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On Partial Fraction Decomposition of Rational
Functions with Irreducible Quadratic Factors
In the Denominators
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Abstract—In this paper, we present a new approach to
partial fraction decomposition of rational functions with
irreducible quadratic factors in the denominators. It improves
the Heaviside’s cover-up technique to handle this type of
problem via polynomial divisions and substitutions only, with
no need to solve for the complex roots of the irreducible
guadratic polynomial involved, to use differentiation or to solve
a system of linear equations. Some examples of its applications
in engineering mathematics are included.

Index Terms—partial fraction decomposition, the
Heaviside’s cover-up technique, inverse Laplace transforms,
linear differential equations.

I. INTRODUCTION

THE problem of finding the partial fraction decomposition
of rational functions is often encountered in the study of
calculus, differential equations and certain topics of applied
mathematics. One common approach is to use the method of
undetermined coefficients to find the unknown coefficients
of the partial fractions. Another approach is to use the
Heaviside’s cover-up technique, which uses substitutions to
determine the unknown coefficients of the partial fractions
with single poles, and successive differentiations to tackle
those with multiple poles (see [1]). In [5], an improved
Heaviside approach is proposed to handle the latter case by
using substitutions and polynomial divisions only. However,
the drawback is that this approach cannot be effectively
applied to rational functions with only quadratic factors in the
denominators. To fill-up this gap, we now introduce a further
improved Heaviside approach in this paper, which can be
used for finding the partial fraction decomposition of rational
functions with irreducible quadratic factors in the
denominators. Again, the unknown coefficients of the partial
fractions can be determined by polynomial divisions and
substitutions only, with no need to solve for the complex
roots of the quadratic polynomial involved, to use
differentiation or to solve a system of linear equations.
Examples of its applications in some topics of engineering
mathematics, such as inverse Laplace transforms and linear
differential equations are included.
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Il. THEORETICAL BACKGROUND

The existence of partial fraction expansion of a given
proper rational function is based on the following result and
the discussion of its proof can refer to [4].

Theorem 2.1. Let F be a constant field and a(x) and b(x) be
polynomials in F[x] such that deg a(x) <deg b(x) and

b(x) =(x—a,)" - (Xx—a,)" (X* +bx+c)™ -+ (X* +b,x+c, )™
where n,---,n,,m,---,m_are positive integers and
b,,c,,---,c,,e F. Then a(x)/b(x) has a
unique partial fraction expansion of the form

a(x) a,, a,,

b(x) Z[(x @) (—a) +(Xfa‘)”‘j+ (1)
r b, x+c,
Z( (x +bx+c) j

wherea, , b, ;,

a“...’as’bl,...,

b, x+c,, b,x+c,

(x* +bx+c,)

C’jeF.

(X* +bx+c,)?

Now, we proceed to describe a simple algorithm for

computing the coefficients a, ;,b,;,c,; in the theorem below.

Theorem 2.2. The unknown coefficients in Theorem 2.1 can
be found by the following method:

Case(l): Partial fractions with linear factors in the
denominators.
a(x
ai,n ( ) ai)n‘ ’
b))’

a(x) & &, e
i,nrj |:b(X) kzol( k:|(X ai)

X=a,

where 1<i<s and 1< j<n,-1.

Case(ll): Partial fractions with quadratic factors in the
denominators.
b, X+C

_ 209 (e n
= b(x)'(x +bx+c)

X*=-bx—¢,

b, x+c,

im-j -j

Kob o X+C .
S (X +bx+c,)™!

i,m—k

_lax)
| b(x) ;(x2+bix+ci)m"k

where 1<i<r and 1< j<m, —1.

x?=-bx—c,
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Proof. Case (1): By multiplying (x—«,)" to both sides of (1),

we can eliminate the same factor in b(x) and then include
(x—¢;) or its higher power to each partial fraction, except
the constant term a . Hence, a, can be found by
substituting x = ¢, into the equation. In other words, we
obtain

a. = a(x) (x—a)

o b(x)

This technique is called cover-up in the original Heaviside’s
approach. Now, let us consider the function

a,(x) _a(x) &,

b.(X) b(x) (x—e)"
Due to the uniqueness of the partial fraction expansion of a
given rational function, the highest power of (x—¢;) in
b.,(x) is n,—1. It means we can eliminate the common

factor (x—¢,) when simplifying a,,(x)/b,,(X) .

X=a,

In other

words, the multiplicity of the pole ¢, is reduced by one via
polynomial division. By using the cover-up technique again,

we can finda, , , as follows:
X
&= Il( ) (X ai)nﬁl
o bll(X) X=

Similarly, we can consider the functions

a (x) a(x) Rl
" b(x) )2 (x—a)™*

bi‘j(X) k=0
and then repeat the above arguments to find a ,_; by the

following formula

NN
= b.,(x)

where 1<i<s and 1< j<n -1

Case (11): By multiplying (x* +bx+c,)"
we can eliminate the same factor

to both sides of (1),
in b(x). Then,
(xX* +bx+c,) or its higher power will be included to each
partial fraction, except the termb, x+c,, , which can be

determined by the substitution below
ax)
b(x)

If the rational function on the right hand side is not in the
form of a linear polynomial, we can use polynomial division
to express its numerator and denominator in the forms

(€ +bx+6,)0,, (x) + (U, X +V,,),

bi‘m‘x+ci‘m‘ (x*+bx+c)" :

X*=—bx—C;

and (x*+bx+c,)q,,(x)+(u,,x+Vv,,), respectively.

