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Fixed Points of Quasi-Contractive Type
Operators in Normed Spaces by a Three-step
Iteration Process

Safeer Hussain Khan

Abstract— We prove a strong convergence theorem to
approximate fixed points of quasi-contractive operators
recently introduced by Berinde by using a three-step iteration
process recently given by Suantai .We prove our result in the
setting of a normed space. As a corollary to this theorem we
have a convergence theorem of Xu-Noor. The latter will then
generalize and improve upon, among others, the corresponding
result of Berinde and the theorems generalized therein.

Index Terms— Three-step iteration process, Quasi-
contractive type operator, Fixed point, Strong convergence.
I. INTRODUCTION

Throughout this paper, N denotes the set of all positive
integers. Let C be a nonempty convex subset of a normed
space E and T :C—>C be a mapping. Let

{a,}.{b,}.{c.}.{e,} and {£,} be appropriately chosen

sequences in [0,1] .

The Mann iteration process [7] is defined by the sequence

X3

X, =xeC,
@)
X, =(@-a,)x, +a,Tx,,neN.
The sequence {X,} defined by
X, =XxeC,
Xy = (1 —-a, )Xn + anTyni (2)

y, =(@1-b,)x, +bTx , neN

is known as the Ishikawa iteration process [5].

We know that Ishikawa iteration process is a two-step
process. In 2000, Noor [8] introduced a three-step iteration
process to approximate solutions of variational inclusions in
Hilbert spaces. Glowinski and Le Tallec [4] applied a three-
step iteration process for finding the approximate solution of
the elastoviscoplasticity problem, eigen value problem and
liquid crystal theory.

Manuscript received January 14, 2011; Safeer Hussain Khan, Qatar
University, Doha 2713, State of Qatar. e-mail: safeerhussain5@yahoo.com

ISBN: 978-988-18210-6-5
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

In 2002, Xu and Noor [11] introduced the following
extension of the above Ishikawa iteration process:

X, =XeC,
z,=(1-a,)x, +a,Tx,
y, =(@-b,)x, +b,Tz,
X,y =(0-a,)x, +a,Ty,, neN

(3)

They used it to approximate fixed points in a uniformly
convex Banach space.

Recently, Suantai [10] introduced the following iteration
process:

X, =xeC,

z =(1-a,)x, +a,Tx,

y, =b Tz, +¢,Tx, +(1-b, —c, )x,

X,y =Ty, + BTz, +(1—a, - B,)%,, neN
(4)

He used it for weak and strong convergence of fixed points
in a uniformly convex Banach space. It can be viewed as an
extension of the iteration processes given by Noor
[8],Glowinski and Le Tallec [4], Xu and Noor [11],
Ishikawa [5] and Mann [7].

On the other hand Berinde [1] introduced a new class of
quasi-contractive type operators and proved a strong
convergence theorem for the Ishikawa iteration process (2)
to approximate fixed points in a normed space. To
appreciate this class of operators, we have to go through
some definitions in a metric space (X,d) .

A mapping T : X — X iscalled an a-contraction if
d(Tx,Ty) <ad(x,y)forall x,y € X, (5)

where O0<a<1.

The map T is called Kannan mapping [6] if there exists

be (0,5 such that
d(Tx, Ty) <b[d(x,Tx) +d(y, Ty)] (6)
forall x,y € X.
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A similar definition is due to Chatterjea [3]: there exists

ce(0,5 such that
d(Tx, Ty) <c[d(x,Ty) +d(y,Tx)] (7)
forall x,y € X.

Combining the above three definitions, Zamfirescu [12]
proved the following important result.

Theorem 1. Let (X,d) be acomplete metric space and
T : X > X a mapping for which there exist real
ab and ¢ O<a<1,
be(0,3),c€(0,3) such that for each pair X,y € X,
at least one of the following conditions holds:

@.¢ 4(Tx,Ty) <ad(x,y) forall x,yeX

,¢
X,yeX

(z;)d(Tx, Ty) <c[d(x,Ty) +d(y, Tx)] for all
X,y € X.

numbers satisfying

d(Tx,Ty) <b[d(x,TX)+d(y, Ty)]

for all

Then T
iteration XN defined by

=TX ,

n+l n

has a uique fixed point P and the Picard

X neN

convergesto P for any arbitrary but fixed X, € X.

