterion to evaluate joint strength.

Kweon et al. [9] developed a new method for finding the
characteristic length in terms of arbitrarily applied loads, as
an alternative to the failure load of notched plate in tension
and bearing load of the plate when in compression. They
evaluated the joint strength along the characteristic curve
using Tsai-Wu failure criterion.

In spite of the significant effort that has been invested on
strength estimation of composite joints by various
investigators using characteristic length method, the choice of
an effective failure criterion in order to improve the accuracy
of the characteristic dimensions remains to be investigated.
For this paper, various failure criteria were utilized with the
characteristic length method to predict the strength of
composite joints with the objective to optimize the prediction
accuracy of the characteristic length method. A
two-dimensional analysis which utilized stress functions for
the computation of stresses at the hole boundary and within
the plate was employed. In this investigation of the effective
choice of failure criterion on the prediction accuracy of joint
strength, six selected failure criteria based on the previous
survey by Nahas [10] were utilized.
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method, the compressive characteristic length R as showed in
Fig. 2 for point stress criterion [1] is the distance from the
front hole-edge to a point where the local compressive stress
by the arbitrarily applied load is the same as the mean bearing
stress.

Il. CHARACTERICTIC LENGTHS METHOD

As stated earlier, one of the most common and
efficient methods of predicting joint strength is the
characteristic length method. This study utilized the
characteristic curve first proposed by Chang et al. [4], which
requires both the characteristics length in tension, R; and
compression, R.. These must be determined by stress analysis
associated with the results of no-bearing and tensile tests on
notched and unnotched plates before employing an
appropriate failure theory along the characteristic curve, r; as
shown in Fig. 1. This characteristic curve which can be i
expressed as: expressed as. . _
r.=d/2+ R+ (R, — R,)cosd () U=Upandv= 0 at8=%7/, 3)
atd =10 4
=T, (5)

The present study utilized an analytical technique
proposed by Aluko [12] to determine the compressive
characteristic length. The analysis involved the stress
functions that were computed from the displacement
expressions that satisfy the boundary conditions. The
semi-infinite plate in compression is as shown in Fig. 3.

The boundary conditions of this geometry can be

where x and y are equal to recos 6 and rsin 0 respectively. u=""¢andv=0 B
In this study, the plate (MO1) made from carbon-epoxy (i —ujcosf = vsing between— /5 =
unidirectional prepreg (USN125) and plain weave prepreg
(HPW193) [11] with stacking sequence
[£453/90/+45,/04/90/04//+45,/90/+455] was used. The
notation “+45” is used to represent a plane weave
carbon/epoxy layer and the lamina thicknesses of the
unidirectional and woven fabric layers are 0.125 mmand 0.19
mm respectively. The hole diameter (d) is 9.53 mm, the width
(W) of the plate is 26.8 mm, and the edge distance (e) is 19
mm. MO2 composite plate [9] was also utilized, having the
same stacking sequence as above. The unidirectional layers
are from the USN125 graphite/epoxy prepreg by Hankook
Fiber Glass. The DMS2288 graphite/epoxy woven fabrics are

g
where u and v are the displacements along x and y axes
respectively.
Therefore, the displacements u and v along the hole can be
expressed by the following trigonometric series,
U= uyc0528 + u,cosdd (6)
v = 1 sin2f + v, sindd (7
where u; Uy, v; and v, are the unknowns to determine from
boundary conditions.
The condition of at free surface where x equal zero is:
g, = 0 and Ty =0 )
Substituting (6) and (7) into (3), (4) and (5), we have

by Sunkyong. The one-ply-thicknesses of the unidirectional
and woven fabric layers are 0.114 mm and 0.198 mm,

