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Detection of Outliers in Multivariate Data: A
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Abstract—Outliers can be defined simply as an observation II. INFLUENCE EIGENVALUES AND EIGENVECTORS

(or a subset of observations) that is isolated from the other . . .
L . Some statistical methods are concerned with eigenstructure
observations in the data set. There are two main reasons that

motivate people to find outliers; the first is the researchers Problems aI.ld a few St?‘tiStiCS are the .fuI.ICti_OnS of .eigenvalues
intention. The second is the effects of an outlier on analy- in multivariate analysis. A test statistic is considered as a
ses. This article does not differentiate between the various function of eigenvalues of a transition matrix to test a Markov
justifications for outlier detection. The aim is to advise the _.phain for independence [5] and eigenstructure methods are

analyst of observations that are considerably different from apolied to study the co-linear problem in multivariate linear
the majority. This article focuses on the identification of pp y p

outliers using the eigenstructure of S and S(;) in terms of T€EressION [7].

eigenvalues, eigenvectors and principle component. Note that Now, consider the influence of eigenvalues \; and eigen-
S(;) is the sample covariance matrix of data matrix X(;), where  vectors v; for matrix XTX where X is an n x p observation
the subscript i in parentheses is read as “with observation i .04y consisting of n observations for p variables.

removed from X”. The idea of using the eigenstructure as a . . . S
. . . . . . . If ith row of matrix X is deleted, one can write it as
tool for identification of outliers is motivated by Maximum

Eigen Difference (MED). MED is the method for identification (i) Where the subscript ¢ in parentheses is read as “with
of outliers proposed by [1]. This method utilises the maximum observation 7 is removed from X”, i.e. the ith row of X
eigenvalue and the corresponding eigenvector. It is noted that is sz then XE)X @ = xT'x — z; sz Let XTX have the
examination of observations effect on the maximum eigenvalue eigenvalues-eigenvectors pairs

is very significant. The technique for identification of outliers

discuss in this article is applicable to a wide variety of settings. (A1,v1), (A2, v2), .y ( Aps 1}1))’
In this article, observations that are located far away from the
remaining data are considered to be outliers. and the eigenvalues are in descending order
Index Terms—outliers, eigenvalue, eigenvector, covariance M>A> >N, (1)
> > 2 Ay,

matrix, principle component.
and let X%;)X(,-) have the eigenvalues and eigenvectors pairs

1. INTRODUCTION (A1) v103))s (N2giys V2(3))s o0 (Ap(ays Up(i))

HIS article focuses on the identification of outliers using

the eigenstructure of S and S(;) in terms of eigenvalues,

eigenvectors and principle component. Note that S;y is the Ay = A2@@) = - = Api)- 2)

sample covariance matrix of data matrix X(;), where the

subscript ¢ in parentheses is read as “with observation i

removed from X”.

The idea of using the eigenstructure as a tool for identifi- gpd
cation of outliers is motivated by Maximum Eigen Difference
(MED). This method utilizes the maximum eigenvalue and

and the eigenvalues are also in descending order

Define,
Vi) = [V15), V2(3i)5 - - - Up(a) ], €)]

T T T
ViSeVe = Vi XinXa)Va

the corresponding eigenvector. It is noted that examination of = diag[Al(i), A2(i)y -+ - s /\p(i)]
the observations effect on the maximum eigenvalue is very = Ag). )
significant. The reason is that outliers that lie in the direction
close to the maximum eigenvalue or vice versa, will change Then influence functions of eigenvalues A; and eigenvec-
the maximum eigenvalue [1]. The maximum eigenvalue tors v; are given respectively by [4] as follows:
contains m.ax1mun.1 variance, therefore, the outliers deFected IF(x; )\j) _ (xij)Q upy (5)
by the maximum eigenvalue have a greater effect on variance,
and they need extra attention. and

The article is organized as follows: Section II describes a [F(z: vj) _ _xij Z -TT'Uk()\k _ )\j)_lvk (6)

general idea of the influence eigenvalues and eigenvectors. pary
Section III explains the technique, influence eigen for iden-
tification of outlier. Three different scenarios are considered ~If one wishes to examine the ith observation’s influence on
to generate the data set from the multivariate distributions in ~ the eigenvalues and eigenvectors of X"X, it is easy to remove
this article are described in Section IV. Finally, Section V the ith observation from the full data set and then compare
provides illustrative examples before presenting the conclu- the eigenvalues and eigenvectors of the remaining data with
sion. that of the complete data.

