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Mathematical Modeling and Algorithms to
Simulate The Economy's Behavior

Sameh Abdelwahab Eisa, Belal Mostafa Amin

Abstract—in this paper we are proposing continuous
mathematical modeling for describing the economic behavior
and the relations between its components, as a system of PDEs.
We deduced two algorithmic procedures, which allow us to
forecast and simulate the economic behavior as a whole (GDP)
and the impacts of each component on the other components.
We have shown results, which support our hypotheses. We
introduced flow-charts for the algorithms and complete results
as a simulation to clarify our progress. Through these
algorithms we will be able to simulate the economy for any
country or economic entity and allow the simulators to
consider changes, and then they can notice the future results
according to these changes. We have assumed a model for
"The Unemployment™ and how it changes according to the
changes in the economic components.

Index Terms—Forecasting economy behavior, Mathematical
modeling, economic modeling, Unemployment model,
Algorithm, GDP, Investment, Consumption, Governmental
Expenditure, Exports, Imports, Economic components,
Economic modeling, Mathematical modeling for economy,
Partial Differential Equation, Differential Equations,
Difference Equations, Economy simulation, Simulation.

I. INTRODUCTION

THE economic problems and their impacts on man's life occupy
wide area on scientists minds, because after all, the people are
facing the impacts of these problems daily. Therefore, these
dilemmas are driving the scientists from all specialties to
contribute as they could to find solutions. The mathematicians and
the engineers are not far from theses attempts, because there is
substantial necessity for describing the economy and the relations
between its components logically and mathematically.

We thought that deducing differential/difference equation to
describe the relation between the economic components for any
country or economic entity will be the start. We have searched
carefully to see if there are some attempts in this path, to be aware
of them. We have cited number of published works in the last
decade, which were digging on this subject. For examples, Tomas
Skovranek, Igor Podlubny, Ivo Petras in [8] tried to made modeling
in state space using fractional calculus approach, Christian
Schumacher, Jérg Breitung in [3] were using quarters and years
data in order to forecast Germany's GDP using their model, like
them, the authors in [7] who tried to forecast Latin Americas
GDPs, We carefully looked on the models' ideas which are
proposed through [6], [2] and [9] to be aware of their ideas and to
be sure about our originality. We also have cited some online links
for statistics data, which essentially helped us through our research.

We are proposing a logical model, which depends on known
mathematical identities and some hypotheses to study the changes
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for specific economic component and its effects on the other
components, As well as, we will introduce algorithmic procedure
to execute these purposes, and we will clarify to the scientific

community, the ability of analyzing the relation between
something like "The Unemployment" and the economic
components.

Il. IDEA OF THE MODEL

We will propose mathematical model that depends on some
logical assumptions, in order to deduce algorithmic procedures,
which allow us to simulate the economic behavior and enable us to
establish methods for forecasting the changes in the economy's
components. During the research, we are using data of United
States as a material for our experiments and simulations; we have
cited the sources of the data in the references.

A. Basic assumptions

1- GDP of a country can be expressed in terms of many
components, which are well known for economists. As a
result, GDP's components can be represented in a tree
form like figure (1).

Figure.1 Tree of GDP and its components

2-  Each component in this tree will be considered as a
function of the other components. We are building this
assumption on the principle, that all the economic
components are connected with the man, so any change
in any component by/for the man, will affect each of the
other components individually and GDP generally. For
example, if we consider the first line in the tree,

GDP=C+I+G+X-M) Q)
Then,

GDP =f(C,1,,G, X, M),
C=fUGXM),
I1=f(C,G X M), )
G=f(C1LX,M),
X=f(I,GMand M = f(C,1,G,X)
and the same for every considered row in the tree.

3-  Each country or economic entity has its own economic
environment, so we will deduce the functions in (2) by
fitting the provided data (years or quarters) to find
suitable functions for each specific environment. We will
perform the known methods of regression and
interpolation "Least square methods" by applying
polynomial, exponential, power and linear models. Its
highly expected that, relations between two variables
y & x in a country can be different from the relations
between y & x in other country, because of the character
of each economy.
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4- It's hard to make the fitting between a component and all
the others in multidimensional variables, so we will
deduce the fittings between every two components
separately, to determine specified relation, for example,

To deduce ‘;—3: we will deduce fitting between y & t then
determine the derivative.

