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An M/G/1 Retrial Queue with Negative Arrivals
and Unreliable Server

A. Aissani

Abstract— We study an M/G/1 retrial queue with negative
arrivals and repeated attempts. This model is motivated by
several practical applications. In multiprocessor computer
systems, negative arrivals represent commands to delete some
transactions. In Neural networks, primary and negative
arrivals represent excitatory and inhibitory signals
respectively. Such models can be used in relation with some
problems of virus infection.

We obtain the generating function of the number of primary
customers in the system in stationary regime.

Index Terms— Reliability, Security, Retrial Queues, Negative
Arrivals.

I. INTRODUCTION

Consider an M/G/1 retrial queue with unreliable server and
two types of arrivals, regular and negative.

Regular arrivals correspond to primary customers who join
the system with the intention of getting served and then
leaving the system. They are treated in the normal way:

(i) If the server is free and available, an arriving primary
customer (regular) begins to be served and leaves the system
after service completion (if no breakdowns had occurred
during his service time).

(ii) If the server is busy or out of order, the arriving customer
joins the orbit and seeks service again at subsequent epochs
until he finds the server free and available.

A negative arrival has the effect of remaining a customer
from the orbit, if customers are present. This model is
motivated by several applications. Negative arrivals can
represent commands to delete some transactions as in
distributed computer systems or databases, in which some
operations become impossible because of locking of data or
because of inconsistency. Negative and positive customers
may also represent inhibitory and excitatory signals,
respectively, in mathematical models of Neural Networks,
while queue length represents the input potential to a neuron.
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In this paper we consider an M/GL1 retrial queueing model
with negative arrivals when the server is subject to random
breakdowns and repairs. In section 2 we give the
mathematical formulation of the model. In section 3, we
study the model with constant retrial policy without
breakdowns. In section 4, we give an extension to the model
with breakdowns and repairs.

1. MATHEMATICAL MODEL

We assume that arrival times form two independent
homogeneous Poisson streams with rate 1 >0 andd >0,
corresponding to primary (regular) and negative arrivals
respectively.

The constant retrial policy for access to the server from the
orbit can be described as follows. If the orbit is not empty at
time t and the next attempt finds the server free, then a
random customer (or the customer at the head of the orbit) is
chosen to occupy the server after an exponentially distributed
amount of time with ratev > 0.

The source of customers sends negative signals which have
the effect of deleting one customer of the orbit (if any), who
is selected according to some specified killing strategy. The
service time of primary or secondary orders is a nonnegative
random variable with distribution function H(x), H(+0) =0
and Laplace-Stieltjes transform h(s), Re(s) > 0. Denote by

hy the k th order moment of the service time, k >1.

Let Dy(x) be the probability of a server breaking down
during the interval (t,t + x) given that it is idle at time t and

no arrivals (primary or secondary) during the period Xx.
Similarly, let D;(x) be the probability of a server breaking

down during (t,t+X) given that it is rendering service at

time t. In this note we assume that Do(x)zl—e‘eox,

D,;(x)=1-e % x>0

After the occurrence of a breakdown, a random renewal
period begins in which the service is interrupted. We denote
by Ry(x) and Ry(x) the distribution functions of the

corresponding stationary renewal times, with
Laplace-Stieltjes transforms ro(s) and r(s), Re(s)>0 and

first order moments r;,i =0,1. When a breakdown occurs

during the service of a certain customer, then this customer
enters orbit with probability 1— p=q or leaves the system

without completion of the service with probability p.
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I1l. DISTRIBUTION OF THE ORBIT SIZE Z,X z,0
ARy (2x) = REX)  RQu20)

In this section we assume that the server is absolutely X X

reliable, so that 6, =0,6, =0. We first derive the joint H b.(0 VP OH 4
distribution of the server state and the orbit size, from which +B(2)Qo ()H (X) +7(2)Pi( ,X)—; » (0)H (X), 4)

we deduce the marginal distribution of the orbit size.

where A(z)=1+v +y(2), 7(2):5—2,
Define the indicator of activity of the server at timet : VZ
C(t) =0 ifthe serverisfreeattimet;C(t) =1, ifitis busy at A2)=2-22+7(2); p(1) =2+ PR
this time. At time t, let R(t) be the number of customers in o(z)=v+y(2).

orbit and N(t) , be the number of customers in the system.

Next, define the continuous random variable £(t) as the If we introduce the Laplace transform

residual time of the current service at timet, if C(t) = 0. .
f,(z,s) = jo e™™Q(z,)dx, |z]<1, Re(s)>0, then
Consider now the following random process:
the equation (4) becomes

¢(®) ={0.R(1)} If C(t)=0,

£ =BROEO) 1 CH)#0. S5 A, (2.5) = d?}(f’o) .

