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Abstract—Control chart is the most important Sta-
tistical Process Control (SPC) tool used to moni-
tor reliability and performance of manufacturing pro-
cesses. Variability EWMA charts are widely used for
the detection of small shifts in process dispersion. For
ease in computation all the variability EWMA charts
proposed so far are based on asymptotic nature of
control limits. It has been shown in this study that
quick detection of initial out-of-control conditions can
be achieved by using exact or time varying control
limits. Moreover the effect of fast initial response
(FIR) feature, to further increase the sensitivity of
variability EWMA charts for detecting process shifts,
has not been studied so far in SPC literature. It
has been observed that FIR based variability EWMA
chart is more sensitive to detect process shifts than
the variability charts based on time varying or asymp-
totic control limits.
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Response, Monte Carlo Simulations; Run Length Dis-

tribution

1 Introduction

Control chart introduced by Walter A. Shewhart in
1920’s, is the most important Statistical Process Con-
trol (SPC) tool used to monitor reliability and perfor-
mance of manufacturing processes. The basic purpose of
implementing control chart procedures is to detect ab-
normal variations in the process (location & scale) pa-
rameters. Although firstly proposed for manufacturing
industry, control charts have now been applied in a wide
variety of disciplines, such as in nuclear engineering [8],
health care [26], education [25] , analytical laboratories
[15] etc. Shewhart type control charts are mostly used,
process location is usually monitored byX chart while for
monitoring process dispersion R or S charts are widely
used. Research has shown that, due to memoryless na-
ture of Shewhart control chars, they do not perform well
for the detection of small and moderate shifts in pro-
cess parameters. When quick detection of small shifts is
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desirable, cumulative sum (CUSUM) and exponentially
weighted moving average (EWMA) charts act as supe-
rior alternatives to Shewhart charts.

Since the introduction of EWMA chart by Roberts [20],
many researchers have examined these charts from dif-
ferent perspectives. To mention but a few of these see
for example [11, 17, 23, 3, 14, 2, 22] and references
therein. In contrast to Shewhart type charts which are
only based on information of the current observations,
EWMA charts make use of information about current
as well as historical observations by adopting a varying
weight scheme, assigning highest weight to the most re-
cent observations and the weights decreasing exponen-
tially for less recent observations. This helps in earlier
detection of small shifts in process (location and scale)
parameters (for details see [16]). Monitoring process vari-
ability using EWMA chart has also attracted the atten-
tion of many researchers in past, some important contri-
butions are [27, 7, 6, 12, 24] and [4]. Recently Shu and
Jiang [22] proposed a new EWMA chart for monitoring
process dispersion namely NEWMA chart and showed
that NEWMA chart outperformed Crowder and Hamil-
ton [6] proposed variability EWMA chart in terms of av-
erage run length.

All the variability EWMA schemes proposed so far are
based on asymptotic nature of control limits. Ease of
computation has been reported as the main reason for
using asymptotic limits but the use of these limits make
the EWMA chart insensitive to start up quality problems.
It should be noted that exact control limits of EWMA
charts should be time varying approaching asymptotic
limits as time increases (see [16]). When the process is
initially out of control, it is extremely important to de-
tect the sources of these out-of-control conditions as early
as possible for the implementation of corrective actions
at an early stage. This can be achieved by using exact
limits (that are dependent on time) instead of asymp-
totic control limits. Further increase in the sensitivity of
time varying variability EWMA scheme can be achieved
by using FIR feature, which has not been investigated so
far in SPC literature. This study aims at investigating
variability EWMA chart performance using asymptotic,
time varying and FIR based control limits. The compari-
son has been made on the basis of run length characteris-
tics such as average run length (ARL), median run length
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(MDRL) and standard deviation of run length distribu-
tion (SDRL).

