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Abstract—An iteration process is introduced and
a necesary and sufficient condition is given to ap-
proximate common fixed points of two finite families
of continuous pseudocontractive mappings defined on
a nonempty closed convex subset of a real Banach
space. Also, strong and weak convergence theorems
for two finite families of strictly pseudocontractive
mappings of Browder-Petryshyn type are obtained.
The results presented extend and improve the corre-
sponding results in literature.
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1 Introduction and preliminaries

Let E be a real Banach space and J denote the nor-
malized duality mapping from E into 2Z° given by, for
Ve e F,

(@) ={f € B":(a, f) = [l £, 1=l =[£I}

where E* denotes the dual space of E and (-, -) the gener-
alized duality pairing. If E* is strictly convex, then J is
single-valued. In the sequel, we denote the single-valued
duality mapping by 7, the set of fixed points of a mapping
Tby F(T)={x € E: Tx = x}, the identity mapping by
I and the set of natural numbers by N.

Definition 1 [2, 7] (i) A mapping T with domain D (T)
and range R (T) in E is called strongly pseudocontrac-
tive, if for all x,y € D(T), there exists k € (0,1) and
j(x—y) e J(x—y) such that
(Tw =Ty, j (@ —y)) <klz—y|. (1)
If k=1, then T is called pseudocontractive.
(#3) A mapping T with domain D (T') and range R (T) in
FE is called strictly pseudocontractive in the terminology
of Browder-Petryshyn, if there exists k € [0,1) such that
(Tz —Ty,j(z—y))
2 2
< lle—yll” =kl —y) - Tz -Ty)|" (2)
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for all z,y € D(T) and some j(x —y) € J (v —y). It is
well known that is equivalent to the following:

(I-T)x—(I-T)y, j(z—y))
> k|(I-T)x—(I-T)y|* (3)

for all k €10,1) and all z,y € D(T).

From the above definitions, every strictly pseudocontrac-
tive in the terminology of Browder-Petryshyn is a pseudo-
contractive mapping. However, the converse is not true,
in general [12]. It is easy to see that every strictly pseu-
docontractive map is Lipschitzian and continuous.

The class of strictly pseudocontractive mappings has been
studied by several authors (see for example, [1, 5, 7, 9,
10, 11, 12]). In 2007, G. Marino and H.K. Xu [8] stud-
ied Mann’s process for fixed points of strict pseudocon-
tractions in Hilbert space, and proved weak convergence
theorem.

In 2001, H.K. Xu and R.G. Ori [13] introduced the fol-
lowing implicit iteration process for common fixed points

. . . . N .
of a finite family of nonexpansive mappings {7;};_; in
Hilbert spaces:

Ty = QpTp—1 + (1 - O‘n) Thrn, n €N (4)

where T, = T}, modn, and proved weak convergence the-
orems. Osilike [9] extended the results of Xu and Ori
[13] from the class of nonexpansive mappings to the more
general class of strictly pseudocontractive mappings and
proved some strong and weak convergence theorems. Af-
terwards, Chen et al.[4] further extended the results of
Osilike [9] from Hilbert spaces to Banach spaces. They
investigated the process (4) for common fixed points of
a finite family of continuous pseudocontractive mappings
{Tz}fil in Banach spaces through weak and strong con-
vergence theorems.

Recently, Z. Li, S. He and J. Zhao [6] introduced the
following iteration process:

Tp = Qplp_1 + ﬁnTnxn—l + ’YnTn-/En7 neN (5)
where T,, = T, modn, for common fixed points of a finite

family of strictly pseudocontractive mappings {7, l}f\il in
Banach spaces, and they proved some weak and strong
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convergence theorems. They extended a strong conver-
gence theorem (Theorem 2.5 [4]) using semicompactness
of one of the mappings and the weak convergence theo-
rem (Theorem 2.6 [4]). Their process constitutes a gen-
eralization of (4) if 5, = 0. However, they use an extra
condition Y7 | 8, < 4+oc on thier way to generalize the
above mentioned two reults of [4]. All other theorems
of [4] were left unattended as they involved continuous
pseudocontractive mappings.

