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Abstract—The measure 7 (P:Q;U)=(a-1) log———— s
Zu’p’

additive. In this paper the measure is find out, which are

non-additive and satisfy the non-additive property by

considering two probability distributions and two utility

distributions attached with them. It is further shown that the

characterize a non-additive generalized measure of relative

useful information by using weighted sum property and two
measures of J-divergence for U and V utility distributions.

Index Terms—Divergence measures; Relative information of
type s; Relative J-divergence, Properties Of JP.

[. INTRODUCTION

The divergence measure is applied on numerous areas like
probability measure, pattern recognition, signal processing,
economics etc. These measures are normally used to find
proper distance or difference between two probability
distribution. These measures can be categorized as
parametric, non-parametric and entropy-type measures of
information. Parametric measures: These type of
information, measure the amount of information about an
unknown parameter o supplied by the data and are functions
of a. The best known measure of this type is measure of
information [1].

Non-parametric measures: These type of information, give
the amount of information supplied by the data for
discriminating in favor of one of a probability distribution
against the another , or for measuring the distance or affinity
between probability distribution. Kullback and Leibler [3]
showed that this measure is the best known in this class.
Entropy-type Measures: These type of information express
the amount of information contained in a distribution, that is,
the amount of uncertainty associated with the outcome of an
experiment.

New divergence measures and their relationships with the
well known divergence measures are also studied by Kumar,
Chhina [14], Kumar, Hunter [13] and Kumar, Johnson [15].
J-divergence equals the average of the two possible
KL-distances between two probability distributions, although
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Jeffreys [2] did not develop it to symmetries the Kullback
and Leibler [3] distance. Kumar and Taneja [16] discussed
non-symmetric relative J-divergence measure and its
properties.

Let P = (p1, p2 --» Pn), 0 <p;i £ 1, ipl. =1be a
i=1
finite probability distribution of set of ‘n’ events E = (E;, E,,
> Ep)and Q = (q1, q2, -+, qn), 0<qi <1, fq,- =1 be the
i=1

revised probability distribution of set of ‘n’ set events F = (F,
Fa, ..., Fh).

Then Kullback and Leibler [3] in measures of directed
divergence defined as

i=1
Belis, Guiasu [6] have attached a utility distribution

U = (U, Uy, ..., Uy) to random experiment
E = (E,, E,, ..., E;) where U; > 0 is the utility of the ith
outcome E;.

Bhaker, Hooda [12] characterized the following measure of
‘useful’ directed divergence or related information as

2u,plog(p,/q,)
I(P:Q;U)="——
2u,p,
i=1

when V = (v, v,, ..., vy) is the utility distribution
function of events F = (f}, f3, ..., f,) of revised experiments of
E. Then we define another new useful information measure
as

2u,p log(pu,/qy,)
I(P:Q;U;V) =4

n
Lup,
i=1

when u; =v; then (1.3)—> (1.2)

Bhaker, Hooda [12] also studied generalized mean

value characterization of the following measure of ‘useful’
relative information of order a.

Zuipiaqilfa)

u

1,(P:Q;U)=(a-1)"log
ipi
The measure (1.4) is also additive. So it is
interesting to find out the measure, which are non-additive
and satisfy the non-additivity property of the following form.
IP*R:Q*S;U*V)
=IP:Q;U)+IR;S;V)+ KI(P;Q;U) I(R;S; V)

Where P, Q € A, R, S € A, U and V are utility
distributions and k ( 0) is any real number.
Now we define the ‘useful’ relative information of order ‘o’
as
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Xup (/g ")
og— -+~ =

1(P:Q;U:V)=(a-1)"1
Xup,
The measure (1.6) is also additive.
We define another non-additive useful information measure
of order ‘B’ as

B-1
(PO V)= — l[zu"pf(”fp"/quf )—1}

2 - Zuipi
The measure (1.7) satisfy the no-additivity property of the
following form
IP*P:0*Q;V*V)
=IP:QU:V)+IP:0;UV)+KIP;QU:V)

Where P,Q e A, P, Q" € A,, U, U’ and V, V’ are
utility distributions and k ( 0) is any real number.