B. Fundamental relations and derivations

By considering a general row from the GDP's tree (their
summation must equal GDP).
GDP =a;+a;, +az...ay 3)

Where a; for i = 1,2,3 ... N is representing specific component in
chosen row in the tree presented in figure (1). Then,

GDP(t) = a1 (t) + a2 (t) + az(0)..ay(t) (4)
According to assumption 2 and (2), we can deduce the below
equations by using the chain rule.

d(GDP) O da; 9(GDP)
a - at

=
Where N is the number of components in specific row.
We can construct equations for every «; using the same concepts.

®)

6ai

6a'i _ a(GDP) 60.’l- aaj 6ai

at ot 0(GDP) £y 'Ot O

Then we can collect N + 1 equations from (5) and (6).
According to a lot of experiments, the fitting of GDP and the
components a; versus time brings high efficient results and high
values of r (coefficient of determination),

T2 = 3)?
Ny _
ANk
Where y; is the theoretical y-value corresponding to ¢; (calculated
through the model) and y is the mean value of all experimental y-
values and N; is the number of years or quarters in which the data

represented.
some of the results are shown in table(1), figures (2),(3).

(6)
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S G 0.9922 0.9909 09944 | 09273
X 0.8592 0.8618 0.8618 | 0.7746
M 0.7100 0.7122 07171 | 0.6357

Mormal Linear Regression

Table.1 regression results(r) on US data from 2000/Q2-2002/Q2

1.4
12}

il
osf i
o6}
o4l

0.2 ™~

L
u} 10 20 30 40

Figure.2 GDP of US from 1948-2011 (years data)
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Figure.3 GDP of US from 1948-2011 by exponential fitting

We will replace each of the time derivatives for each component
and for GDP in the right hand side of (5) & (6) by known
functions. These functions results from the differentiation of the
interpolated function, which deduced from the fitting with time.
Consequently, we will assume the below

d(GDP)
It = FGDP;
aai

®)

a;

These modifications will generate system of PDEs which
describe the relations between the components depending on the
hypothesis in (2).

We can apply the finite difference technique on the other terms in
the right hand side of (5) & (6) then,

d(GDP) _ GDP, — GDP,

aai ais bl a’in
0a; _ &5~ @iy
60(]- (st - ajn 9
Where the notation "s" refers to the simulated value in ©

the next quarter or year (the new values are after At),
where "n" refers to the present values.

We will apply the finite difference on the left hand sides
of (5) and (6). Then,

d(GDP) GDP, — GDP,
a At

aai _ ai, — Ay

at At

We would like to distinguish between two suggested methods of
simulations. First method, we will present a method of simulation,
which enable us to see the behavior and the changes of the
economy and its components, if they continue with the same rates
of changes, which they were following before the simulation.
Second method, we will present a method of simulation that tends
to predict the behavior of the economy, by adding some tools to the
model as factors of expectations, but in this case, the economy and
its component will continue with rates of changes different from
the rates which they were following.

Mathematically, we are not aware of the values of the
boundaries (in the future) of the PDEs results from (5) & (6). So,
we will assume source of modifications that will be added
regularly after every evolution step, to substitute for the boundaries
and enable us to make the evolution. We have two cases for the
source of modification. First case, when we are applying the first
method of simulations, we will consider the source of
modifications equals zero. Second case, when we are applying the
second method of simulation, we will consider the source of
modifications as the factor of the expectation, which is added to the
rates of changes regularly in each evolution step, in order to direct
the behavior of the economy to act under specific constraints or to
see the effect of some modifications and the resultant effects on the
other components.

We can deduce N + 1 difference equations by substituting
from (8), (9) & (10) in (5) & (6) then, by dividing (GDP; — GDP,)

(10)
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in both sides of (5) and dividing (a; — «;,,) in both sides of (6).
Equation (5) will be

1 1
2= Z Fypy———— (11)
At ~ A, — iy,
Where the equations resultant from (6) will be
1 1 iy 1
~=Fepp 575 Z Fpp———— (12)
At GDPS - GDPn i @ A, — &,

Hence, we have system of difference equations instead of the
system of PDEs.

Note: In case we considered factors of expectations, the equations
(11) & (12) will be modified by adding Eg, to Fy, in (11) & (12)
and adding Egpp t0 Fgpp, Where Egpp & Eg, are factors of
expectations, which can be added to the rates of changes.