For the purpose of investigating the affect of time vary-
ing control limits and FIR feature on variability EWMA
chart performance, I select the most efficient NEWMA
chart recently proposed by Shu and Jiang [22] in Jour-
nal of Quality Technology. The design of NEWMA chart
is established using time varying and FIR based control
limits and their performance is compared with asymp-
totic NEWMA chart. The rest of the study is orga-
nized as follows. The following section briefly introduces
structure of NEWMA chart and further presents the de-
sign of NEWMA chart using time varying control lim-
its (TNEWMA chart). The next section compares run
length characteristics of NEWMA and TNEWMA charts.
The effect of FIR feature is then investigated and com-
pared to asymptotic and time varying EWMA schemes.
To get a better insight on the run length distribution of
these charts, run length curves are also presented. The
paper finally ends with concluding remarks.

2 TNEWMA Chart

In this section we briefly describe the structure of
NEWMA chart as was proposed by Shu and Jiang
[22]. Further the time varying control limit structure of
NEWMA chart is then established.

Assume the quality variable of interest say X follows
normal distribution with mean �t and variance �2

t (i.e
X ∼ N(�t, �

2
t )). Let S2

t represents the sample variance
and �t represents the ratio of process standard deviation
�t and its true value �0 at time period t (i.e �t = �t/�0).
Suppose Yt = ln(S2

t /�
2
0), for an in control process i.e.

�t = �0, Yt is approximately normally distributed with
mean �Y and variance �2

Y where

�Y = ln(�2t )−
1

n− 1
−

1

3(n− 1)2
+

2

15(n− 1)4
(1)

and

�2
Y =

2
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+

2
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+

4
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−

16
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(2)

Note that when the process is in control the statistic

Zt =
Yt − �Y ∣�t = �0

�Y

(3)

is exactly a standard normal variate. When the pro-
cess is out of control, Zt ∼ N(
t, 1), where 
t =
(

ln(�2
t /�

2
0)
)

/�Y ([22]). The EWMA statistic for mon-
itoring process variability used by [22] is based on reset-
ting Zt to zero whenever its value becomes negative i.e
Z+
t = max(0, Zt). NEWMA chart is based on plotting

the EWMA statistic

Wt = �

(

Z+
t −

1

2�

)

+ (1− �)Wt−1 (4)

and gives an out of control signal whenever Wt > UCLa

where

UCLa = La

√

�

2− �
�Z

+
t

(5)

Barr and Sherrill [1] showed that

�2
Z

+
t

=

(

1

2
−

1

2�

)

(6)

We will see that exact variance of Wt is time varying and
hence the exact control limit should be dependent on time
approaching UCLa as t → ∞. Define Z ′

t = Z+
t − 1

2� , we
can write Wt as

Wt = �Z ′

t + (1− �)Wt−1 (7)

By continuous substitution of Wt−i, i = 1, 2, . . . , t; the
EWMA statistic Wt can be written as (see [20] and [16]):

Wt = �

t−1
∑

i=0

(1− �)iZ ′

t−i + (1− �)tW0 (8)

Taking variance on both sides of Equation 4 we obtain

V ar(Wt) = �2
t−1
∑

i=0

(1− �)2iV ar(Z ′

t−i) + (1− �)2tV ar(W0)

(9)

For independent random observations Z ′

t, var(Z ′

t) =
var(Z ′

t−i) = �2
Z

+
t

. After a bit of simplification, we have

V ar(Wt) = �2
Z

+
t

(

�2

[

1− (1− �)2t

1− (1− �)2

])

(10)

which further simplifies to

V ar(Wt) = �2
Z

+
t

((

�

2− �

)

[

1− (1− �)
2t
]

)

(11)

For the rest of study we will refer to the variability
EWMA chart based on exact variance of Wt given in
Equation (11) as TNEWMA chart. TNEWMA chart
gives an out of control signal whenever Wt > UCLt,
where

UCLt = Lt

√

�[1− (1− �)2t]

2− �
�Z

+
t

(12)

UCLt converges to UCLa as t → ∞, the convergence
being slow for smaller values of �.