II. CHARACTRIZATION OF USEFUL DIRECTED
DIVERGENCE

We consider the non-additivity of the type (1.8) let ‘h’ be
real valued function defined or R x R . We assume that

2u,ph(u,pvg,)

I(P:Q;U:V) Sup
....... (2.1
When
p=lqg=? and u=v ; h(lu,? w-1 and
hw/2,u/2)=0 .. (2.2)

The property (2.1) is called weighted sum property.
Then functional equation (1.8) together with (2.1) reduces to

XXupu' p' hu,pu,pvgvq,)

L2upup,
_Zuipih(uipiviqi)+zu'/p'/ h(u'jp'jvvjq’j)
Z:uilyi Zujpj

+ Yu,phupyg) Zu';p' k', p'v'iq')
zuipi zu",-]?’j

It can be easily proved Hooda [11] that the
continuous function which satisfies the functional equation
(2.3) is also continuous solution of the following functional
equation.
hupu'p';vgv'q")=h(up,vq)+hu'p',v'q")

+kh(up s vq )h(u'p',v'q")

where pp’, qq', uu’, vv' € R and ‘k’ is a non-zero real
number.
Multiplying both sides of (2.4) by k and adding (1) we
have
I+kh(up  u'p’;vq  v'q’)=1+kh(up,
v'q')tk2h(up, vq)h(u'p’, v'q’)
1+kh(up u'p’;vq v'q")=[1+kh(up, vq)][1+kh(u'p’, v'q")]

vq)tkh(u'p’,
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Putting 1+kh(up, vq)=f(up, vq) in (2.5)
F(up u'p’;vq v'q’) = f(up, vq )f(u'p’, v'q’)
Puttingup =r,u'p'=1', vq=s, v'q' =" in (2.6)
f(rr'; ss') = f(r, s) f(r', s") is continuous real valued functional
equation.
Aczel [5] has given one of the continuous real solution is
given by
f(r, s) = rPsa

f(up, vq) = (up)B(vg)ar
Where a and f are real or complex numbers.

It implies 1 + kh(up, vq) = (up)B(vq)a

or
1 a
h(up,vq) = ;[(up)ﬁ v -1 (2.7)
Applying suitable conditions (2.2) in (2.7), we get
a+p=0andk=2-a-1=2p-1
1 up ’
h(up, vq) = — | -1 2.8
(up, vq) (2,3_1){&]} } (2.8)

Without the loss of generality we can replace B by B-1 in

(2.8), we get
p-1
1 up 1
2" -1 K vq j }

Substituting (2.9) in (2.1) we get

1 zuipi(uipi/l/;qi)_lﬂil
1,(P:Q;U:V)= y=
277 —1 2u,p,

h(up, vq) =

III. MEASURE OF ‘USEFUL’ J-DIVERGENCE

The ‘Useful’” J-divergence measure corresponding
to (1.3) is given by
pwp Vg)-1 g log(vq. /up)—1
J(P: Q;U: V) — Zulpl (ulpl qu) +|:szq1 Og(v,ql ulp,) :|
ZM,Pi zuipi

In case utilities are ignored or u; = v; = 1 for each (i) then (3.1)
reduces to

J(P:Q)=Xp log(p,/q,)+2qlog(q,/ p,)

The measure (3.2) was studied by Kullback [4] and
has found wide applications in statistics and in pattern
recognition [7]. The measure (3.1) can also be written as

JP:Q;U:V)Y=I(P:Q;U:V)+I(P:0;V:U)

Thus corresponding to (2.10) a measure of J-divergence is
defined as

JI(P:Q;U V)

__ 1 | Zuppivg)” | Svglostvgup)”
271 zutpl zutpt

_ L | Zmp) )" E0a) wp)
27 -1 zuipi zviqi
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It may be noted that (3.4) reduces to (3.1) when B — 1 and so
it can be called generalized “useful’
J-divergence of degree B.