Ill. ALGORITHMS

After we have deduced the system of difference equations in
(11) & (12), Now we will propose two methods (algorithms) to
approximate future values of GDP; and a; .

A. The first algorithm:

We can solve the system of difference equations result from (11)
& (12) algebraically in order to calculate the simulated values.
After solving them,

N
GDPS = mAtFGDP + GDPn (13)

Where P is the number of components with negative sign and N is
the total number of components with positive or negative signs.

Fy.
G‘;‘P (GDP; — GDP)) + a;, a; is" ="
Aig = 2 1 . o (14)
(5 ~ Feor m) Foptap,a;is"+
Where "—" and "+ " are the signs of the component and all

factors of expectations equal zero. If we apply this algorithm in the
first row of the tree as shown in figure (1). Then,

5
GDP; = - AtFgpp + GDP,,

F,
My = 2= M _(GDP, — GDP,) + M,,

GDP
%= (2 oo o) Bt
s— \at ¢°¢pp,—GDR,) XM
2 1 -1 (15)
= (=—-Fpp———) F
Cs (At PP eDP, — GDPn> ¢t Cu
1 -1

2
L= (——Fpp—o-—"—"] F+1I
s (At Gbp GDPS—GDPn) 1+

2
— ( _ P et §

Gs = (At Fepp GDP, = GDPn) Fe + Gy

B. The second algorithm:

In this algorithm we will calculate GDP; as the previous
algorithm, but we will deduce the other simulated values for the
other components by solving them simultaneously without GDP;.
On other words, we will solve equations result from (12) only
without (11). Then, equation (13) still applied and (14) will be

(N — 1)F,, (GDP, — GDP,)At
(GDP, — GDP,) + At + Fgpp

+akn,i =k

F,

P (GDP, — GDP,) + a;,,,
Fai(aks ~ akn)At
2F,,(ai, — ax,) — At + Fy,
i = k Is any specific component with positive sign in which the
other components will be calculated through it and all factors of

expectations equal zero.

a;is"+" (16)

+a,ais" ="
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IV. FLOW CHARTS
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V. RESULTS

We will propose in this section some results from our two
algorithms with and without factors of expectations. We will
mention the word "simulated" for the values, which calculated with
no factors of expectations (zero), and we will suggest some
techniques to consider factors of expectations as we illustrated in
the end of section 2 in this paper.

We preferred to introduce the below illustrations for the reader
to extract smoothly the results from the figures presented in this
section. So, we will mention the words;

o "real" is referring to the real data values, which our model
supposed to approach them during the simulation.
e "simulated" is referring to the values results from the
algorithms with no factor of expectation.
Before starting the evolution from the present quarter, we applied
the algorithm on some previous quarters to deduce the "simulated"
values for the following quarters until we reach to the present one,
therefore we can measure the errors (difference between the
"simulated" and the "real" values) in the present quarter and the
two previous quarters from it. Finally, we can make regression or
interpolation for the errors and use the resultant relation by several
ways to approximate the errors in the following quarters. We can
perform regressions and interpolations, like cubic spline
interpolation, regression with polynomials and regression with
exponential function. So, we can add factor of expectation after
every evolution step starting from the present quarter, by
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determining factor of expectation from the distribution of the error.
By considering factors of expectations we will mention the words;
o "expected" is referring to the values results from the
algorithms added to it factor of expectation, which is
calculated through substituting in the function of the error by
the value of the future quarter and . This function is resulted
from the regression or interpolation with highest fitting.
"expected rms spline” and "expected average spline” are
referring to the values results from the algorithms added to
them factors of expectation, which are calculated by
determining rms and average values of the cubic spline
interpolation, that represents the errors..
"expected average exponential® and “expected rms
exponential" are the same like the previous point, but with
exponential regression for the errors.
As an example for illustration, in figure (4), the present quarter is
2001Qa3. First, we applied the algorithm on 2000Q2, 2000Q3 and
2000Q4, and then we calculated the "simulated" value in 2001Q1
and measure the error (difference between the "simulated” and the
"real" values). Second, we made the same to measure the errors in
2001Q2 and 2001Q3. Third, we made fitting for the distribution of
the errors using regressions and interpolations. Eventually, we will
determine "expected" value, “expected rms spline" value,
"expected average spline" value , "expected average exponential”
value and "expected rms exponential” value.

