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Abstract—In this paper, we present a new approach to 

partial fraction decomposition of rational functions with 
irreducible quadratic factors in the denominators. It improves 
the Heaviside’s cover-up technique to handle this type of 
problem via polynomial divisions and substitutions only, with 
no need to solve for the complex roots of the irreducible 
quadratic polynomial involved, to use differentiation or to solve 
a system of linear equations. Some examples of its applications 
in engineering mathematics are included. 
 

Index Terms—partial fraction decomposition, the 
Heaviside’s cover-up technique, inverse Laplace transforms, 
linear differential equations. 
 

I. INTRODUCTION 

HE problem of finding the partial fraction decomposition 
of rational functions is often encountered in the study of 

calculus, differential equations and certain topics of applied 
mathematics. One common approach is to use the method of 
undetermined coefficients to find the unknown coefficients 
of the partial fractions. Another approach is to use the 
Heaviside’s cover-up technique, which uses substitutions to 
determine the unknown coefficients of the partial fractions 
with single poles, and successive differentiations to tackle 
those with multiple poles (see [1]). In [5], an improved 
Heaviside approach is proposed to handle the latter case by 
using substitutions and polynomial divisions only. However, 
the drawback is that this approach cannot be effectively 
applied to rational functions with only quadratic factors in the 
denominators. To fill-up this gap, we now introduce a further 
improved Heaviside approach in this paper, which can be 
used for finding the partial fraction decomposition of rational 
functions with irreducible quadratic factors in the 
denominators. Again, the unknown coefficients of the partial 
fractions can be determined by polynomial divisions and 
substitutions only, with no need to solve for the complex 
roots of the quadratic polynomial involved, to use 
differentiation or to solve a system of linear equations. 
Examples of its applications in some topics of engineering 
mathematics, such as inverse Laplace transforms and linear 
differential equations are included. 
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II. THEORETICAL BACKGROUND 

The existence of partial fraction expansion of a given 
proper rational function is based on the following result and 
the discussion of its proof can refer to [4]. 

 
Theorem 2.1. Let F be a constant field and )(xa  and )(xb  be 

polynomials in F[x] such that deg )(xa  < deg )(xb  and 
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where .,, ,,, Fcba jijiji   

 
Now, we proceed to describe a simple algorithm for 
computing the coefficients jijiji cba ,,, ,,  in the theorem below. 

 
Theorem 2.2. The unknown coefficients in Theorem 2.1 can 
be found by the following method: 
Case(I): Partial fractions with linear factors in the 
denominators. 
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where si 1  and 11  inj . 

Case(II): Partial fractions with quadratic factors in the 
denominators. 
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where ri 1  and .11  imj  
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Proof.  Case (I): By multiplying in

ix )(   to both sides of (1), 

we can eliminate the same factor in )(xb  and then include 

)( ix  or its higher power to each partial fraction, except 

the constant term ., inia Hence, 
inia , can be found by 

substituting ix   into the equation. In other words, we 

obtain  
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This technique is called cover-up in the original Heaviside’s 
approach. Now, let us consider the function  
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Due to the uniqueness of the partial fraction expansion of a 
given rational function, the highest power of )( ix  in 

)(1, xbi is .1in  It means we can eliminate the common 

factor )( ix  when simplifying )(/)( 1,1, xbxa ii . In other 

words, the multiplicity of the pole i  is reduced by one via 

polynomial division. By using the cover-up technique again, 
we can find 1, inia  as follows: 
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Similarly, we can consider the functions 
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and then repeat the above arguments to find jni i
a ,  by the 

following formula 
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where si 1  and .11  inj  

 
Case (II): By multiplying im

ii cxbx )( 2   to both sides of (1), 

we can eliminate the same factor in ).(xb Then, 

)( 2

ii cxbx  or its higher power will be included to each 

partial fraction, except the term
ii mimi cxb ,,  , which can be 

determined by the substitution below  
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If the rational function on the right hand side is not in the 
form of a linear polynomial, we can use polynomial division 
to express its numerator and denominator in the forms  
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Then, we can use the equation ii cxbx 2  to eliminate 
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2 xqcxbx iii  and )()( 2,