In case utilities are ignored, the measure (3.4) reduces to

1 .
JP:0 = [Tpa +2ap"-2] . B A

Zp=Xp =1
The measure (3.5) was studied by Sheng and
Rathee, [8] and Burbea et al. [9] and was called J-divergence
measure of degree 3. Hence to call measure (3.4) as useful
J-divergence measure of degree [ justified.
Another generalization of (3.1) can be considered of the
following form

J,(P:Q;U:V) =(@-1)" logZ%

{Z(uip, S0a)" (4 ) up)” }
2up, 2vg,

We see that (3.6) reduces to (3.1) in case utilities are ignored
or ui =pi =1 for each i, (3.6) becomes

_ l a -a a -a
J,(P:0)=(a="log T ] pfq +q/p " | r1

....... 3.7
which was characterized by Taneja [10].
Let
s -5 s 1-p
Wﬂ (P : Q,U : V) _ z(ulpl) (viqi) + (V,'qi) (u,-p,-)
Zuip,- Zviqi
....... (3.8)
(1) Then (3.4) and (3.6) can be written as
JPQU V=2 1) [W P 0Uv)-2]
....... (3.9)
J(P:Q:U V)= (1) log| W' (P:Q:U V)2 ]
....... (3.10)
(2) The measure W/ (P:Q;U : V) given by (3.8) plays

an important role in characterization of the above two
generalized measures of J- divergence. So we characterized

w”(P:Q;U :V) . Which can be written as
WP QU:VY=W'(P:Q;U:V)+ W/ (P:Q;U:V)
we see that Wlﬂ(P:Q;U:V) and Wf(P:Q;U:V)

satisfy the following relation
W(P*P':Q*Q U*U"-V*V=W(P:QU:VYW(P':QU": V"
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Let ‘h’ be a real valued continuous function on R x R such
that

2u;p, gu;p;,v,q,)

W(P:Q;U:V)=
(P:QU V) Sy
....... (3.12)
and VVZ(QP,VU): Zviqi g(viqiauipi)
v,
....... (3.13)

The functional eqn (3.11) together with (3.12) and
(3.13) gives

SXuu, pp, g(p,p,-q,q,:uu,,v,,)

Yuu, p,p,
Xup, gwpvg) Xup, 8up,.v4,)
Zup, Zu;p,
....... (3.14)

Theorem 1: One of the continuous solution of the functional
equation (3.14) under boundary conditions
pi=q; =2 and u;, v; i.e. g(u/2, w/2) =1 is given by

g(up, vq) = (up)B-1 (vq)1-p B=0, B>0.
Proof: It can be easily verified that continuous function
which satisfy the functional equation (3.14) is the continuous
solution of the following functional equation

g(pp’, qq’ ; w’, vw) =g(p, q; u, v) g(p’, q’; u', V')

Where p,p’,q,q u, v, v,v' € R
The most general continuous solution of the functional
equation (3.15) is given by

g(up, vq) = (up)B(vg)a

where o, B are real or complex numbers.
Now (3.16) together with condition g(u/2, u/2) = 1 and thus
we get

g(up, vq) = (up)B(v)p , >0
Without loss of generality, we can replace 3 by [-1 and
thus we get

g(up, vq) = (up)B-1(vq)B-1,=0p >0

....... (3.17)
This proves the theorem.
Putting (3.17) and (3.12) we have
15
wlﬁ’(P . Q,U : V) — z(u,'p,‘)ﬂ(viqi)
2(u,p,)
....... (3.18)
Similarly, we can prove
15
wzﬁ’(Q . P,V . U) — Z(V[q[)ﬂ(u,‘p[)
2(u,p,)
....... (3.19)
and we have
wﬁ (P : Q,U : V) — z(uipi)ﬂ (viqi)l_ﬁ + Z(Viqi)ﬁ (uipi)l_ﬂ
2(u,p,) 2(v4q,)
....... (3.20)

Substituting (3.20) in (3.9) we get required generalized
measures Jg(P:Q;U:V) and Ja(P:Q;U:V) respectively.
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IV. PROPERTIES OF JB(P:Q;U:V)

(1) Non-Negativity
Theorem 2 : JB(P:Q;U:V) is non-negative and vanishes iff
pi = q; & u; =v; for all

i=1,2,......... n.
Proof:
PP:Q;U:V)
Vi -4 B 1-p
- {Z(uim (vg)”  T04) wp) _2}’%0
27 -1 Sp) X))

for > 1 by Holder’s inequality
s 1-p s 1-p
2 (u,p,) (V[Z,-) > 1 and 204 (uf[) 51
2 (u,p,) 2(v4)

1
and also 2ﬂ_1—_ >1

Therefore J¥(P:Q;U:V) is non-negative for p> 1.
for B < 1 by Holder’s inequality
Z(”ipi)ﬂ (v,’qi)liﬂ Z(Viqi)ﬂ (uipi)]iﬂ <