3 Comparison of Run Length Charac-

teristics of NEWMA and TNEWMA

Charts

To evaluate the performance of control charts, average
run length (ARL), which is the mean of run length distri-
bution, is the most important and widely used measure.
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Figure 1: ARL comparison of NEWMA and TNEWMA
charts for different values of � when ARL0 = 200

ARL indicates the average number of observations after
which an out of control signal is detected by a control
chart. In this study Monte Carlo simulation approach
with 10,000 iterations is used to approximate run length
distributions of the NEWMA and TNEWMA charts fol-
lowing the methods of [11, 13, 18, 28]. Note that [9] and
[21] indicates that even 5000 replications are enough for
finding ARL’s in many control chart settings with in an
acceptable error rate. To get a better insight of the per-
formance of proposed charts, median and standard devi-
ation of run length distribution are also provided. The
summary of the run length characteristics of NEWMA
and TNEWMA charts is reported in Tables 1 and 2 for
different values of smoothing parameter �. In the fol-
lowing tables ARL denotes average run length, SDRL
denotes standard deviation of the run length distribution
and MDRL denotes median of the run length distribu-
tion. Control chart multiples La and Lt are so chosen as
to give the same in control average run length of 200 (i.e
ARL0 = 200) for both the charts. The results in Tables 1
and 2 indicate that for smaller values of � (which is most
popular choice for EWMA charts), out-of-control ARL
(ARL1) of the TNEWMA chart is significantly lower than
ARL1 of NEWMA chart, see for example ARL1 = 9.93
for TNEWMA chart using � = 0.05 and � = 1.2 while for
NEWMA chart ARL1 = 14.52 for same values of � and
�. It indicates that TNEWMA chart requires on average
nearly five less observations as compared to NEWMA
chart to detect a shift of 1.2� in process variability when
� = 0.05. MDRL of the TNEWMA chart is also lower
than MDRL of the NEWMA chart while there is a slight
increase in SDRL of the TNEWMA chart as compared

