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Existenceand Stability of Periodic Solution
In Impulsive Hopfield Networks
with Time-Varying Delays
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Abstract—By constructing suitable Lyapunov functions, we perturbations which can affect dynamical behaviors of the
study the existence, uniqueness and global exponential stability systems just as time delays. Therefore, it is necessary to con-

of periodic solution for impulsive Hopfield neural networks sider both impulsive effect and delay effect on the Stablllty
with time-varying delays. Our condition extends and generalizes
of neural networks.

a known condition for the global exponential periodicity of ] ) o ) .
continuous Hopfield neural networks with time-varying delays. In this paper, we consider the following impulsive Hopfield
Further the numerical simulation shows that our system can oc- neural networks with time-varying delays:

cur many forms of complexities including gui strange attractor
and periodic solution.

n
: _ _ i(t) = —aiwi(t) + Y aijg;(z;(t))
Index Terms—Hopfield neural network, pulse, time-varying =
delay, Periodic solution, Numerical simulation.
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I. INTRODUCTION
N recent years, stability of different classes of neul Azi(tx) = yirwi(te), i=1,2,....n, k=1,2,...,
ral rlletworlrsl with tirr;e delayl,( Sut;:'g as _Hoplfield Neurdlhere n is the number of neurons in the network;(t)
networks, cellular neural networks, bidirectional associati ; ; o
neural networks, Lotka-Volterra neural networks, has be\t{a% t\tlviicsrt]attieo;;h(z;hurgﬁurr:r;er;\; t:?eet,stactzg ﬁhg]qe i;?)tlzted
extepswely studied and various stability conditions have beggy the systemp;; is the connection strength from the
obtalne_ql for these models of neural n_etworks [1]-[15]. jth neuron to theith neuron.g(z) = (g1(z1), ga(2), - .-
Stability and convergence properties are generally r “(zn))T : R" — R™ is the output of theth neuron at time
garded as important effects of delays. Both in biological ar}(':’f](t) = (LL(t), Io(t), ..., I,(t)T € R" is the w-periodic
man-made neural systems, integration and communicati@ternal input to theth neuron.
delays are ubiquitous, and often become sources of i”Stab”Throughout this paper, we assume that
ity. The delays in electronic neural networks are usually ti . . .
varying, and sometimes vary violently with time due to t[wlﬁl) F_or] N {L,... .’n}’ gj(u.) (= 1’.2’ N '.’n) Is globally
finite switching speed of amplifiers and faults in the electrical Llpsch|tg-cont|nuous with the Lipschitz constalf >
L o 0. That is,
circuit. They slow down the transmission rate and tend to
introduce some degree of instability in circuits. Therefore, lgj(u1) — g;(u2)| < Ljluy — ual,
fast response must be required in practical electronic neural-
network designs. The technique to achieve fast response trou- for all u1, uz € R = (—o00,00).
bles many circuit designers. So, it is important to investigattlz) There exists a positive integer such that, ¢, =
the delay independent stability and decay estimates of the tx + @, Vi(k+p) = Yir, k>0, k=1,2,....
states of analog neural networks. (H3) 75(t)(i,5 = 1,2,...,n) are continuously differen-
However, besides delay effect, impulsive effect likewise  tiable w-periodic functions defined oR*, 7 =
exists in a wide variety of evolutionary processes in which  SUPo<i<e Tij (t) @andinfier+ {1 —7;(¢)} > 0.
states are changed abruptly at certain moments of timeJn order to describe the initial condition accompanying Eq.
involving such fields as medicine and biology, economic§l), we introduce the following notations.
mechanics, electronics and telecommunications, etc. ManyDefinition 1: A function ¢ : [—-7,0] — R is said to be a
interesting results on impulsive effect have been gained [16]~-function if the following two conditions are satisfied:
[30]. As artificial electronic systems, neural networks such(a) ¢ is piecewise continuous with first kind discontinuity
as Hopfield neural networks, bidirectional neural networks gt the points;,. Moreover,¢ is left-continuous at each
and recurrent neural networks often are subject to impulsive  djiscontinuity point.
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For brevity, let us denote this normed space®y. In this Lemma 3:Let z(¢, ¢), z(t, »)be a pair of solutions of Eq.
paper it is assumed that Eq. (1) is accompanied with tii#). If the two conditions given in Theorem 1 are satisfied,
initial condition ¢ € C*. We can easily prove. then there is a positive numbersuch that,
Lemma 1:C* is a Banach space. et
_— : . . - < — et >
Definition 2: A function z : [—7,00] — R is said to be l2(t,8) = 2(t 9)lloo < M9 = plloce™, forall >0
the special solution of Eq. (1) with initial conditiohe C*  where