2 xqcxbx iii   so that only the 

linear parts 1,1, ii vxu  and 2,2, ii vxu   are left. By multiplying 

ii qxp   to each one of them, where 2,/1 ii up  and 

2,2,2, /)]/([ iiiii uuvbq  , we can use ii cxbx 2  again to 

reduce ))(( 2,2, iiii qxpvxu   and ))(( 1,1, iiii qxpvxu  into a 

constant and a linear polynomial, respectively. Thus, the term 

ii mimi cxb ,,  is totally determined. Now, let us consider the 

function 
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Due to the uniqueness of the partial fraction expansion of a 
given rational function, the highest power of )( 2

ii cxbx  in 

)(1, xbi is 1im . So, we can eliminate the common factor 
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ii cxbx  when simplifying )(/)( 1,1, xbxa ii  and the power 

of )( 2

ii cxbx  is reduced by one. By using similar 

arguments described above and the cover-up technique 
repeatedly, we can determine jmijmi ii

cxb   ,,  by the formula 

below: 

ii

i

i

ii

ii

cxbx

jm

ii

j

k
km

ii

kmikmi

jmijmi cxbx
cxbx

cxb

xb

xa
cxb











 















 

2

)(
)()(

)( 2
1

0
2

,,

,,

, 

where ri 1  and 11  imj . It completes the proof. 

III. EXAMPLES 

We now provide some examples of this new approach, 
including its applications in certain topics of engineering 
mathematics, such as inverse Laplace transforms and linear 
differential equations (see [2], [3], [6]). 

 
Example 3.1  Find the partial fraction expansion of the 
rational function )).4)(1(/()495( 23  xxxxx  
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where a, b, c, d are unknown constants to be determined. 
Using the cover-up technique, we have 

1
)4)(1(

4
)(

0






x

xxFa  

2
5

495
)()1(

1





x
xFxb  

.32
164

164044

)4)(4(

)4)(411(

4

4920

)1(

495
)()4(

44

44

3

4

2

22

22

2


























x
x

xx

xx

x

xx

xx

xx
xFxdcx

xx

xx
x  

Hence, .
4

32

1

21
)(

2 






x

x

xx
xF  

 
Example 3.2  Find the partial fraction expansion of the 
rational function )).1)(1/(()2523( 2223  xxxxxx  

 
Solution.  
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Example 3.3  Find the partial fraction expansion of the 
rational function .)93/()1113( 2223  xxxxx  
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where a, b, c, d are unknown constants to be determined. 
Using the cover-up technique, we have 
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Example 3.4  Find the inverse Laplace transform of the 
rational function )).4)(9/((1 22  ss  
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Example 3.5  Solve the differential equation teyy " , 
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Solution. Let )].([)( tyLsF   Applying Laplace transform, 

we have ).1/(1)()1( 2  ssFs  

Let ,
11)1)(1(

1
)(

22 










s

dcs

s

bas

ss
sF where a, b, c, d 

are unknown constants to be determined. Using the cover-up 
technique, we have 

,
2

1

1

1
)()1(

1
21








s

s s
sFsbas  

.
2

1

)1)(1(

1

)1(

1
)()1(

11
1

2

22

2 





 













s

ss

s

s
sFsdcs

ss
s

 

Hence, .
)1(2

1

)1(2

1
)(

2 






s

s

s
sF Applying the inverse 

Laplace transform, we obtain )sincos(
2

1
)( ttety t  , 

which satisfies 0)0(')0(  yy and .1)0(" y  

 

IV. CONCLUDING REMARKS 

In this paper, we have introduced a simple approach for 
computing the partial fraction decompositions of rational 
functions with irreducible quadratic factors in the 
denominators. By using this method, there is no need to solve 
for the complex roots of the quadratic polynomials involved, 
to use differentiation or to solve a system of linear equations. 
Due to its simplicity and useful applications in applied and 
engineering mathematics, this method can introduced to 
higher school or undergraduate students, as an alternative to 
those classic techniques mentioned in most mathematics 
textbooks. 
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