Now, we introduce the following iteration process for two
finite families of continuous pseudocontractive mappings
{Ti}?]:17 {Si}fv:l as follows:

Tn = QpTp—1 + ﬁnsnxn + 'YnTnxnv ne N) (6)

n modN, IN € N. Note
S, = I or

where T,, = T}, moan and S, =
that (6) reduces to (4) when S, = T, or
T, =1foralln=1,2,...,N.

This process is well-defined. In fact, let K be a nonempty
convex subset of £ and T and S two continuous pseu-
docontractive mappings. For every u € K, define an
operator W : K — K by Wz = au + Sz + Tz,
a,B,7 € (0,1). Then it is easy to show that Vz,y € K,
3j (x —y) € J (z —y) such that (Wa — Wy, j(z—y)) <
(1 —a)|lz —y|*. Thus W is strongly pseudocontractive.
Since W is also continuous, so W has unique fixed point
x* € K (see [4]), ie., z* = au + Sz* + yTa*. Let
{Ti}fvzl and {Si}fil be two finite families of continuous
pseudocontractive self-mappings of K. Thus, if a,, > 0,
the implicit iteration process (6) can be employed for the
approximation of common fixed points of two finite fam-
ilies of continuous pseudocontractive mappings.

In this paper, by using iteration process (6), we not only
extend the results of [4] (Lemma 2.1 and Theorem 2.3)
left over by Li et al. [6] but also further extend the results
of [6] to the case of two families of mappings. Our results
also show that the condition ZZ,O=1 Bn < 400 used by Li
et al. [6] is superfluous. The results of [1, 2, 3] will also
be extended and improved,in turn.

Recall the following definitions. Let K be a closed sub-
set of a real Banach space F. A mapping T : K — K
is said to be semicompact, if for any bounded sequence
{z,,} in K such that ||z, — Tz,| — 0 (n — 00), there ex-
ists a subsequence {z,,} C {x,} and some z* € K such
that z,, — 2* (i — 00). A Banach space F is said to
satisfy Opial’s condition, if whenever {x,} is a sequence
in E which converges weakly to x, as n — oo, then
limsup,, o ||zn — | < limsup,,_, . ||zn —yll, Yy € E,
y # x. A Banach space E is said to be g-uniformly
smooth (¢ > 1), if exists a constant ¢ > 0, such that
pE (t) < ct?, where pg (t) is modulus of smoothness of E

defined by

} t>0.
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Iz +yll+llz —yl) —1:
[zl =1, llyll =t

N

-

Theorem 1[11] Let E be a real g-uniformly smooth Ba-
nach space which is also uniformly convexr. Let K be a
nonempty closed convex subset of E and T : K — K a
strictly pseudocontractive mapping in the terminology of
Browder-Petryshyn. Then (I —T) is demiclosed at zero,
i.e., {xn} C D(T) such that {x,} converges weakly to
x € D(T) and {(I = T)x,} converges strongly to 0, then
z—Tz=0.

Lemma 1 If J : E — 28" is a normalized duality
mapping, then for all z,y € E, |z+y|*> < |z|* +
2(y,j (x+y)), Vil +y) € J(z+y).

2 Main results

In all the results to follow, we will not use the condition
oo B < +oo.

Lemma 2 Let E be a real Banach space and let K be a
nonempty closed convex subset of E. Let T;,S; : K — K,
i =1,2,...., N be two finite families of continuous pseu-
docontractive mappings such that F = (N, F (T;)) N
(mzNle (Sl)) 7é @, and {an}zo:17{ﬂn};o:1’{7n}zozl be
three real sequences in (0,1) satisfying «, + Bn +
Yo = 1. Let zy € K and let {x,} be defined by
(6). Then (i) limp_oo ||z —pl| exists for all p €
F, (it) lim,—ood(zpn, F) exists, where d(x,,F) =
inf,ep ||z, — p|.

Proof. (i) Letp € F,Vn € N, 3j (x, —p) € J (x,, —p). It

follows from the definition a pseudocontractive mapping
that

zn *p”Q < ap{Tn-1—p,j(¥n —p))
+B8n (Snn — p,j (Tn — D))
Y (Tnn — p, j (20 — D))
< apllen-1 —pllllzn — o

+(1—an) e, —pl
Since a;, > 0 for all n € N, then we have
#n = pll < [lon-1 —p|l- (7)
Hence lim,, o ||2n — p|| exists for each p € F.