A. Some results from the first Algorithm:

ot GDP Agorithm 1"
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Figure.4. Present GDP is 2001Q3 and simulations start from 2001Q4
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Figure.5. Present Consumption is 2001Q3 and simulations start from 2001Q4
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Figure.6. Present Governmental Expenditure is 2001Q3 and simulations start
from 2001Q4
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Figure.7. Present Investment is 2001Q3 and simulations start from 2001Q4
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Figure.8. Present Exports is 2001Q3 and simulations start from 2001Q4

imports algorthm *1"

1500

400 |-| —e— real

=== simulated

- expected

- expected rms spline
expected average spline

- expected average exponential

- expected rms exponential

1300 .

oy
a
>
ot

’ i i I
“hosoaz 200003 200008 2011 0162 200103 20104 200201 200202

Figure.9. Present Imports is 2001Q3 and simulations start from 2001Q4

B. Some results from the second Algorithm:
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Figure.10. Present GDP is 2001Q3 and simulations start from 2001Q4
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Figure.11. Present Consumption is 2001Q3 and simulations start from 2001Q4
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Figure.12. Present Investment is 2001Q3 and simulations start from 2001Q4
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Figure.13. Present Exports is 2001Q3 and simulations start from 2001Q4
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Figure.14. Present Governmental Expenditure is 2001Q3 and simulations start
from 2001Q4

Imports Algorthm 2

ST
AN

1407 =-e== simulated

e expected

[iiadantos oot Ty 3

1350f] =¥ expected rms spline
-4 expected average spline

13001 P expected average

<+~ expected rms exponential

i i i i
90002 200003 700004 Z0iat 0102 20103 0101 20201

Figure.15. Present Imports is 2001Q3 and simulations start from 2001Q4

VI. UNEMPLOYMENT

We will introduce a methodology to model external
component (not from the economy's tree) and deduce for it
derivative equation which is expressed in terms of the known
economic components from the tree in figure(1).
This model depends on our hypotheses, which resemble the
hypotheses in (2), which is

U=f(ay,azas .., ay) (17)

Where U is "The Unemployment"
By using the chain rule,

=

U Doa; U

t  Lu ot oa;

i=

(18)

[
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In case of the first row in the in figure (1).

U=rfUC,GX,M) (19)
And we will derive the rate of change for the unemployment using
(18).

We have experimented this hypothesis in several periods, by
deducing the right and the left hand sides of (18) and comparing
them. The results are promising and support our hypotheses as we
observed, that the curves of the right hand side and the left hand
side of (18) are approximately parallel, which indicates that, the
rates of changes are approximately equal. We will present in
figures (16) & (17) plots for these comparisons. We determined the
derivatives, by applying the differentiation on the exponential
function resulted from the regression.

——L I
—+—the right hand side of the derivative equat\onA

ooz 200003 20001 011 iz

Figure.16 comparison between R.H..S & L.H.S of (18)

! —— Unemployment Y,
—+— the right hand side of the derivative equation

0.4
Songat 200802 200803 20

Figure.17 comparison in the depression period in USA

VII. CONCLUSION

We have introduced a mathematical model though system of
PDEs, which present the relation between the economy (GDP) and
all of its components, As well as, the relation between every
component and the others. We have performed the interpolation
"least square methods" to deduce the relations between the
components versus the time and we have applied finite difference
technique, which allowed us to deduce algorithmic procedures in
which we will be able to simulate and forecast the economic
behavior and behavior of its components. We have supported our
research with results of simulations and flow-charts of the
algorithms. We introduced a methodology for modeling the
Unemployment, and figured out some results, which support our
hypotheses.

We are planning now to make extension of this paper in order to
make more studies and deduce results for some of the other
countries in the world. We will try to improve our algorithms by
studying more factors of expectations. We intend to take
advantages from optimization techniques to help decision makers
to use our model more efficiently. We will use the model of
unemployment to extract algorithm for simulate and forecast the
unemployment itself.

Eventually, we are expecting promising effects from our
contribution and we hope to open from this work new perspective,
which helps the economists and the decision makers to take
decisions, which depend on scientific and logical expectations.
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