respectively. Other geometries of these two plates are the Propertie Type of Material
same. Additionally, AS4/3501-6 graphite/epoxy laminate s USN 125 | HPW 193 | DMS | AS43501-6
having the stacking sequence [(45/0/-45/0/90/0/45/0/-45/0),]s 2288
with geometry of diameter (d), thickness (h), ratio of end E, (GPa) 131 65.4 65 14414
distance to hole diameter (e/d) equal to 0.635 cm, 0.584 cm E, (GPa) 8.2 65.4 65 11.72
and 2_, respectlv_ely was also used_ln this ana|ys_|s [7_]. The Gy, (GPa) 4.5 3.59 3.6 6.69
matt)(larl?l properties of the three laminates are as given in o 0281 0058 0.05 0.33
Table I.
. - 8
a) Compressive characteristic length X, (MPa) 1400 692.9 692, 1480
This analytical method employs the new approach 9
proposed by Kweon et al. [9], without bearing tests to X (MPa) 2000 959.1 959 1860
evaluate characteristic length in compression. This method Y. (MPa) 130 692.9 692. 210
utilizes any arbitrary load to compute the mean bearing stress, 9
defined by: ) Y:(MPa) 61 959.1 959 50
G = (2) S1, (MPa) 70 64.9 65 60

where, P, d and h are the arbitrary loads, diameter
of hole and laminate thickness respectively. Within the
context of this

=3

fe

Characteristic
curve

Fig. 1. Schematic diagram for characteristic curve
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Table 1. The material properties of composite materials

Pm

Re

Fig. 2. Schematic diagram of the compressive characteristic
length and normal stress distribution pattern
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Fig. 3. Schematic representation of compressive loading

e —1uy,, o o+ 1y,

My = np U2 =V = {5 e and vy, =
o+ 1, ,
f2e

€)

The stress functions that satisfy the above displacement
boundary conditions are [6]:

04(z,) = Alngy + (/3 p)l(usgs — vaw el + (u2q, -
iv2p2) ¢1°]

(10)
04(z;) = Blngy + (1/, )[(2ag, — tv: 20677 + (2,9, —
2Pl 627l

(11)

However, the stresses in rectangular co-ordinate can be
expressed as:

7, = 2Refp, %0, (z,)
5\.- eu.'_'l [ f
Further the stresses in polar co-ordinates can be obtained by
stress transformations.

In this model, frictionless condition is assumed between the
pin and plate, Therefore, constant u, and ¢ can be obtained
from:

=0 atf=+m/2

(12)

(13)
(14)

b) Tensile characteristic length

Joints evaluation by the characteristic length method
also requires the determination of tensile characteristic length.
This involves the tensile test of notched (o, and unnotched
(oyn) laminate, as the strength values for the notched and
unnotched laminates in tension must be known a priori. Fig. 4
shows the stress distribution of an infinite plate with a
through-to-thickness hole subjected to distributed tensile
loads per unit area, P at infinity. The tensile stress would be
highest at the side edges of the hole, and decreases further
away from the side edges of the hole as shown in Fig. 4.

In this analysis, the idea proposed by Konish and
Whitney [13] for the approximate solution to the normal
stress distribution oy (X,0) in an infinite orthotropic plate with
an open hole loaded in tension would be utilized. This
solution can be expressed aS'

i VY —f*

r||

: (57 —7E7F) (15)
where the stress concentration factor K”r and F are expressed
by the following:

oA — Ay + 2ty (16)

(17)

B =1+ -,

=
v =
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Tensile stress
distribution

"1

Tenstle strength

Fig. 4. Schematic diagram of the tensile characteristic length
and stress distribution pattern

where Aj;, i,j = 1,2,6 denote the effective laminate in-plane
stiffness with 1 and 2 parallel and perpendicular to the loading
direction respectively.

The point stress criterion [2] can be applied to (15)
to compute the tensile characteristic length at which failure
analysis of the joint should be evaluated. The criterion defines
the tensile characteristic length as the distance from the
side-edge of the hole to a point where the tensile stress is the
same as the strength of unnotched laminate. This can be
expressed as:
oelx, 00 =0y,
where,
x=r+Ry P=g,, (19)
The crrterron assumes that the stress at infinity that determines
the characteristic length defines the strength of the notched
laminate. Substituting (17) and (18) into (15), the ratio of
unnotched to notched strength is obtained as:

:_ 14> i.'—:_'__i.'— "'_'..._f:—c-_ ll_g_-—E (20)

The value of tensrle characteristic length can be determined if
the data for tensile notched and unnotched laminate strength
are known. The experimental values of notched and
unnotched strength as obtained in the literature and the
calculated values of both compressive and tensile
characteristic length are shown in Table II.