Lemma 1: The properties of eigenvalues and eigenvectors
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2) The relationship of eigenvalues A; and Aj;) is given
by [1]:
ey = \j — L(l?, —\)—
5 (1) J n_1Vu J

1
s O

12-[1+Z a ] +0(
k¥ pay )\k _ )‘j

:f)TUj;

2(n — 1)2
where [;; = (z; —

3) The relationship between eigenvectors of v; and v;(;)
is obtained based on the observation matrix X given
by [1] as follows:

U5 (4)
lij lLikvi
=v; + J Fe—
J n—1 é )\k — /\j
Z [ z] zk _ QZZklU likvk
2(n—12 (A — A '2 (Ak_/\j)k;tj)\k_Aj
2l"lzk1}k 1
_w o(—). 8
Oe ) T OG) ®

Proof: (i) A; > Aj(; is obtained from the following
matrix operations: It is noted that

XTX X(z) (i) + xiziT,

where XTX, X{)X(Z) and z;x] are symmetric matrices and
z;xT is of rank unity, there exists on an orthogonal matrix

Q such that
s 0
0 0 )’

where s is the unique non-zero eigenvalues of x;z!, and

consider
T T t CT
then there is an orthogonal matrix P;_1y(x—1) so that

A* = dz'ag{)\l, )\2, ---/\k—l}

Q" (z;z)Q

PT(XIX, )P =

and one can define an orthogonal matrix

¢ o} h)

then
¢TxTx)6 = ((1) POT) (X’(I;)X(i))Q< {3)

+ ( oot )QT(lﬂnT)Q< N )
_ t+s P
- ) Ay ’

where

k k—1

)DITEEUNE ¢
j=1 i=1

—t+z>\ +5
_Zx\ )+S 9)

Note that s > 0, and \; > )\j(i) is obtained for any
i=1,2,...,n. [ |
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III. INFLUENCE EIGEN FOR IDENTIFICATION OF OUTLIER

Let the sample covariance matrix be

1 1
S =X, - —1,11)X,
n n

(10
where 1 is the n-vector of ones and I,, is the identity matrix
of n x n. If X(ry and S5y are the data matrix and sample
covariance matrix, respectively, when the m observations
are deleted and the subscript I in parentheses is read as
“with a set of m observations I removed from X, note that
I={i1,i2,...,im} where 1 <i; <nand j=1,2,...,m.

Therefore, one has

1 1
S(I 7X([) (In—m - fmln—mlg—m)x([) (11)

and 1 1
Sr = —X7 (Ln — —1,,1])X;. (12)

m m

Lemma 2: 1t is noted that
1) The relationship among S, S; and S(;) is given as

follows:
S(1) = 75 S — ity S + (T — 2) (21 - 2)"];
2) If let I = {i} with a single observation, then
Sty = 7278 — iz (i — T)(@ — z)T.

Proof: (i) Suppose that equations 10-12 are biased
estimates, they can be used to developed unbiased estimates
as in lemma 2.

(n—m)SU)
— xT T
= Xy (Inmm = A2l )X
T T 1T
=X(nX() = ——X{ 1 lnmX()
=nS — nm (I*I])(I*i]) +mx111 XTXI (13)
n—
Now simplify equation 13 as follows:
(nfm)S(D
nm ,_  _ .._ _.\7 XITX _ 7
=nS — (z —z1)(z—Z1) —m( —xja:])
n—m m
=nS— M (z—z;)(z —z1)T — mS; (14)
n—m

(i) By using equation 14, one can get the relationship
between S, S; and S(;y in (i) where T = == and
= % represent the mean vector of all observations
and the mean vector of the observations indexed by I

respectively. Next, replace m = 1 in the following equation

(TL - I)S(])
nm X?X[

m m

=nS —

XITlmlﬁxj)
- 2

n_m(i—fj)(i—fI)T—m(

hence one can find equation (i¢) in lemma 2 as following

(n = 1S
_ n__ . 7 xTx;  XTX;
=nS — 71($7:E1)($7$1) fl(ff 2 >
=nS — - (i —z)(zs —z)T
This completes the proof of lemma 2. ]
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Lemma 3: Let {(\;,v;),j = 1,2,...,p} be the pair of

eigenvalues and eigenvectors of sample covariance matrix
S. {(Nj@),vj4)),i = 1,2,...,n} be the pair of eigenvalues
and eigenvectors of covariance matrix S(;). One now has

1) )\j(i) = %)\j — ﬁ”xl — i‘iHQGi

where the weights G; satisfy 0 < G; <1 and
Z Gz = ].;

2) SN SN S AL T =142, 0.