Table 1: Run length characteristics of NEWMA chart
when ARL0 = 200

�

0.05 0.15 0.3 0.7 1

Delta L 1.569 2.148 2.432 2.650 2.693

1.0 ARL 199.69 200.24 201.39 199.82 199.52

MDRL 136.00 139.00 142.00 139.00 137.00

SDRL 197.62 200.98 203.09 196.87 202.39

1.1 ARL 31.68 37.69 43.26 54.11 65.19

MDRL 24.00 28.00 31.00 38.00 46.00

SDRL 26.26 34.30 41.50 55.14 64.62

1.2 ARL 14.52 15.48 17.30 22.22 28.44

MDRL 12.00 12.00 13.00 16.00 20.00

SDRL 10.05 12.12 15.41 21.10 27.88

1.3 ARL 9.21 9.07 9.57 11.73 14.97

MDRL 8.00 7.00 7.00 8.00 10.00

SDRL 5.49 6.43 7.55 11.04 14.43

1.4 ARL 6.72 6.45 6.47 7.31 9.23

MDRL 6.00 5.00 5.00 5.00 7.00

SDRL 3.67 4.09 4.71 6.43 8.85

1.5 ARL 5.30 4.98 4.78 5.15 6.38

MDRL 5.00 4.00 4.00 4.00 5.00

SDRL 2.69 2.89 3.26 4.32 5.93

1.6 ARL 4.52 4.10 3.87 3.95 4.61

MDRL 4.00 4.00 3.00 3.00 3.00

SDRL 2.15 2.25 2.42 3.10 4.03

1.7 ARL 3.91 3.50 3.27 3.19 3.69

MDRL 4.00 3.00 3.00 2.00 3.00

SDRL 1.74 1.81 1.95 2.40 3.16

1.8 ARL 3.47 3.11 2.85 2.70 3.01

MDRL 3.00 3.00 2.00 2.00 2.00

SDRL 1.46 1.52 1.63 1.90 2.48

1.9 ARL 3.17 2.83 2.51 2.37 2.58

MDRL 3.00 3.00 2.00 2.00 2.00

SDRL 1.30 1.34 1.38 1.62 2.00

2.0 ARL 2.92 2.59 2.29 2.12 2.24

MDRL 3.00 2.00 2.00 2.00 2.00

SDRL 1.13 1.18 1.21 1.41 1.69

to NEWMA chart for lower values of � and �. Figure
1 presents ARL comparison of NEWMA and TNEWMA
charts for some choices of �. In each plot shift � is plot-
ted on horizontal axis while ARL is plotted on vertical
axis in logarithmic scale for better visual comparison.
The effect of using time varying control limits can be
clearly seen from Figure 1, particularly for smaller val-
ues of �. As expected, ARL of TNEWMA chart starts
to converge towards ARL of NEWMA chart with an in-
crease in �. At � = 1, ARL performance of both the
charts is nearly same. Moreover Figure 2 shows percent-
age decrease in ARL1 of TNEWMA chart as compared
to NEWMA chart for certain choices of � and �. We can
see that the difference in ARL1 of both the charts is big-
ger for smaller values of � and higher values of �. The
difference tends to reduce as � increases and � decreases.
Hence the use of exact control limits also improves vari-
ability EWMA chart performance for detecting shifts of
higher magnitude.

4 Effect of Fast Initial Response on Vari-

ability EWMA Chart

We have seen in the previous section that the use of time
varying control limits as compared to asymptotic limits
significantly improves out of control run length behav-
ior of EWMA charts used for the purpose of monitor-
ing process variability. Further increase in the sensitiv-
ity of EWMA chart to detect shifts in variability can be
achieved by using FIR feature. The FIR feature was in-
troduced firstly by [10] for the CUSUM charts to detect
out of control signals more quickly at process startup by
assigning some non zero constant to the starting value.
[11] proposed the idea of applying the FIR feature to
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Table 2: Run length characteristics of TNEWMA chart
when ARL0 = 200

�

0.05 0.15 0.3 0.7 1

Delta L 1.649 2.164 2.440 2.652 2.693

1.0 ARL 199.85 202.30 201.37 201.63 199.73

MDRL 124.00 136.50 137.00 141.00 140.00

SDRL 233.87 212.73 202.42 199.74 194.83

1.1 ARL 25.80 34.71 42.42 54.01 65.18

MDRL 16.00 25.00 30.00 38.00 45.00

SDRL 28.83 34.31 41.58 53.70 63.66

1.2 ARL 9.93 13.18 16.65 21.96 28.43

MDRL 6.00 10.00 12.00 15.00 20.00

SDRL 10.36 12.53 15.26 21.30 28.12

1.3 ARL 5.61 7.37 8.66 11.39 14.94

MDRL 4.00 6.00 6.00 8.00 11.00

SDRL 5.64 6.54 7.73 10.90 14.40

1.4 ARL 3.78 4.92 5.67 7.09 9.23

MDRL 3.00 4.00 4.00 5.00 7.00

SDRL 3.49 4.21 4.69 6.26 8.67

1.5 ARL 2.84 3.68 4.14 5.01 6.38

MDRL 2.00 3.00 3.00 4.00 5.00

SDRL 2.49 3.01 3.28 4.40 5.82

1.6 ARL 2.32 2.94 3.27 3.82 4.58

MDRL 2.00 2.00 3.00 3.00 3.00

SDRL 1.90 2.25 2.48 3.16 4.17

1.7 ARL 2.00 2.43 2.68 3.07 3.65

MDRL 1.00 2.00 2.00 2.00 3.00

SDRL 1.50 1.81 1.95 2.41 3.08

1.8 ARL 1.77 2.14 2.26 2.59 3.01

MDRL 1.00 2.00 2.00 2.00 2.00

SDRL 1.23 1.53 1.64 1.92 2.47

1.9 ARL 1.60 1.91 2.03 2.27 2.56

MDRL 1.00 1.00 2.00 2.00 2.00

SDRL 1.04 1.28 1.35 1.60 2.06

2.0 ARL 1.47 1.72 1.84 2.02 2.24

MDRL 1.00 1.00 1.00 2.00 2.00

SDRL 0.91 1.09 1.17 1.33 1.64
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Figure 2: Percentage decrease in out-of-control ARL of
TNEWMA chart as compared to NEWMA chart when
ARL0 = 200