if the following two conditions are satisfied: n
(a) «x is piecewise continuous with first kind discontinuity M(e) min_ o Z & {1 + -Lj9; |CU‘( - 1) :
at the pointsty, k € {1,...,p}. NS
(b) z satisfies Eq. (1) for > 0, andz(0) = ¢(0) for  proof. Let x(t, ) = (x1(t, d), x2(t, ), ..., zn(t, ¢))T and
0 €[-7,0]. z(t, @) = (21(t, @), m2(t, ), . .., T (t,))T be an arbitrary

Henceforth, we let:(¢, ¢) denote the special solution of Eq.pair of solutions of Eq. (1). Let

(1) with initial condition¢ € C* , . o
Definition 3: Eq. (1) is said to be globally exponentially Azi(t, ¢, 0) = @it 6) = 2ilt, )

periodic if (a) it possesses a periodic solutieft, ¢*), and Ag;(z;(t, ¢, 0)) = gj(x;(t, d)) — g;(x;(t, ¢))
(b) x(¢t,¢*) is globally exponentially stable. That is, there N
exist posm\_/e.constams and M such that every solution of V(t) = Z%{Awi(t &, o)le~ct
Eq. (1) satisfies
_ * gk —et L i
|z(t, @) — x(t, ¢")||oo < M||¢p — ¢*||e™%", forall ¢t > 0. +Z/ — \cz|1
In the next section, we will use the upper right Dini 7i(t) (5))
derivative of a continuous functiori(¢), which is defined (st (b=1(s
de (1) A5, 6, )| >>d5}_ @
flt+ At) — f(t) We proceed by considering two possibilities.

DTf(t)= lim sup

h—0% 0o At<h At Case 1.t # t for all k € {1,...,p}. From the second

condition in Theorem 3, there is a small positive number

The following lemma follows directly from the definition ¢, that

of upper right Dini derivative. n
Lemma 2:Let f(¢) be a continuous function oR that is aila; — ) > L; Zaj(\bgﬂ +85]cjile”T), 3)
differentiable atty. Then

j=1
f(to), when f(to) > 0, wherei = 1, ..., n. Calculating the derivatives df (¢) along
DT |f(to)] = ff.(to), when f (o) < 0, the solutions of Eq. (1), we get
|f(t0)|a when f(tO) =0. D+V(t) _ Zai{e_EtD+|A$i(t7 (b’ (P)|
Il. MAIN RESULT = Lyles|
Now we definey(t) =t — 7;(t), theny~1(¢) has inverse + Z [”())M%( 26,0
function v. Set ¥i

,€s<t+n<wj )

Lyl Ay (1 - n—<t>,¢,w>eﬂ

1
61' = max {1 :
1—7i(h; (1))
Theorem 1:Eq. (1) is globally exponentially periodic if

teR},i—l,Z,...7n.

the following two conditions are satisfied: +ee N Ax;(t, ¢, <p)|}. 4)
Hy) |1+ vl < 1, forall s € {1,...,n}, andk €
(Ha) |{1 . 7’;7'} { ) Note that fori = 1,...,n,
(H5) There exist positive numbets;, as, . . ., ay,, such that Bi(t, @) — @i(t, 0) = —a; Azi(t, ¢, )
azaz>L12a3(|bjl|+5j|cﬂ|), Z:1,2,7’L +ZbLjAg]($](t7¢7<p)
j=1 Jj=1
As a direct result of Theorem 1, we have JrZCiJAgJ' it —75(t), 6, 0)