An operator T  satisfying the contractive conditions
(z,),(z,) and (z;) in the above theorem is called
Zamfirescu operator. The class of Zamfirescu operators is
one of the most studied classes of quasi contractive type
operators. In  this class, Mann and Ishikawa iteration

processes are known to converge to a unique fixed point of
T.

In 2005, Berinde [1] introduced a new class of quasi-
contractive type operators on a normed space X
satisfying

[Tx=Ty| < &|x - y|+ LTx - X| (8)

forany x,ye X , 0<d<1 and L2>0.

Note that the contractive condition (5) makes T a
continuous function on X while this is not the case with

the contractive conditions (6)-(8) .

Berinde [1] proved that the class of operators given by (8)
is wider than the class of Zamfirescu operators and used the
Ishikawa iteration process (2) to approximate fixed points

of this class of operators in a normed space. Actually, his
main theorem is the following:

Theorem 2. Let C be a nonempty closed bounded convex
subset of a normed space E. Let T : C—>C bean
Let {X,} be defined by the

F(T)#¢ and

operator satisfying (8).

Ishikawa iterative process (2). If
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Yoo, =0, then {X,} converges strongly to a fixed
pointof T .

Our purpose in this paper is to prove a strong convergence
therorem using the iteration process (4) for quasi-
contractive type operators as given in (8) to approximate
fixed points in normed spaces. On similar lines, we will also
get a strong convergence theorem via the iteration process
(3). It will improve and unify a number of results including
Berinde's results [1, 2].

Il. MAINRESULTS

We now prove our main theorem as follows.
Theorem 3. Let C be a nonempty closed convex subset
of anormed space E. Let T : C — C be an operator

satisfying (8)and F(T) #¢. Let {X,} be defined by
the iteration process (4). 1If {a,}.{b,}.{c,}.{#,} and

{#.} are sequences in [0,1] , a,+Db, €[0,1] and
a,+ B, €[01] suchthat Y7, (e, +f3,)=00, then
{x,} converges strongly to a fixed pointof T .

Proof Assumethat F(T)#¢@. Let we F(T). Then
anTyn + ﬂnTZn
+(1_an _IBn)Xn —W
< a, [Ty, —w|+ 8,7z, - |

+ (l_ a, — ﬂn )”Xn - W” (9)

Nowfor Xx=wW and y=Y,,(8) gives

[Xn =] =

[Ty, =W < 5]y, —w] (10)
andwith X=W and y =2 ,we get
[Tz, ~w] < 8]z, ~w. (11

Also, the choice X =W and Yy = X, provides

[T, = w] < 5, —w. (12)

But

|z, — | < a,[Tx, —w|+ (@—-a,)|x, — W]
< a,8|x, —w|+@-a,)|x, —w]|
<(1-a,@-9))x, —w|. (13)

Thus
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Iy, = W= [b,Tz, + ¢, Tx, + (A1 —b, —c,)x, — W] limsup|x, —w| < limsup|x, —w]|
<o, [Tz, — ]+ ¢, [Tx, - w| “*°° .
bl xexp(—(l—é)Z(ak N ﬂk)jso.
n n n k=1
= b”§||2” B W” " C”§||X” B W” Hence n_m”X W|| =0. Consequently

+(1-b, —c,)|x, = |
<b,5(-a,(1-5))x, —w|

X, > We F(T). This completes the proof.

We also have the following theorem which actually can be

+¢, 8%, —w[+@-b, —c,)|x, —w]| seen as a corollary to the above theorem.
bs(l-a,(1-5))+c,d Theorem 4. Let C be a nonempty closed convex subset
= +(-b —c) ” —W” of anormedspace E. Let T : C — C be an operator
v 14) satisfying (8) . Let {x } be defined by the iterative
process (3). If F(T)#¢ and >, &, =0, then
Then using of (9) through (14), we obtain {X,} converges strongly to a fixed pointof T .
—_wll < _ _
”XM W” = & "Ty“ W” + 5y ”TZ” W” Proof As (4) reduces to (3) by choosing
=0y = Pr)||Xn — c, =, =0, the proof follows on the lines similar to the
+(L-a, = B,)x, —w =/, =0, the proof foll he lines similar to th
< a,0y, —w|+ B,5]z, - | above theorem.
o _ Theorem 3 (as well as Theorem 4 ) now immediately gives
+( % =y )”X W” Theorem 1 of [1] as follows:
5 b,5(1-a,(L- 5)) } Corollary 1. ([1],The0rem1) Let C be a nonempty
+¢,0+(1-b, —c,) ||X _ W|| closed convex subset of a normed space E. Let
+ ﬂna(l_ a,(1- 5)) T : C—C bean operator satisfying (8) . Let {X. }
+(1-a,-5,) be defined through the iterative process (2). If
Rearranging the terms, we get F(T)#¢ and X8, =, then {X,} converges
1+ab strongly to a fixed pointof T .
<J1- (l— 5)0{{ e } We also have the following corollaries.
s =l < + (b, +¢,)5 |t [% —w]
—(1—5)ﬂn [1+ an5] Corollary 2. ([2],The0rem 2) Let E be a Banach
space and C a non-empty closed convex subset of E.
<N-0= (1= _
- [1 1=6)a, (1 5)ﬂ“]”X” W” Let T : C—>C be a zZamfirescu operator. Let {X }
= [1_(1_5)(% + 5, )]”Xn _W” be defined by the Ishikawa iteration process (2) with
forall neN. Y@, =. Then MXnN converges strongly to the
By induction, unique fixed pointof T .