Table 3: Run Length Characteristics of FNEWMA chart
when ARL0 = 200

�

0.05 0.15 0.3 0.7 1

Delta L 1.740 2.241 2.530 2.736 2.784

1.0 ARL 199.24 199.63 201.74 200.29 199.61

MDRL 94.00 117.00 122.00 114.00 109.00

SDRL 263.25 244.59 242.92 249.86 251.52

1.1 ARL 21.17 28.27 34.36 41.54 50.85

MDRL 7.00 14.00 15.00 14.50 16.00

SDRL 29.33 36.66 46.10 58.65 74.19

1.2 ARL 8.02 9.16 10.72 13.07 15.19

MDRL 4.00 4.00 5.00 4.00 4.00

SDRL 10.14 12.57 14.46 20.49 27.47

1.3 ARL 4.08 4.77 5.29 5.88 7.07

MDRL 2.00 2.00 3.00 3.00 3.00

SDRL 5.15 5.83 6.68 8.35 11.57

1.4 ARL 2.76 3.28 3.39 3.56 3.96

MDRL 1.00 2.00 2.00 2.00 2.00

SDRL 3.18 3.60 3.84 4.31 5.63

1.5 ARL 2.11 2.42 2.54 2.51 2.80

MDRL 1.00 1.00 2.00 2.00 2.00

SDRL 2.07 2.38 2.51 2.56 3.34

1.6 ARL 1.80 1.99 2.06 2.12 2.19

MDRL 1.00 1.00 1.00 1.00 1.00

SDRL 1.57 1.74 1.83 1.90 2.16

1.7 ARL 1.58 1.70 1.80 1.79 1.87

MDRL 1.00 1.00 1.00 1.00 1.00

SDRL 1.20 1.32 1.44 1.38 1.57

1.8 ARL 1.44 1.55 1.58 1.61 1.61

MDRL 1.00 1.00 1.00 1.00 1.00

SDRL 0.96 1.10 1.11 1.12 1.16

1.9 ARL 1.34 1.43 1.46 1.48 1.50

MDRL 1.00 1.00 1.00 1.00 1.00

SDRL 0.79 0.91 0.93 0.93 0.98

2.0 ARL 1.26 1.34 1.38 1.39 1.41

MDRL 1.00 1.00 1.00 1.00 1.00

SDRL 0.66 0.79 0.81 0.80 0.84

EWMA control structures using two one-sided EWMA
charts. [19] used the FIR approach proposed by [11] for
time varying control limits and showed superior perfor-
mance of their proposed scheme as compared to [11] FIR
Scheme. Both these schemes were criticized as they re-
quire the use of two EWMA charts instead of one for
monitoring changes in process parameters. [23] presented
another FIR scheme for EWMA charts, his proposal is
based on further narrowing the time varying control lim-
its by using an exponentially decreasing FIR adjustment
which is defined as

FIRadj = 1− (1− f)1+a(t−1) (13)

where a is known as the adjustment parameter and is
chosen such that the FIR adjustment has very little af-
fect after a specified time period say at t = 20, we have
FIRadj = 0.99. The effect of this FIR adjustment de-
creases with time and makes the control limit a propor-
tion f of the distance from the starting value [23]. By
comparing run length characteristics, [23] showed that
his proposed FIR scheme outperformed the previous FIR
schemes by [11] and [19]. The FIR adjustment used by
[23] is very attractive and has also been recently used by
[5] for applying FIR feature to generally weighted mov-
ing average control charts. In this section I examine the
affect of FIR on the performance of variability EWMA
chart. The time varying variability EWMA chart using
FIR will be referred as FNEWMA chart for the rest of
study. FNEWMA chart signals an out-of-control condi-
tion whenever Wt exceeds UCLf , where UCLf is given
as

UCLf = Lf

(

1− (1− f)1+a(t−1)
)

√

�[1− (1− �)2t]

2− �
�Z

+
t

(14)

Proceedings of the World Congress on Engineering 2010 Vol III 
WCE 2010, June 30 - July 2, 2010, London, U.K.