Defined on the state-space © ={0,1}® IN ® ®*, where IN

is the set of nonnegative integers and R™ the set of

- B(2)Qqo (2)h(s) - 7(2)a(s) +§ Po (O)h(s)-

nonnegative real numbers. If the stationary regime exists, we B h(s) — Y b (Oh 5
can introduce the steady-state probabilities of the process A2)Qs ()N(s) =7 (2)als) + VA 0 (Oh(s). ®)
¢ (t)t=0} as follows: We denote a(s) = f: e >dP,(0, x).
Py (M) = lim P{C(t) =0,R(t) =m},m>0. ) ) ) )
t—ow By assumptions, f,(z,s) is an analytic function for each
P.(m, x) = lim P{C(t) =LR(t) = m; &(t) < x}, m>0,x > 0. 2,7 <1 in the domain Re(s) 2 0, so for s = A(z) the right
tow

o . . hand side of equation (5) must be zero and then
By considering all possible transitions from state to state

over the interval (t,t + h).h >0, and lettingh — 0, we derive 13, (7,0)
the system of Kolmogorov forward equations: X B@)Q (DN(A(2)) +7(2)alA(2)) -

(6)
|4
[A+0(1=84,) + V(L= 5o )]Py (M) = ik Oh(A@)
Substituting (6) back into (5), we obtain:
wﬂ%(mﬂ) : D f(zs)=
[+ 8@~ Sg)IP; (M, X) = _ A@la@)- :((z)hg)z)) lpla@)-2()] )
R x) _ dRMO) 0 50 )Pi(m-1 ) +
dx dx om/R R where A(z) = A(2)Qy(z) —— Py (0) .
#AH ()P (M) + Py (M +1,%) + 18 (M + H (x) . In view of Tauberian theoreT’ns
2
Define the partial generating functions .
. Q(z,) = lim sfy(z,5),|7| <1,
Qo (2) = limE{zRO;C(t) =0} = > 2™Py(m), o, 0
00 = Then, we obtain from (7)
T RO~y _1-

Q1(Z'X)—t|l_)f2 E@@™;C)=1L4(t) <x) Q,(2,0) =

=3 2"R,(m, ¥) [ﬁ(z)Qo(z) - g Ry (t»}[l— h(A@)]+7(2)[a0) - a(a2))]

m=0 = .
which converges at least in the disk |z| <1. From (1) and (2), A(2)
we obtain the following system of equation ®
A @ - 221 w(2)R,0), ©)
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Substituting now (6) into (5), we get Taking the Laplace transform of (15), we have that
, a(s) = f,(1,5) =Q; 0,0) - ). (16)
7(@)a(A@)+ Ry (0)[y(z) +v —h(A(z))} o
Qu(2) = z _ Now, the function Q(z) given by formula (10) is entirely
7(2)+ A+v - B()N(A(2)) determined.
9)

IVV. THE MODEL WITH BREAKDOWNS
Now, denote the generating function of the number of

. . . . We consider now the case when the server is subject to
customers in the system in stationary regime by

random breakdowns (active and/or passive) and repairs under
the assumptions of section 2, (6, 20,6, > 0).

Q(2) = im E(z7®) = Qy(2) + 2Q,(z,0)
t—>

Then after elementary computations, we obtain Define the indicator of the availability of the server at

time t : E(t)=0, if the server is available at time t
1— h(A(z)) and E(t) =1, if it is out of order at this time. As before, let
) A(2) } R(t) be the number of customers in orbit at timet, N(t) be
the number of customers in the system at timet, and C(t) be

Q(z):{1+(/12 +v

14
y(2)a(A(2))+ Py (0)[7(2) V- h(A(Z))} the indicator of business of the server at this time.
9 _
7(@)+ 2+v - f(D)N(A(2)) In order to embed R(t) into a Markov process, let us
P (0 [1 h (A )] (5 5)[ 0 (A )] introduce the continuous random variable &(t) as follows.
—h(a2))]- (82 - 5)a(0) - a(A(z
A O) (2) © (2) . (10) IfC(t)=0and E(t) =0, then &(t) is the residual renewal

A(2)
By wusing the normalization condition Q(1)=1 and
L’Hospital’s rule, whenever necessary we have

time of the current breakdown at timet. IfC(t)=0 and
E(t) =0, then &(t) is the residual time of the current service
at this time.