Proof The operator T has a unique fixed point by
|| nal W|| < H ~(1-5)(a, + B ]”X - W|| Theorem 1 and hence the result follows from Theorem 3by

putting a, =¢, = S, =0.

n
= ||X1—W||exp(2 1 5 ak + B, )) Corollary 3. ([2],Theorem1) Let E be a Banach
K=l space and C a non-empty closed convex subset of E.
n - -
Let T : C—>C be a Zamfirescu operator. Define
= ||x1—w||exp(— (1-6)> (e + B, J o P )
ko1 {x,} by the Mann iteration process (1) with
forall neN. Yaad, =0, Then {X,} converges strongly to a fixed
ointof T .
Since 0< o <L e,,f, €[0,1] and Zle(an +,Bn): P
, e get that Proof set a, =b, =c, =4,=0 forall neN ,in
Theorem 3.
ISBN: 978-988-18210-6-5 WCE 2011

ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)



Proceedings of the World Congress on Engineering 2011 Vol I
WCE 2011, July 6 - 8, 2011, London, U.K.

Remarks (1) The Chatterjea's and the Kannan's
contractive conditions (6) and (7) are both included in

the class of Zamfirescu operators and so their convergence
theorems for the modified Noor iteration process (4) are
obtained in Theorem 3.

(2) Theorem 4 of Rhoades [9] in the context of Mann
iteration on a uniformly convex Banach space has been
extended in Corollary 2 to the case of an Ishikawa
iteration on arbitrary Banach space and more generally by
Theorem 3 to the case of modified three-step iteration
process in normed spaces.

References
[1] V. Berinde, A convergence theorem for some mean
value fixed point iterations procedures, Dem.Math.,
38(1)2005, 177-184.

[2] ------------ ,On the convergence of Ishikawa iteration in
the class of quasi contractive  operators,
Acta.Math.Univ.Comenianae, LXXIII (1) 2004, 119-
126.

[3] S.K.Chatterjea, Fixed point theorems, C.R.
Acad.Bulgare Sci., 25 (1972), 727-730.

[4] R. Glowinski, P. Le Tallec, Augmented Lagrangian and
operator-splitting methods in nonlinear mechanics,
SIAM, Philadelphia,1989.

[5] S.Ishikawa, Fixed points by a new iteration method,
Proc.Amer.Math.Soc., 44 (1974), 147-150.

[6] R. Kannan, Some results on fixed points, Bull.Calcutta
Math. Soc., 10(1968), 71-76.

[7] W.R. Mann, Mean value methods in iterations
Proc.Amer.Math.Soc., 4 (1953), 506-510.

[8] M.A. Noor, New approximation schemes for general
variational inegaulities, J. Math. Anal. Appl., 251
(2000), 217-229.

[9] B.E. Rhoades, Fixed point iteration using infinite
matrices, Trans.Amer.Math.Soc., 196 (1974), 161-176.

[10] S.Suantai, Weak and strong convergence criteria of
Noor iteration for asymptotically nonexpansive
mappings, To appear in J. Math. Anal. Appl., (2006).

[11]1B. Xu and M.A.Noor, Ishikawa and Mann iteration
process with errors for nonlinear strongly accretive
operator equations, J. Math. Anal. Appl., 224 (1998),
91-101.

[12]T. Zamfirescu, Fix point theorems in metric spaces,
Arch. Math.(Basel), 23(1972), 292-298.

ISBN: 978-988-18210-6-5 WCE 2011
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)