Corollary 1: Eqg. (1) is globally exponentially periodic if

@ |1+ vkl < 1, foralie {l,...;n}, andk € which plus(H,) yields

{1,...,p}, B
(b) D7 x(t, ¢) — x(t, 0)| < —ai|Azi(t, ¢, ©)|
a; > Li Y ([bjil + 8jlesal), i=1,2,...,n. + Zbilegj(wj(t,as,so))l
=1 7=t
In order to prove Theorem 1, we need the following + Z cij| Ag; (x5 (t — (1), §, )]
Lemma. j=1
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< =il Awi(t, 0, 9)| + D Lilbis|| Az (t, 6, )|

j=1
+ Y Ljleis || Ay (t -

j=1
Substituting Eq. (5) into Eq. (4), we obtain

n

> a [ — aie” " |Az;(t, ¢, )|

i=1

DYV (t) =
+em S Lyl | Az (t 6, )|
j=1

n
+e7t N Lyleijl| Az (t - 75(t), 6, )]
j=1

Ee—Et ‘Amz(ta (b? (,0)|

L Ly

+) At 6, )]
;kn(wﬂt)) ’
=t (%71 (1)

- ZLJ|CZJ||ij(t - Tj(t)7 ¢7 w)‘est

j=1
<Y a (e - alAn(t. o)
=1

+ 3 Lylbisl|Az;(t, ¢, 0)|

j=1
n

+ 3 Lidjleij|eT | A (t, ¢, w)]

j=1

— e ¢t |:Z Oéi(é' - az)‘Axv(tv ¢7 90)|
=1

+>Li Y ag (sl + 5z'|0ji|€”)}
i=1  j=1

|sz(t7 ¢a (,0)‘

n

=e Yy {ai(s — a;)

i=1

+Li Y (Ibjil + 51'Cji|€”)}
j=1

Case 2.t = ty, for somek € {1,2,...,p}. Then

n

V(E+0)=>a |:|Axi(t +0,0, )™
i=1
n t L-|C"|
+ / —
j; t—ri(t) 1 — Tj(%’ 1(5))

Ax;(s, ¢, w)ef(sm(wjl(s))ds} .

According to Eqg. (2) andH,), we obtain
V(t+0)—

n

g Zai(mxi(t +0,9,9) - [Azi(t, ¢, %0>|)

=1

V(#)
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Tj(t)a¢a§0)" (5)

n

e i (1= 1+ yie]) | Ai(t, 6, 0) <O

=1

Namely, V(t +0) < V (t).
Combining the above discussions, we obtHift) < V(0)
for all ¢ > 0. This plus the inspections that

V()= e ailAi(t, 6, 9)

i=1
“ZIA:E t o

> min o e
1<j<n

> min q; et Hxl
1<j<n

and

n

VO =Y o] l6(0,6) - (0.)

=1
Lijleij|

+Z/ 0 7(9))

A (s, ¢, @)t HTE 6D ds}

< iai[mw) -

=1

) 1 =75

<Pi(0)|

n 0
+Z/ L;jdjleij|e™|d;(s) s)|e“*ds
j=17-T
n L5
< e[t E2ey (e - 1)] 1o - ol)
1=1

Thisimplies that the conclusion of the theorem hold by using
Eq. (6)- (8).0

Proof of Theorem 1.First, we prove that Eq. (1) possesses
an w-periodic solution. For each solutior(t, ¢) of Eq. (1)
and eacht > 0, we can define a function:(¢) in this
fashion:

x1(9)(0) = z(t+ 0, ), for 6 € [—7,0].
On this basis, we can define a mappiRg C* — C* by
Po =x,(9).