5a(0) + Py (0)[S5 +v +v(6 - A)h ]

1) = , 11 Consider now the following random Markov process:
0® S+v+(A+v)o-An () : P
If C(t)=E(t)=0, then £(t) ={C(t),E(t),R(t)}.
P (0)= 2" M8 = A)hy —[1= (2 +v)n Jsa(0) (12) FC®)#0 orE®)#0, then
L+ (2 +v)hJo+hyfo+ (5 - )] £() = {CH.EQRM:ED)
) o ) This process is defined on the state-space
where h; =-h'(0) is the mean service time of an arbitrary o= {0’1}® {0’1}® IN ® R*,
customer and . L .
a(0) = P, (0, 0) = Q, (0,00) , where IN is the set of nonnegative integers and %™ the set
- 5+v[l+ (5 h ] (13) of nonnegative real numbers.
= -)h].
If the stationary regime exists, we can introduce the
Recall that from (7) steady-state probabilities of the process {<(t);t>0} as

Y follows:
sf,(0,s) = sj e¥Q, (0, x)dx
° Pyo (M) = lim P{E(t) = 0,C(t) = O,R(t) = m},
=s[ e (P, (0,))x toon
° i, je{om=0x>0,

= sjo“’e-sx lim P(C(t) =1, R(t) = 0; £(t) < x)dx = a(s) P, (M, X) =
t—w
(14) limP{E(t) =i,C(t) = j,R(t) = m;&(t) < x}.
tow

Now, by arguments of Renewal Theory, the conditional ) o o
the server is busy and the orbit idle is equal to solutions of the following system of ordinary differential

equations

lim P(&(t) < x/C(t) =1, R(t) =0)= .
e [1+06(1—0py) +v({L—3Som) + Py (M) =

P < xS =1RM =0) [E-HX]

lim = dPy (m, x) dPy;(m, x)
t>o  P(C(t)=LR(t) =0 —n S0 P (ML
v PO=1RO=0)  [fH(x)] - - (M +1)
(15) (18)
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[+ 50 G P () = 200

—W+ﬂ(l—50m)ﬂo(m -1x)+
X

xPoy (M —1,00)Ry (X)(1 - ) + 619Py; (M, )Ry (X), (19)

[2+ 500 5) + 6P (m) = S22

P
—WM(l—(SOm)PM(m—L X) +4x
X

xhH (X)Pyo (M) + 0Py (M +1, X) + WP (M +)H (X) .
(20)

Define the partial generating functions:

Quo(2) = lim E{zR®; E(t) =0,C(t) =0} =

8
4
8

2" Py (M), (21)

Y

Q; ()= E[zRO;E@® =i,c(0) = j, &) < %)

= izmpij (m,x),(, J) = (01),(L0), (22)
m=0

From (18)-(20), we obtain the following system of equation

(23)

A@Q(2) - 22D QLD 50, 0)

X

A(Z)Qlo (Z, X) = éQlOd((Z: X) _ @1(2(2, X) N
+65Qqo (2)Ro (X) + 6, [(L—q) + qz] x

xQo1(Z,2)Ry(X) + 7(2)Pyy (0, %) , (24)

Qo1 (Z,X) 3 RQy1(2,0) +

ADQu (2 ) =—— 2

+[/1+ﬂ Qu(@HEX) + +7(2)Pes (0.~ Pro OH ()

(25)
where A(z) = 6, + A(z) , A(z) = 6, + A(z)
Define now the Laplace transform
i (2,5) = I:e’SXFij(z,x)dx,i,j -0,1
|z| <1, Re(s) 2 0 (26)

Applying these operators to the system (24)-(25), we obtain
s(s — A(2))f1p(2,9) =
z,0
= %() = 65Qq0 ()15 (8) —

=61(p +02)Qo1 (2, 0)11(S) — 7(2)ay4 () (27)
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S(s— 0, — A(2)) Ty (2,5) =
_ Ru(z0)
X
= 7(2)201(5) +Poo (ON(S),
(28)
where a;;(s) = j;” e >dP; (0, x).

