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Some Results on Fuzzy Metric Spaces

Bhardwaj R.K., Singhi J., Shrivastava, R., and Rajput S.S

Abstract—In the present paper we are proving a common
fixed point theorem for random fuzzy 3- metric spaces for
weakly commuting mappings.

Index Terms—Fuzzy metric spaces, fuzzy 3- metric spaces,
common fixed point, fuzzy random 3-metric spaces.

I. INTRODUCTION

The study of common fixed points of mappings in a fuzzy
metric space satisfying certain contractive conditions has
been at the center of vigorous research activity. In 1965, the
concept of fuzzy sets was introduced by Zadeh [21]. With
the concept of fuzzy sets, the fuzzy metric space was
introduced by Kramosil and J. Michalek [11] in 1975.
Helpern [7] in 1981first proved a fixed point theorem for
fuzzy mappings. Also M.Grabiec [6] in 1988 proved the
contraction principle in the setting of the fuzzy metric spaces.
Moreover, A. George and P. Veeramani [5] in1994 modified
the notion of fuzzy metric spaces with the help of t-norm, by
generalizing the concept of probabilistic metric space to
fuzzy situation. Consequently in due course of time some
metric fixed point results were generalized to fuzzy metric
spaces by various athours.

Gahler in a series of papers [2, 3, and 4] investigated
2-metric spaces. Sharma, Sharma and Iseki [15] studied for
the first time contraction type mappings in 2-metic space. We
know that that 2-metric space is a real valued function of a
point triples on a set X, which abstract properties were
suggested by the area function in Euclidean spaces. Now it is
natural to expect 3-Metric space, which is suggested by the
volume function.

The concept of Fuzzy-random-variable was introduced as
an analogous notion to random- variable in order to extend
statistical analysis to situations when the outcomes of some
random experiment are fuzzy sets. But in contrary to the
classical statistical methods no unique definition has been
established before the work of Volker, Volker [20]. He
presented set theoretical concept of fuzzy-random-variables
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using the method of general topology and drawing on results
from topological measure theory and the theory of analytic
spaces. Puri and Ralescu [13] studied fuzzy random variables
as a generalization of random sets. The purpose of this
generalization was the introduction of statistical techniques.
Stojakovic,M.[19] introduce a new distance on the set of
integrably bounded fuzzy random variables No results in
fixed point are introduced in fuzzy random 3- metric spaces
till now . In the present paper we are introducing the fuzzy
random 3-metric spaces and proving a common fixed point
theorem for weakly commuting mappings.

II. PROCEDURE FOR PAPER SUBMISSION

A. Definitions
Definition (2.1): A binary operation *: [0, 1]* — [0, 1] is
called a continuous t-norm if
([0, 1], *) is an abelian topological monoide with unit 1 such

that

a, *b, *c,*d, >a, *b, *C, *d, Whenever a, > a,, b,
>b, c;>cyandd;>d, forall ay, ay, by, by, ¢y, ¢ and dy, d, are
in [0, 1].

Definition (2.1.A): Throughout this paper, (Q,Z) denotes a
measurable space. & : () — X is a measurable selector. X is
any non empty set.* is continuous t-norm, M is a fuzzy set in
X* x [O, oo) , then (X, QQ ,M,*) is said to be randomized

fuzzy 3- metric spaces (R.F.M.) if followings are true.
Forall x, &y, £ ze Xands, t>0,

B. Final Stage
Definition (2.1.B): The (X, £2 ,M,*) is called a fuzzy
3-metric space if X is an arbitrary set, * is a continuous
t-norm monoid and M is a fuzzy set in X* x [0, «o] satisfying

the following conductions:
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(RFM " _1) ‘M (fX,fy,é:Z,fW,O): 0 III. MAINRESULTS
" THEOREM 3.1 Let (X, ,M, *) be a complete random
(RFM"=2): M (&x,£Y,E2,Ew,t) =1,V -0,

) fuzzy 3-metric space and let S and T be continuous mappings
Only whenthethreesimplex(x, y, z, w)

deg enera(t)(t:’X in X, then S and T have a common fixed point in X if
(RFM " -3):M (§x,§y,§z,§w,t) =M (EX, EW, §izeré ¥uids continuous mapping A of X into S (X) N T (X)
=M(EZ,EW,EX,EY,t)=———— which ~ commute  weakly with S and T
(RFM' —4): M (5x,§y,§z,§w,t+t2 +t3) (3.1a)

A ZM(EXEY.Ez,Eut )* M (T<&y, Afy,a,b,t),
M(EX,EY,EU,Ew,t, ) M (S&x, Aéx,a,b,t),

*M (EX,EU,82,EW,t,) M (AEx, Afy,a,b,qt)>min{ M (SEX,TEY,a.t),
*M(SU,SY,5z2,8wW,t,) M (SEX,TEY,a,b,t)
(RFM " =5):M(&X,EY, E2,EW) :[0,1) - [O,l] M (AcfX,Tfy,a,b,t)

is left continuous
VEX,EY,E2,Eu,Ewe X, L, t,t, -0 forall &x, &y,a,be X, t>0,0<q<1
(3.1b)

Definition (2.1.C): Let (X,Q2_ M, *) be a random fuzzy .
T limM t) = 1 for all
lim M (Ex, &y, £z, Ew 0 = 1 for all Ex, . £,

3-metric space:
(1)A sequence {Xn} in random fuzzy 3-metric space X is & winX.
said to be convergent to a point Then S, T and A have a unique common fixed point.