(18)

I11. JOINT STRENGTH AND FAILURE ANALYSIS

The present approach utilized an analytical
technique that considers the orthotropic plate loaded with a
force P by a rigid and frictionless pin (as shown in Fig. 5) to
be homogeneous and infinite. In addition, the pin has the same
diameter as the circular hole in the plate. Let the displacement
of the plate due to pin load along x axis and at the ends of
contact boundary be ¢, and c, respectively. Therefore, the
boundary conditions of the geometry shown in Fig. 5 can be
expressed as follows:
w=r, andvr=20

(21)

atd=10

Table Il: Characteristic length and strength data for the plates

Plate R¢, m R, m Notched Unnotched

strength, strength, MPa

MPa
MO1 0.00132 | 0.004296 | 703.69 880.00
MO?2 0.00347 | 0.006850 | 793.00 874.00
AS43501- 0.00125 | 0.000845 | 376.00 695.00
6
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at g = Im .. .|:__-q

u=cyandv=20

(22)
€, = u + vtand (23)
where u and v are the displacements along x and y axes
respectively.

The condition for no contact surface can be expressed as:

g =10 (24)
Teg = 0 (25)
Using (6) and (7) to satisfy the above displacement boundary
conditions, we calculated the unknown u; and v; to be:

uy = om0y 0, (o ey, (262)
(26Db)
The stress functions that satisfy the above displacement

boundary conditions are [6] )
By(=) = Alngy +( (1/ 4.—~I ((c,— g —i{3co+opo el +

-c +c| (3¢ .,+c|
= f2 andwy, ="

l\-._c: +cyg.—ilc, + |'.'__I3.J_f| vy ']

(27a)
B4(z,) = Blng, — {1_.-"45]]:-:_'{: —cy)gy—i(3co+.p, 0T —
|"- Eg+cyigy— e, + c:fl;:'e_:l |
(27b)
The stresses in rectangular co-ordinates can be expressed as
[6]:
.-_- = _R.E'< |.|. |:| '.:. | + ' |.|. ":_.E::L'} (28&)
|__"._"|' = _RE“___I.I._D_'._{.__I +_u_':|:':_.£-.:?|} (28b)
_'|' = _RE‘H:' "..:. ‘I + |:| "..:. ‘l} (280)
= II D Jo s ||u. u + L u u + i u u. _|:R:'-_-':F JI.I._I.I._I._I._I._I.__J
- J 22
|‘-'.__|.|.-'_ __I.I.:_I'.__I.I.-'_ __|.|._'_||___|.|.-'_ - _|.|.:_|J
_ (29)
B= (P/ ) (iafiy+ paity +itaily — %12/ Joegpniigfiz)/
e - o . o = = .
(e — Eohotg — gy g — 347
(30)
where bar implies conjugate and
P1=Gyylly” + 0 cand P, = @y, + 6y (31)
Gy = f"__. 1 L+ “.-':.'.', andg; = f‘ i+ Iﬁ:::‘:.'.'- (32)
6= lzp _-.z;:-.—!.Lk*'—*'I r—iur) k=12 (33)

with aj;, i,j =1,2,6 are the compliances, and x4 and x, are the

roots of characteristics equation for orthotropic plate defined

by:

ﬂii.‘:"; + 12 1+ IP.:u:-'“' +y; =0

where 1 and 2 are parallel and transverse to the loading

direction, respectively, and r is the radius of the hole.
The stresses in polar co-ordinates are given by the

expressions:

(34)

X
Fig. 5. Schematic representation of composite joint
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=