(4+%Jom(@nts)-

Since fiy(z,s) is an analytic function in s in the
domain Re(s) >0, and for s=A(z) the right hand side of
equation (27) vanishes, so

%(Zm =60,Q00 (2)1o (A(Z))+

6,[p +qz]Qoy (2, 0)1 (A(2))+ 7(2)ay, (A(z))

(29)

Similarly, for s=6, + A(z), the right hand-side of (28)
vanishes, and

%(Z’O) ) (i ’ EJQOO @A} 7220 (3@)

- L P OAE) (30)

Substituting now (29), (30) in (27), (28) respectively, we
obtain

5(5 - A(Z))flo(zn s) = go[ro(A(Z))_ I'0(5)]Qoo(z) +

+6,(p +42)Qu(z,0)[1(A(2)) - 1,(5)] (31)
+7(2)[ae (A(2)) — a0 (5)],
S(s — A(2))fou (2,5) = [4 + ﬂQOO @h(E@)-he)
+ 1@aw (A@)- a0 (5)]
+ 2 his) - nlac@ o 0 @

In view of Tauberian theorems, we obtain from (31) and (32):

Qi (2,0) :WQOO (2)
ACELERANC)]
A(2)
L AD-ap(a@)]
A2) '

[/1 + 12/][1— h(A(2) + 6,)]
Qo1 (z,%) = A+,

N y(D-an(A(2) + 6]
A(z)+ 6,

N h(A(2) +6,)-1
z A@2)+6

Qp1(z,%)

(33)

Qoo(2)

Poo (0)- (34)
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Substituting now (29), (30) in (23 and taking into account
(34), we have:

Qoo (2) = Py (0)y(2) x
fuo (8(2) + U (32) )+ {y(z) +y —Zu(i(z))}

(A+v)- (/1 + :jU (l(z))+ 0y — 0,10 (A(2))
(35)
Note that the function
U(A(2) +6,) = h(A(2) +6,)+

1-h(A(2))
(A(Z))m

+6,(p+0qz)n (30)

has a meaningful interpretation. It is the Laplace transform of
the « blocking time » i.e. the elapsed time from the instant at
which a customer begins his service until the time at which
the server is available for beginning the service of each other
customer.

A similar interpretation may be given to the function

Uoi(A(2) +61)=an(A(2)+6;)+

- 37

*‘91<p+q2>r1(A<z>)1A?3§—(+A{§Z)). 7
1

Now denote by
P, =limP{N({t)=m}=
t—>w

= Qoo (M) + Pyy (M —1,00) + Pg (M, 0)

the stationary probability that there are m customers in the
system. Passing to the generating function, we have

Q(z) = Qg (2) + Quo(2) + 2Qp1 (z,) .

Using the obtained relations we have

) ={1+—9° ‘QA‘){;)(A(Z’) +(z +O,(p+ qz)%]
v1-h(A(z) +6,)
x(/l +;)W}QOO(Z)+7/(Z)X
X{%Jr(z+el(p+qz))x
-n(A@) 1-an (M@ +6) |
A(z) A(z) + 6,
v 1-h(A(2) + 6, 1-n(A(z)
_;W(Z+Hl(p+qZ)T]POO(O).

(38)

By using normalization condition Q(1) =1, we obtain

[L+6, + @+ 6,r) (A +v)h, Qe M) -1
wy (L+6;1)

POO (O) =
(39)

From (35), we have

Qo) =
S(1+U g (6) + 5+ W (6) (8 — AU (6,) Poo (0)
W(0)-(A+V)E =D (6)+ 6,5 - Ay,

(40)
From (39) and (40), we obtain finally

POO(O) =
S+ @+ ) (A +v)hJL+Ugy(a)]
L+ 6R)A-[5+W(8) -v(5 - W (@)]

where r; =-r;"(0) and
A=W (6) - (A+v)(6 - A (6,)+6,(5 - A)ry.

In order to found the functions a;;(s) andag, (s), we may

use an argumentation similar to that of section 3. More
precisely, the conditional limiting distribution of the residual
service time provided that the server is busy and available is
equal to

[ R-H)]

lim P(&(t) < x/E(t) =0,C(t) =1) =
[ E-H]

t—oo

Taking the Laplace transform, we have that
1-h(s)
Oi y
h, Q10 (0, )

Similarly, the Laplace transform of the limiting distribution
of the residual renewal time provided that the server is down

Ao (s) =sfp(Ls) =

lim P(&(t) < x/ E(t) =1,C(t) =0)

t—wo
is equal to
& 1-1y(s) 1-r(s)
1 + h(6, +0Qz .
0, +/1+VQ00() 52r, (61)(p +q2) s2r,

Then we have

Qu(0.) { b gm0,

ap (s) =

S G +A+v I

+h(6)(p+42)Qu (L, m)l—rﬂ}
1

Consequently, the function Q(z) given by (38) is now
entirely determined.
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V. CONCLUSION

We have provided the study of the above defined retrial
queue with negative arrivals and unreliable server. It will be
interesting to provide a more detailed study by considering
sample path properties as in [6,7].
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