Let z(t, ¢), x(t,¢) be an arbitrary pair of solutions of Eq.
(1). Let ¢ be a positive number satisfying Eq. (3). Let
m > = 1In(2M ())+1 be a positive integer. It follows from

Lemma 3 that

|P™¢ — P
= sup |z(mw+0,¢) —z(mw +0,¢)llw
—7<6<0
<M(e) sup e =Mt )g ol ’
—7<0<0
— m— w 1
< M(e)e™ =™ V|| — ¢l < gllé = el

which shows thatP™ is a contraction mapping on the Banach
spaceC*. According to the contraction mapping principle,
P™ possesses a unique fixed poirit € C*. Note that

P (Pg") = P(P"¢") = Po".

which indicates thaP¢* € C* is also a fixed point ofP™.
It follows from the uniqueness of fixed point d?™ that
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Po* = ¢*, viz. z,(¢*) = ¢*. Let z(t, ¢*) be the solution
of Eq. (1) with initial condition¢*, Then

Tirw(90")(0) = 24 (1, (0%)) = 2 (0*)  for ¢ >0.
which implies
Tt +w,¢") = 11,(¢7)(0) = ¢(2,,(0)) = x(t, ¢").

Thus, z(t, ¢*) is w-periodic of Eq. (1).
On the other hand, it follows from Theorem 3 that every
solutionz(t, ¢) of Eq. (1) satisfies

l2(t, 6) — 2(t, ¢")loc < M(e)[[6 — ¢"[loce™",

forall ¢t > 0. This shows that:(t, ¢) is globally exponentially
periodic.O

Fi

IIl. AN ILLUSTRATIVE EXAMPLE

Consider the impulsive Hopfield neural network with time-
varying delays:

(26)-(0 2)(50)
(08 (e

0.8 —05 sin =1 (¢ — 71 (t))
+( —06 06 ) < sin Q—ixg(t—m(t)) ) ®)

( 1 — cos 2wt ) Fig. 2.
+ )

1+ sin 27t

Az (tr) = yrrr(tr),

Aaig(tk») = ’ygkl‘g(tk).

Obviously, the right hand side of Eq. (9) isperiodic(i.e.
w = 1). Now we investigate the influence of the delay
and the periodl’ of impulsive effect on the Eqg. (9). If
T(t) = %W,T = 1,7k = 72 = 0.1, thenp =1in (HQ)
According to Theorem 1, impulsive Hopfield neural networks
Eq. (9) has a uniqué-periodic solution which is globally

asymptotically stable(see Figs.1-Figs.4). In order to clearly
observe the change trend of the solutions, we add a timg
coordinate axes to the Fig. 4 and change 2-D plan (Fig. 3

into 3-D space(Fig. 4).
If the effect of impulse is ignored, i.ey, = 0,72, = 0,

then Eg. (9) becomes periodic system. Obviously, the right

hand side of Eqg. (9) id-periodic. Numeric results show

that Eq. (9) has a 1-periodic solution. Figs.5- Figs.8 show

the dynamic behavior of the Eq. (9) with(t) = ir.
Furthermore|f 7(t) = L7 risesto 7(t) = = gradually, then

periodic oscillation of Eqg. (9) will be destroyed. Numeric

results show that Eqg. (9) still has a global attractor which may
be gui chaotic strange attractor(see Figs.9 -Figs.12). Every

solutions of Eq. (9) will finally tend to the chaotic strange
attractor.

IV. CONCLUSION
We have established a sufficient condition for the existenc
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Time-series of theo(¢) of Eq. (9) for¢ € [0, 16].

Fig. 3.

Phase portrait of-periodic solutions of Eq. (9) fot € [0, 42].

and global exponential stability of a unique periodic solutiorig. 4.
in a class of HNNs with time-varying delays and periodigcordinate axes.

impulses, which assumes neither the differentiability nor the

monotonicity of the activation functions.
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Our condition extends and generalizes a known conditigee] M.-U. Akhmetov and A. Zafer, “Stability of the zero solution of
for the global exponential periodicity of pure continuous
Hopfield neural networks with time-varying delays. Furthe[§3]
the numerical simulation shows that our system can occur Press, Beijing, 2005.
many forms of complexities including chaotic strange attraf24] Z. Gui and W. Ge, “Existence and uniqueness of periodic solutions
tor and periodic solution.

In recent years, numerous results have been reported on[#3¢ Z. Gui and W. Ge, “Periodic solution and chaotic strange attractor for
stability of discrete as well as continuous neural networks. It
is worthwhile to introduce various impulsive neural networkgg,
and then establish the corresponding stability results that
include some known results for pure discrete or continuot%s]]
neural networks as special cases.
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