.~ = 2Re{(sind — uycosd ) °0,(z,) + (5ind — g, cosd) " 0,(2,)1
vg = 2Re{(sind — u,cosd)(cosd + pysind )@, (=, + (singd —
cos8 i {cosd + uLsind 1 0,(z,01

= C

) ~(39)

gg = 2Ref(nsind + cosd )"0, (=) + (1,50 + cosd ) 0,0z,))
The prime implies the derivative of the stress functions.
The parameters ¢, and c¢; can be determined from material
properties of the plate and the condition of traction at the hole
boundary. The traction for the case frictionless condition can
be expressed as:

Tg=10 atéd=mn/2 (36)
|-£_.T-:;‘."'L'fﬂ =0 (37)

C:E E":""‘+r'".|.|:'+ Ziml— 10w 2/ -'1-|'|lr '._E+1E‘."3.

E« = ‘_|_ =+ nl -" _ 1"-'1-. |_ ll:l'l ___I + 1 |'—? + _:?l‘l
(38a)

o :—.‘ L1 _1|:' 1in) —1%9n+ 10v,/dhm( ,.'-. S+ 13n+

Fn ]l .‘]_ ﬁ1-+-11| T— 13,0 — 1000 + vea{—Tn + 5v.4))
(38b)

Parameters k, n and g are materials constant of the plate
expressed as:
(E.,/E%2

T
ST g
= —lils =1

n= —il; + i) = [2(k — vy ) + E /Gy5] 712
g=01-vivy WE; + K/Gyy (40)
The stress results computed from above analytical
method along the characteristic curve (shown in Fig. 1) were
used in failure analysis to predict the joint strength for first ply
failure. Inan attempt to increase the accuracy of joint strength
prediction by characteristic length method, six failure criteria
based on the previous survey by Nahas [10] were used in
conjunction with characteristic dimensions for the evaluation.
In his survey, Nahas referenced the previous study by Burk
[15] stating that Azzi-Tsai and Tsai-Wu are among the four
most commonly used failure criteria. Nahas also referenced
the work of Owen and Rice [16] that asserts Fischer theory
provides the best overall fit for static test results. The various
failure criteria utilized in this analysis include the following
[10]:

Yamada-Sun:| -:

Azzi-Tsai:|

Fisher —

Tsai-Wu

Fogy + Fyy + Fy 00 + Fop 03 + Fyytiy + 2o, = 1

(44)
(45)

Norris-Mckinnon:(Z)" + (£]" + (Z2)" = 1 (46)

Where o; and o, are longitudinal stresses and 11, IS
shear stress, X and Y are the ply longitudinal strength and S
the ply shear strength. In this model, failure is expected to
occur when the above equations are met. The computer code
used to test for the condition of failure was written in
Mathematica.

The concept of finite-width correction factor
developed by Tan [14] was utilized to correct the infinite
assumption of the plate. By definition, finite-width correction
factor (FWC) is a scale factor which is applied to multiply the
notched infinite plate solution to obtain the notched
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finite-plate result based on the assumption that the normal
stress profile for a finite plate is identical to that for an infinite
except for a FWC factor. This correction factor is given by the
relationship:
B0 =0y (47)
K+/K+” is the FWC factor and Ky and K+ denote the stress
concentration at the opening edge on the axis normal to the
applied load for a finite plate and an infinite plate,
respectively. The parameters oy and z;;are the failure strength
of finite-width and infinite plates, respectively. This factor is
expressed by the relationship [14]:

N :_-:_.- - -:_.- &7 i H H-_E ) :_..E.-

: z 2
where r is the radius of the hole and w defines the width of the
plate.

IV. RESULTS AND DISCUSSION

The failure loads computed from the above analysis with
failure criteria and their percentage differences with the
experimentally obtained value for three different composite
plates are shown in Table I1I. It can be seen from this table
that no criterion provided the best fit for all the plate
evaluated, and the fit of individual failure theories is variable
from one type of material to another. Documented in Fig. 6 is
the predicted load for MO1 plate as compared with
experimental value. Due to variability in material properties,
the experimental value for this plate [11] varies between 11.3
and 13.0 kN, which can be approximated to +7.13% over the
mean value. It can be depicted from this figure that all the
predictions except Tsai-Wu which over estimated the strength
are suitable for this plate.