(74) Taking infimum over all p € F in (7), we have
d(zn, F) <d(zp_1, F) so that lim,, o d (x,, F) exists.

Theorem 2 Let E, K, T;, S;, F, {an}, 1, {Bu}trey
{w}2, and {x,} be as in Lemma 2. Then {z,}
converges strongly to a point of F if and only if
liminf, o d(z,, F) = 0.

Proof. ~ The necessity is obvious.  For sufficiency,
let liminf, ,ood(zn,F) = 0. Then from (i) in
Lemma 2, lim, .o d(x,, F) = 0. From (7), we have

[Zntm = Znll < Tngm —pll + 20 — 2l < 2[l20 —pl,
Vp € F. Thus ||@n4m — 2nl| < 2d (2, F) — 0 (n — o0).
Therefore {x,} is Cauchy sequence. Since E is complete,
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{x,} is convergent. Suppose lim, o, 2, = ¢. Since K
is closed, we get ¢ € K. Now, we prove that ¢ € F.
Since limy, o0 5, = ¢ and lim,, o0 d (25, F) = 0, we have
d(q,F)=0. Thus q € F.

Remark 1 Theorem 2 gives a necesary and sufficient
condition to approximate common fixed points of two fi-
nite families of continuous pseudocontractive mappings.
It is also an extension of Theorem 2.3 of [4] obtained
by putting S, = T, or S, = I or T, = I for all
n=12..,N.

The following is an extension of Corollary 2.4 of [4] and
Corollary 2.1 of [6] to the case of two finite families of
mappings and without using > > | 3, < +oo.
Corollary 1 Let E, K, T;, S;, F, {an};ozl, {Bn}zo:l,
{m}r—y and {z,} be as in Lemma 2. Then {z,} con-
verges strongly to a common fixed point of the mappings
{Tz}f\f:1 and {Si}fil if and only if {x,} has a subse-
quence which converges to some q € F.

We now prove some strong and weak convergence theo-
rems for two finite families of strictly pseudocontractive
mappings of Browder-Petryshyn type.

Theorem 3 Let E be a real Banach space and let K be a
nonempty closed convex subset of E. Let T;, S; : K — K,
i = 1,2,...,N be two finite families of strictly pseu-
docontractive mappings in the terminology of Browder-
Peryshyn such that F = (NN, F (T;)) N (N, F (S)) # 0.
Let {an}o 1 ABntoey A}y be three real sequences
in (0,1) satisfying an+PBn+yn =1, 0 < a < ay, B, ¥n <

b < 1 where a,b are some constants. Let xqg € K and let
{zn} be defined by (6). Then, for VI =1,2,..,N

lim |z, — Tix,|| = lim |a, — Siz,| = 0.

n—00 n—oo
Proof. Since T;,S; : K — K, i =1,2,...,N are strictly
pseudocontractive mappings, Vo,y € K, 3 j(z —y) €

J(z —y) and k = mini<;,<n {k;} € [0,1) such that

(I-T)x—-(I-T)y,j(z—y))
> k|(I-T)e—(I-T)yl” (8)

and

(I =Si)x—(I—Si)y,j(x—y))
> k(I -S)x—(I-S)yl. 9)

From (6), it follows that

Tp — Tp—1 < & (Snxn xn)
(e70)
In
+— (Thxn — p) (10)
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and

- D))

== a7n <Snxn — Tn,] (zn 7p)>

7711 .
+— <Tn-7;n — Tn,J (xn _p)> .

n

<xn —Tp-1,] (xn

(11)

Now from (8) — (11), Vp € F, ¥n € N, Jj(z, —p) €
J (zn, — p) such that

2Bk

Qp

2 2 2
lzn — pll < zpor —pll” — |20 — Snznll

29k

B n
(12) and the conditions 0 < a <
2§nk ln — Sn$n||2 +
D i — Tnl* < flanos = pl* — flam —pl[*. Since
lim,, o0 ||2n — p|| exists, and 0 < a < ap, Bnyyn < b < 1

imply ¢ < g—" and § < Bn therefore we have

ap’

20 — Tinl? .