5 <1 and 5
2(u,p,) 2(v4q,)
1
and also ﬁ <1

Therefore J*(P:Q;U:V) is non-negative for p> 1.
It is trivial that if p; = qi, u; = v; the Jg(P:Q;U:V) vanishes
conversely. let J*(P:Q;U:V) =0

B 1-p B 1-p
Z(uip,') (Viqi) + z(viqi) (uipi) :2

Then
z(uipi)ﬂ z(viqi)ﬂ
B 1-p B 1-p
_Xp)e) " Z0a) )T
S(u,p,)’ >4,
for B =1

=>p=qanduy=v;fori=1,2, ...nsince B # 1.
Hence J*(P:Q;U:V) vanishes iff pi=qiand ui=vifori=1, 2,
...

(i) Symmetry
(1, P2 - Pu) (A1 Qs - Q) (U, U, - Uz (V1
V2, ... Va))
= JB((palo pay,... apan):(qala
uay,...,ua,):(vay, va,,...,va,))
Where (a, , a,, ,..., a,) is an arbitrary permutation of (1, 2,
...n).
This means that the permutation of pair-wise labeling of
events does not change the value of useful J-divergence of
degree B.

qay,...,qa,);(uay,

(iii) Expansibility
Jﬁ{(pla p2,~ . ~7pn9 0):((119 q23- . -5qn, 0);(1-11, Up,...,Up,
u,+1):(vy, Vo,.., Vi, Vpm1))
= (1, Por-Pn 1 (A1 Qoovensle UL,
Uy,...,Upn: (V19 Va,.. -:Vn)
Thus incorporating an event of probability zero does not
change the value of measure.

(iv) Recursivity

Let A, Aj be two events having probabilities pi, pj
and utilities u;, u; respectively and B;, B; be another two events
having probabilities q;, gj and utilities v;, v;. Then we defined
utility U of the compound event Ai U Aj and utility V of the

compound event ;U B, as

up +u.p.
U(AiuAj):M and
b tp;
vq,+v.4q.
V(B,.UBj)zu
g, +4,

Theorem 3: Under the composition law (4.1) the following
holds

Jil{(pl,pz, ......... 2N 1 - 1) (7 7 2 q,.1-9%9");
(W), Uy Ju, i u") (v, v, WV, V"))

=JH{(P:Q;U:V)

Hp+p" (¢\aN"E { L £ 1 9 uMVV}
p+p° ptp q9+q q9+q
Hq'g" (L [ 4 4 F P uuv}
q9+q9° 9+q p+tp p+p
Where pn = p'+p", qn=q'+q"
' V+ " " i\l l+ n.n
and un:—pu pu ’v:—qv‘qv
pl+p" q + q"
Proof :
n-1 n-1
1 z(u,‘pi)ﬂ(v,‘qi)l d Z(viqi)ﬂ(ujpi)l 4
— c=1 c=1
LHS= A + +

'gl(u,.pi) "gll(v,.q,.)

') @' p) gy @ pn 2}
v'g)+("gq"
:Jf(p],pz, ...... I N N 3G Uy Uy ey U VY s V)
! {(u'p')ﬁ(v'qv‘”(u"p"w(v"q")”
21 o

u'p+u"v
. (vqu)ﬁ (M vpl)lfﬁ (V"q")ﬂ (M nPn)l*ﬂ j|

n.,n

u'p+u'v

b wp) e e wp)”
2ﬂ_1 _1 u”p” vnqn

=JI(P:Q;U V)

L | @pY'g)” +@'pY ("¢ . §
I f-1 (] non _(unpn)ﬂl(vnqn)lﬂ
27 -1 u'p'+u'"p

1 y' nA u' Vl’ﬁ+ P mh u"p" 1-p g .
zﬁ'—l{( o p)v'q'+(w.qqn) L0, ) ﬂ}

=J/(P:Q;U:V)

RPYER [{@,p)" g {@ ptup) o'q1vg)”

+(u'p'/unpn)”(V'q’/V,,qn)l"j
u'p’+u"p"/u”p”

1} +(v,q,)" " (u,p,)"”
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{(v'q'/v,zq,,)"w'p'/u,,p,,>‘f”(v"q"/v,,q,,Y’(u "pu,p,)"” _IH
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