ExeX,if PROOF: We define a sequence {x,} such that

A§ Xon :S §X2n_1 and Aé Xon-1— T g Xon, 1 = 1, 2,--
lim M (&,,éx,a,b,t)=1, foralla,be X andt -0 We shall prove that {A & x,} is a Cauchy sequence.
n—ow

(2)A sequence { & x,} in random fuzzy 3-metric space X is For this suppose ¢'x = &xanand ¢y = & xopn in (3.1 2), we

called a Cauchy sequence, if write

lim M (&,,,,éX,,a,b,t)=1, foralla,be X andt, p -0 (TE%anrs Ay D),

M
M (S&%,0, Ay, B,0L1).
M (AX,,, AZX,,.,,a,0,0t) > ming M (S, Téx,,,.abit),
M (SE%y, T EXoper,2.0.1)
M (ASx,,. Téx,,.,,a,0.t)

(3)A random fuzzy 3-metric space in which every Cauchy

sequence is convergent is said to be complete.

Definition (2.1.D) A function M is continuous in random

fuzzy 3-metric space if M (AEX,,, AEX,,.,,a,b,1),
fxn _)é:X’ é:yn _>§y’ = l’l'lil’l M (A‘§X2n+1,A‘§X2n9a’b9t)9
then lim M (¢x,,&Y,,a,b,t) M (ASX,,. ASX,,,a,D0,1),1

=M (X, Ey,at),Va,b e Xandt>0 t
P . M (A§X2n—1’A§X2naa7 b,—),
Definition (2.1.E): Two mappings A and S on random fuzzy S mi q
Z min
3-metric space X are weakly commuting iff,

M (AS£&u, SALu, a,b,t)

>M (Aéu,S&u, a,t)
Yu,a,beXandt>=0

t
M (A‘/:szn,Aéxzn—l ,a, bva)
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Therefore Therefore
M (A&, Ad,,,,a,b,qt)> M (TAZZ, AAEZ,a,b 1),
t M (S&z,Alz,a,b,t),
M(Aéxzn-“ A§x2n,a,b,aj M (A&z, AAEzZ,a,b,qt)>min< M (S€z,TA¢z,a,b,t),
By induction M (S¢£z,TAZz,a,b,t)
M (Afz,TAéz,a,b,t)’

|V|(ASXZK,A§X2m+1,a,b,qt)2M[AsZXZm,AéXZk_paa b%j
M (A&, A’&,a,b,qt)>M (S&, TAEZ, a,b,t)

For every k and m in N, Further if 2m +1 > 2k, then >M (SQZZ ATfZ a.b t)
M (AEXyy, AEXy,.,,a,b,qt)
> M (Afz, A*¢z,a,b,1)
>M [Aéxzkl, A§x2m,a,b,£] ............... If % >
q
t t
>M (Aé:x()a A§X2m+12k’a’b’TJ__(3'1 b) llm M (A{;"Z, Azéz,a,b,_n)zl
q Since, " q
2m+1, then = Afz=A¢2
M (A‘fXZk A Xom 1,20, qt) Thus & z is common fixed point of A, S and T.
t
>M (Aé:XZk_l, AEX,,a, b,qj ............... For uniqueness, let £ v (£ v =< z) be another common fixed

point of S, T and A.

t
=M (A§X2k—(2m+1)’ Aé:xo’a’b’qzm]__(&lc) By (3.1 a) we write

By simple induction with (3.1 b) and (3.1 ¢) we have M (Tév, Aév,a,b,t),
M (AEX,, AEX,,.a,b,qt) M (S¢&z,ASz,a,b,t),
‘ M (ASz, AZv,a,b,qt)>min{ M (S&£z,Tév,a,b,t),
>M [Afxo,Afxp,aab,q—nj- M (S&z,Tév,a,b,t)
Forn=2k, p=2m+1 orn=2k+1, p=2m+1 and by (RFM-4) M (ASz,Tév,ab,t)’

M (AEX ,AEX ,a,b,qt
(ASx,, AX,,,abat) M (A&, Adv,a,b,qt)> min (M (22, &,a,b,1))

t
=M (Aéxo, ASX;,a, bHJ M (&, &v,a,b, gt)>min {M (&, &v,a,b,t)}
t
*M (Aéxl,Aixp,a,b,;—nj.———(ald) =M (Afz,Azfz,a,b,? ).
If n= 2k, p=2m or n = 2k+1, p=2m Sogz=gv

for every positive integer p and n in N, by nothing that
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M(Agxo,Agxp,a,b,inj. —lasn— o
v

Thus {A & x,} is a Cauchy sequence.

Since the space X is complete there exists & z € X, such that

lim Aéx, =lim Sé&x,, , = limTéx,, =¢&

n—oo

It follows that A z=S z=T &z and
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