(12)

Thus,
s By e < b < 1, we obtain

from

n

lim ||z, — Span| = 0,

lim ||, — Thzn] = O. (13)
It now follows from (6) that lim, . ||2n — zn—1|| = 0.
Thus, for any ¢ = 1,2,..., N, lim,, e |2 — Zpni4]| = 0.

Since every strictly pseudocontractive mapping is

Lipschitzian, if we choose L = maxi<;<ny{Li},
then  [lzn — Thoqizn| < (L4 L) [|znss — zall +
| #n+i — Tntinill - 0 (n —o00) and
lim, oo |@n — Thtiznl = 0, Vi = 1,2,..,N. Be-
cause T,, = T}, moan, for any [ =1,2,.... N,

lim |z, — Tja,|| = 0. (14)
Similarly,

lim ||z, — Siz,| = 0. (15)

Theorem 4 Let E, K, T;, S;, F, {an}o—1, {Bntoe

n=1’
{w},2, and {z,} be as in Theorem 2. Suppose one
of the mappings in {Tz}fil and {Si}ilil is semicompact.
Then {x,} converges strongly to a common fized point of
N N
{Ti}izy and {Si};2,.

Proof. By Lemma 2 lim,,_, ||z, — p|| exists for each
p € F. From the semicompactness of 7T; and Sj,
there exists a subsequence {z,,} of {z,} such that
{xnj} converges strongly to a ¢ € K.
ing (14) and (15), we have limj_ona:nj —TgxnjH =
lg — Tugll = 0 and lim; oo ||z, — Sin, || = [lg — Siqll =
0, for all [ = 1,2,...,N. This implies that ¢ € F.
Since limy, o ||zn — ¢|| exists,therefore we obtain that
lim, oo xn =q € F.

By us-

Remark 2 Theorem 2 an extension of the Theorem 2.1
of [6] to the case of two families of mappings and without
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using Z;:O:l B, < +o0o. Moreover, letting S, = T, or
Sn=1o0orT, =1 forall n =1,2,....,N in the proof of
Theorem 2, we obtain Theorem 2.5 of [4].

We now turn our attention to weak convergence theo-
rems.

Theorem 5 Let E be a real g-uniformly smooth Ba-
nach space which is also uniformly convex and satisfies
Opial’s condition. Let K be a nonempty closed convex
subset of E and T;,S; : K — K, i = 1,2,.... N, be
two strictly pseudocontractive mappings in the terminol-
ogy of Browder-Peryshyn such that F' = (ﬂi]\ilF (E)) N
(VL F(S) # 0. Let {an}yZy ABn}nly A}z, be
three real sequences in (0, 1) satisfying a, + Bn +yn = 1,
0<a<an,fBnym <b<1where a,b are some constants.
Let xg € K and let {x,} be defined by (6). Then {x,}
converges weakly to a common fixed point of the mappings

(T}, and {Si}Y,.

Proof.  From (i) in the Lemma 2, we know that
lim,, o0 ||2n — p|| exists. Thus {z,} is bounded. Since
E is uniformly convex, {x,} has a subsequence {z,, }
which converges weakly to some ¢ € K, and hence
limy, o0 ||xnk - ,Tl‘rnk” = lim, . ||Ink - Slxnk” =0
by Theorem 2. It now follows from Theorem 1 that
g€ F(T}) and ¢ € F(S;) for all | = 1,2,...,N. Hence
g € F. We will show that {z,,} converges weakly to g.
Suppose that {z,} does not converge weakly to ¢, then
there exists another subsequence {xnj} of {x, } which is
weakly convergent to some g # z*, * € K. We can also
prove in the same manner as above that z* € F'. Because
FE satisfies Opial’s condition, we get a contradiction.Thus
{x} converges weakly to ¢ € F.

Remark 3 Theerem 2 an extension of the Theorem 2.2 of
[6] to the case of two families of mappings and without
using fo:l B, < +o0o. Moreover, letting S, = T, or
Son=1o0orT, =1 forall n =1,2,....,N in the proof of
Theorem 2, we obtain Theorem 2.6 of [4].
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