Keweon et al. [9] showed that seven specimens were
tested for plate MO2 and the computed coefficient of
variation (defined as standard deviation over the mean failure
load) was equal to 6.1 percent. Even though the range for the
experimental failure load cannot be computed from the
coefficient of variation, it is evident from Fig. 7 that Fisher
criterion is not an adequate predictor of strength. Therefore,
the conclusion reached by Owen and Rice [16] that the Fisher
theory provides the best overall fit for static tests results does
not apply to all plates, as shown in this figure. Fisher theory
severely underestimated the failure strength for MO2 plate.
For AS43501-6 plate, no information with regard to material
variability was given. Notwithstanding, all the various criteria
employed in this study appear to be adequate for the plate as
documented in Fig. 8, with Fisher criterion yielding the best
prediction. It should be noted that while Tsai-Wu failure
theory over estimates the failure strength for all the three
plates evaluated, the calculated average values of each
prediction give a better fit for all the plates.

V. CONCLUSION

Stress analysis was performed to predict failure
strength of pin loaded composite joints using the six failure
criteria and on Chang-Scott-Springer characteristic curve
model. The characteristic length in compression and tension
that defines the characteristic curve was obtained by stress
analysis associated with no bearing test and tensile test on
laminate with and without a hole. The available experimental
data in literature for different laminated composites were used
to evaluate the joints strength. The agreement between
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Table I1I: Predicted loads and the percentage difference
between experimental values
Failure | MO1 | MO2 | AS435 | MO1 | MO2 | As43
criteria (KN) (kN) | 01-6 (%) (%) 501-6
(kN) (%)
Experi- | 12.07 | 9.76 | 11.87 | - - -
ment
Yamada | 11.40 | 10.40 | 1420 | -5.94 | 6.14 | 16.38
-Sun
Azzi-Ts | 11.14 | 937 | 1393 | -835 | -4.18 | 14.76
ai
Norrs- 1114 | 950 | 13.93 | -835 | -2.77 | 14.76
Mckinn
on
Norris 1131 | 786 | 1296 | -6.73 | -24.1 | 8.40
0
Fisher 1140 | 6.92 | 11.89 | -5.92 | -41.0 | 0.20
6
Tsai-W | 1452 | 12.33 | 16.44 | 16.85 | 20.86 | 27.80
u
Average | 11.81 | 9.40 13.89 -2.15 3.86 14.53
Failure
Load (kM)
16.000 -
14.000 -
12.000 -
10.000 -
2.000 -
6.000 -
4.000 -
2.000 -
0.000 -
5 o Ll 5 A 3 2
F g & & & & B
Q*"\& S & @‘*\o WE g
¥ AF 06‘;
-

Fig. 6: Failure predictions for MOL1 Plate,
[£453/90/+45,/04/90/04//+45,/90/+45;]

Failure
Load (kM)
14.000
12.000
10.000
8.000
6.000
4.000
2.000
0.000

Fig.7: Failure predictions for MO2 plate,
[£453/90/£45,/04/90/0,//+45,/90/+45,]

experimental bearing strength for three different laminated
composite plates evaluated and the analytically obtained joint
strength by characteristic length method for each depends on
the choice of failure criterion.
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18.000 -+
16.000 -
14.000 -
12.000 -
10.000 -

Failure
Load (kM)

8.000 -
6.000 -
4.000 -
2.000 -
0.000 -

Fig. 8: Failure predictions for AS43501-6 Plate,
[(45/0/-45/0/90/0/45/0/-45/0),]s

There is no single failure criterion provided the best fit for all
the plates evaluated; the average value of the predicted results
from the six failure criteria investigated showed close
agreement. Therefore, in order to optimize the accuracy of
characteristic length method for joint strength prediction,
three or more failure theories must be employed and an
average calculated.
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