Then, we can use the equation x*=-bx—c, to eliminate
(X* +bx+c)q,,(x)and (x* + b x+¢;)q,,(x) so that only the
linear parts u,,x+v, and u, ,x+V,, are left. By multiplying
p,x+0d, to each one of them, where p =1/u,, and
g =[b,
reduce (u,,x+V,,)(p;x+0q,) and (u,,x+Vv, )(p,x+q,)into a

—(v,,/u;,)]/u;,, we can use x* =—bx—c, again to
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constant and a linear polynomial, respectively. Thus, the term

b, Xx+c,, is totally determined. Now, let us consider the
function

a,,(x) _a(x) b, X+C,

b,(x) b(x) (xX*+bx+c)"’

Due to the uniqueness of the partial fraction expansion of a
given rational function, the highest power of (x* +bx+c,) in

b,(x)is m, —1. So, we can eliminate the common factor
(x* +b,x+c,) when simplifying a, , (x)/b,,(x) and the power
of (xX*+bx+c) is reduced by one. By using similar

arguments described above and the cover-up technique
repeatedly, we can determine b, x+c, -, by the formula

below:
_la ¥
b, X+C0p =500 Z

where 1<i<r and 1< j<m —1. It completes the proof.

}(x +bx+c)™’
< (x* +bx+c)

x?=—bx—¢;

I1l. EXAMPLES

We now provide some examples of this new approach,
including its applications in certain topics of engineering
mathematics, such as inverse Laplace transforms and linear
differential equations (see [2], [3], [6]).

Example 3.1 Find the partial fraction expansion of the
rational function (5x° +9x —4) /(x(x —1)(x* + 4)).

3 —_—
Solution. LetF(x) = —X +9x-4 _a b _cx+d

X(x-D(x*+4) x x-1 x*+4'
where a, b, ¢, d are unknown constants to be determined.
Using the cover-up technique, we have

4
T (D@
b=(x-)F (X, 5*3 i)
oxd = + F (), _5X+9x-4 _ —20x+9x—4|
=4 X(x-1) ‘M —-4-x \XH
_x+d(x-4)| _-44-40x-16 _, o
T+ A(x-4) |,  -4-16 ., '
Hence, F(x):l+i+ﬂ.
X x-1 x*+4

Example 3.2 Find the partial fraction expansion of the
rational function (3x® + 2x? +5x + 2) /(x> +D)(X* + x +1)).

Solution.

3%°+2x° +5x+2 ax+b N cx+d
C+D(X°+x+1)  x*+1 X +x+1

a, b, ¢, d are unknown constants to be determined. Using the
cover-up technique, we have

Let F(x) = , where

U3¢ 45x+2  _-3x-245x+2)

X x4+l | 14X+l o,
3 2

ox+d :(x2+x+1)F(x)‘ Z _3x +2>§ +5x+2‘ :3—2(x+1)+5x+2\
xi=oxd x*+1 — -X Lo
- Bx+I(x+D =@ +6x+3),  =-3x-3+6x+3=3x
=X(x+1) |._ ., K=oxl
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3x
2 + 2 )
X“+1 X +x+1

Hence, F(x) =

Example 3.3  Find the partial fraction expansion of the
rational function (x* +3x* +11x +1) /(x* +3x +9)°.

Solution.
x'+3x* +11x+1  ax+b cx+d

(X2 +3x+9)2  X2+3x+9 (X2 +3x+9)*’
where a, b, ¢, d are unknown constants to be determined.
Using the cover-up technique, we have

LetF(x)=

ox+d =(x?+3x+9)*F(x) . (X% +3x2 +11x +1) gy = 2XHL
3 2
ax+b=(x*+3x+9)(F(x) - 2x+1 =) =X :—SX +9x] =X
(x* +3x+9) R (x*+3x+9) e ao
X 2x+1

Hence, F(x) =

+ :
x> +3x+9  (X*+3x+9)°

Example 3.4 Find the inverse Laplace transform of the
rational function 1/((s* +9)(s* + 4)).

Solution.
1 as+b cs+d
2 2 = 2 + 2
(s°+9)(s"+4) s°+9 s°+4
are unknown constants to be determined. Using the cover-up
technique, we have

,where a, b, c, d

LetF(s)=

as+b=(s*+9F ()., = 521+4 =‘?,
s?=-9
cs+d = (s +AF (), = (szl+9) Z%.
s?=—4

-1

> +— and the inverse Laplace
5(s*+9) 5(s°+4)

Hence, F(s) =

transform is given by L*(F(s)) = I—gsin 3t +%5in 2t.

Example 3.5 Solve the differential equation y"+y =¢',
such that y(0)=y'(0)=0 and y"(0) =1.

Solution. Let F(s)=L[y(t)]. Applying Laplace transform,
we have (s> +1)F(s) =1/(s—1).

1 _as+ b N cs+d
(s-1(s*+1) s-1 s*+1
are unknown constants to be determined. Using the cover-up
technique, we have

,where a, b, ¢, d

Let F(s)=

1 1
as+b=(s-1F(s)_, = ==,
| T st 41, 2
1 s+1 \ s+1
d=(s*+1)F = = = 2=
cs+d=(s"+DF(s)), | 6D, GDED., ( 2 j
Hence, F(s)= ! s+1 Applying the inverse

2(s-1) 2(s*+1)
Laplace transform, we obtain y(t) = %(et —cost—sint),

which satisfies y(0) = y'(0) =0 and y"(0) =1.
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IV. CONCLUDING REMARKS

In this paper, we have introduced a simple approach for
computing the partial fraction decompositions of rational
functions with irreducible quadratic factors in the
denominators. By using this method, there is no need to solve
for the complex roots of the quadratic polynomials involved,
to use differentiation or to solve a system of linear equations.
Due to its simplicity and useful applications in applied and
engineering mathematics, this method can introduced to
higher school or undergraduate students, as an alternative to
those classic techniques mentioned in most mathematics
textbooks.
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