Proof: Tt follows immediately from Theorem 1 in [6]

1) Denote o; = (x; — Z)/||z; — Z|| and from lemma 2,
one has

s(i):nﬁ S P (@ — ) (i — 7T

1 - (n_ 1)2( (15)

Replace o; in equation 15 which implies

n n _
Sty = — 1s e llzi — Z)cual.  (16)
Given that
M ™ i — 2 . o
e B e el e B e
j=1,2,...,p.

Thus, the weights G; satisfies 0 < G; < 1 such that

n n 2
Now, the preceding equation can be written as
n n 12
trace S(;) = — 1traceS— m\\xz —Z||*. (18)
From equation 17, one has
p
trace S(,L) = Z)\J(z)
Jj=1
- e s — a3 Ge (19)
= ace (n71)2 x; — X 2 i

As a consequence of equations 18 and 19, one has
P

Y G, =1

j=1

2) The proof is given in Corollary 1 and 2 in [6]

|
Theorem 4: The influence eigen j for each observation i
can be denoted by

NE

Afy = (] v;)* + {(Uj +vj0)) Tz (v + vj@))},

Eaka
EN

=
(20)
where j = 1,2,...,p.

Proof: According to [2] an influence interpretation of
the Euclidean distance can be considered as the total of
influence eigen:
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B Zp;{"ll(l?j “n)+ ﬁl?j(H; A;ﬁjxj)}'
= #J on

By using the relationship of influence eigenstructure in
lemma 1, equation 21 can be re-written as follows:

o - 0 (zi — )" (2; — )
= Ep: [(JC?U]')Q + En: {(vj +v50)) " zw (v + Ujm)}]-
=t o

(22)

From equation 22, the influence eigen j for each observation
1 can be denoted by

n
Ary = (v +> {(Uj +vj0)) TRy (v; + Uj(i))}7

(23)
where j = 1,2,...,p.
| |
However, if one considers the influence eigen j on I, thus
Theorem 4 now becomes

n

« . —m T, \2 nm T
n—m
[ SI‘F(@I*@)(@I*ZE)T}WJ' 24)

Suppose that the influence of an observation, i.e. an outlier
on statistics such as jth eigenvalues, A\; or eigenvectors, v,
of a sample covariance matrix is simply the change in A; or
v; when the ith observation is deleted from the sample.

Recall that this article considers the maximum eigenvalue
and the corresponding eigenvector as the object of interest.
From equation 1, it is given that

a)‘p}’ = Arnam
= )\17

max{Ai, Az, ...
(25)

where A; corresponds to v;. Now, let 5 = 1, and equation
20 becomes

n
T(i) = (zl'v)? + Z {(vl + vl(i))ngkxg(vl + Ul(z‘))}~
k=1
k#i
(26)
Therefore, one can consider the influence eigen, A’{(i) as
a tool to identify a potential influence observation, i.e.
outlier in data matrix X. Perhaps the best advice is that the
observation that is obviously more extreme than most of the
remaining observations in the data set should be examined.
As a consequence, by using A*{(i), potential outliers in X
can be identified by plotting the index plot of {i, Al }. Note
that ith observation can be considered as a potential outlier
if it is located further away than the remaining observations
in the data set. By using lemma 2, 3 and equation 26 the
algorithm for influence eigen, Af(i) is given as follows:

o Step 1 : Generate the sample covariance matrix S and
Sa):
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o Step 2 : Compute the eigenstructure of S and S;).
Denote the eigenstructure of S and S(;) as {A,V} and
{A¢), V) } respectively.

e Step 3 : Choose the maximum eigenvalue and the
corresponding eigenvector pair, maxz{A;,v;} and
max{X;iy,v;ji)} of {A,V} and {Ag), Vi) respec-
tively, i.e. {A1,v1} and {5, vi(0)}s

o Step 4 : Compute A}, = (zlv)? + X {(vl +

=
vi()) T apad (v1 + U1(i))} for each observation;

o Step 5 : Develop the index plot of {%, A’l‘(i)},
i=1,2,...,n.

The outliers that are detectable from the index plot are
those which inflate variance and covariance. If an outlier is
the cause of a large increase in variances of the original
variables, then it must be extreme on those variables [2].
Thus, one can identify it by looking at the index plot.