ISBN: 978-988-18210-8-9 
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

WCE 2010



1.0 1.4 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

λ = 0.05

δ

Lo
g 

(A
R

L)

NEWMA
TNEWMA
FNEWMA

1.0 1.4 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

λ = 0.15

δ

Lo
g 

(A
R

L)

NEWMA
TNEWMA
FNEWMA

1.0 1.4 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

λ = 0.25

δ

Lo
g 

(A
R

L)

NEWMA
TNEWMA
FNEWMA

1.0 1.4 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

λ = 0.50

δ

Lo
g 

(A
R

L)

NEWMA
TNEWMA
FNEWMA

1.0 1.4 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

λ = 0.70

δ

Lo
g 

(A
R

L)

NEWMA
TNEWMA
FNEWMA

1.0 1.4 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

λ = 1.00

δ

Lo
g 

(A
R

L)

NEWMA
TNEWMA
FNEWMA

Figure 3: ARL comparison of NEWMA, TNEWMA and
FNEWMA charts for different values of � when ARL0 =
200

To obtain a substantial benefit from FIR feature, f
should be fairly small. In this study I used f = 0.5 and
limited the effect of FIR adjustment till t = 20 following
[23] and [5]. The run length characteristics of FNEWMA
chart are reported in Table 3. ARL0 for FNEWMA chart
is also fixed at 200 by using appropriate Lf values for dif-
ferent choices of �. By comparing results in Tables 1, 2
and 3, we can observe the superior run length perfor-
mance of FNEWMA chart as compared to NEWMA and
TNEWMA charts. For example, for FNEWMA chart
ARL1 = 10.72 using � = 0.3 and � = 1.2, while the corre-
sponding ARL1 for TNEWMA and NEWMA charts are
16.65 and 17.30 respectively. It indicates that FNEWMA
chart requires on average nearly six less observations as
compared to NEWMA and TNEWMA charts to detect
a shift of 1.2� in process variability when � = 0.3. Fig-
ure 3 provides ARL comparison of NEWMA, TNEWMA
and FNEWMA charts for some choices of �. We can
easily observe that ARL1 of FNEWMA chart is consis-
tently lower then ARL1 of both NEWMA and TNEWMA
charts for every choice of �. The difference seems greater
for higher values of � which is consistent with the find-
ings of [23]. The lower ARL1 values of FNEWMA chart
helps in quicker detection of shifts in process variabil-
ity. To get a more insight on the run length distribution
of NEWMA, TNEWMA and FNEWMA charts, Figure
4 presents run length curves (RLC’s) of these charts for
certain values of � using � = 1.2. We can observe that for
smaller values of �, RLC’s of TNEWMA chart are higher
than RLC’s of NEWMA chart indicating that TNEWMA
chart has greater probability for shorter run lengths for
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Figure 4: Run length curves of NEWMA, TNEWMA and
FNEWMA charts for different values of � when � = 1.2
and ARL0 = 200

these � values. The superiority of FNEWMA chart over
NEWMA and TNEWMA charts is also clear for all val-
ues of �. Note that this high probability at shorter run
lengths helps significantly in quick detection of shifts in
process variability.

5 Conclusions

This study examines the performance of variability
EWMA chart using asymptotic, time varying and FIR
based control limits. It has been shown that shift de-
tection ability of variability EWMA chart can be im-
proved by using exact or time varying limits instead of
asymptotic control limits, particularly for smaller values
of smoothing parameter �. FIR feature has also shown to
contribute significantly in further increasing the sensitiv-
ity of the EWMA chart to detect shifts in process variabil-
ity. Although computations have been performed using
NEWMA chart but results can be generalized for other
variability EWMA charts discussed in Section 1. This
study will help quality practitioners to choose a more
sensitive variability EWMA chart.
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