IV. SIMULATION DATA SET

The influence eigen is tested on the simulation data
set.Three different scenarios are considered to generate the
data set from the multivariate distributions with sample size
of 3005 and dimensions of 100. The sample size contains 5
outliers.

A. Scenario 1: outliers with the same shapes but different
locations

There are 2 conditions considered in the first scenario:

o Condition 1 : A random vector of z1,xs,...,T, 1S
drawn from a p — variate normal distribution with mean
vector p and positive definite covariance matrix 33,
ie. N(p,X). Next z7,25,...,2), is another random
sample drawn from a p—variate normal distribution with
mean vector fi.1 and a similar covariance matrix 3, i.e.
N (pe1, X). Note that m is the number of outliers. Later
these two sets of data vector are merged;

o Condition 2 : The x1,x9,...,x, random vector is
developed as in condition 1. However, z7,25,..., 2},

is constructed by using N (ucz2, ), which is closer to

the majority of data parental distribution in condition 1,

ie. Hec2 < Hels

B. Scenario 2: outliers with different shapes and different
locations

In scenario 2, x1,xs,...,Z, is a random vector drawn
for p — variate normal distribution with mean vector p and
positive definite matrix ¥ and z7, 3, ..., x;, is another set
of random vector from p — variate distribution with mean
vector jigp and covariance matrix Xgo. Note that p # g

and X # Xgo.

C. Scenario 3: outlier from a different probability law

Let x1,x2,...,x, be a random sample drawn from p —
variate normal distribution with mean vector x and positive
definite covariance matrix 3. Now generate z7],25,..., 2},
drawn from p — variate student ¢ distribution with z degrees
of freedom and correlation matrix Xg3. Note that 3 # Yg3.
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V. ILLUSTRATION BY SIMULATION DATA SET

The technique is used on the simulate data set which
generated following three scenarios described in previous
section. Recall that the last 5 observations in the simulated
data set are the outliers. Fig. 1 clearly displays these 5
outliers at the top of each index plot of Af(i)' It is noted
that in the index plot, there is a very large gap between
the outliers and the remaining observations, i.e. good data.
Generation of a multivariate data set from a population where
the good and bad data are closer to each other probably
causes the suggested technique not to perform. Nonetheless,
Fig. 2 indicates all 5 observations that are supposed to be
outliers in the data set are considered for condition 2.

Recall that scenario 2 generated a data set with different
shapes and different locations. It is known the last 5 observa-
tions in this data set are the outliers. Fig. 3 clearly displays
these 5 outliers at the top of each index plot of A’l‘(i). It
is noted there is a large gap between the outliers and the
remaining observations.

Fig. 4 also shows that A;‘(i) is capable of identifying
outliers in a high-dimensional data set that contains outliers
coming from different probability of laws. Note that outliers
are denoted within the black circles.
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Fig. 1. 3D Scatterplot for Condition 1, Scenario 1.
s
s
&
s
&
H\
§ 2
2
[TR
=1 350
g = 3000
g 2 2500
= 2000
= o 1500
1000
500
3
" 0 500 1000 1500 2000 2500 3000 3500
Fig. 2. 3D Scatterplot for Condition 2, Scenario 1.

WCE 2012



Proceedings of the World Congress on Engineering 2012 Vol I
WCE 2012, July 4 - 6, 2012, London, U.K.

500

400

300

200

350
3000
2500
2000
1500
1000
500
0

influence eigen_1

100

[

-100

0 500 1000 1500 2000 2500 3000 3500

Fig. 3. 3D Scatterplot for Scenario 2.
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Fig. 4. 3D Scatterplot for Scenario 3.

VI. CONCLUSION

Sometimes, the identification of outliers is the main ob-
jective of the analysis, and whether to remove the outliers or
for them to be down-weighted prior to fitting a non-robust
model. This article does not differentiate between the various
justifications for outlier detection. The aim is to advise
the analyst of observations that are considerably different
from the majority. Note that the technique in this article is,
therefore, exploratory. The technique used in this article is
performed on large data set. In this article, observations that
are far away from the remaining data are considered to be

outliers.

If the ¢th observation is a potential outlier, their values
for A“{(i) are all situated at the top of the index plot; see
illustration of index plots in previous section. This is because
an outlier causes A1 — Ay(;) values to be larger than other
observations. Note that A;(;) value is smaller for an outlier.

This follows that AT( 2 become larger.
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