
 

 
Abstract—In the paper the Stokes flow over the  ellipsoidal 

type bodies in a pipe is considered.  The velocity of the flow is 
described by the axisymmetric Stokes system for the low 
Reynolds number with the appropriate boundary conditions. 
Effective solutions for different cases are obtained. The shear 
stresses and velocity are calculated. The graphics of the 
velocity profile and shear stresses are constructed. 
 

Index Terms—boundary value problems, Stokes flow 
 

I. INTRODUCTION 

HE  study of a viscous fluid flow in a pipe-like domains 
is important and has a lot of applications in engineering 

[1]-[10]. 
We consider the Stokes flow over ellipsoidal type body 

(or system of bodies) which moves in the  pipe when the 
pressure fall is a constant. This process is described by the 
Stokes axisymmetric equation with the appropriate 
boundary conditions. 

Our purpose is to calculate the velocity of the fluid and 
shear stresses. 

II. STATEMENT OF  THE  PROBLEM 

Let us consider the fluid flow with a low Reynolds 
number over some system of ellipsoidal bodies with the 
same axis of symmetry in the cylindrical channel of the 
diameter of 0)(h2 h . We admit, that this system of 

ellipsoidal bodies move at a constant speed ),,( 000
0 zyx VVVV



.      

We study the axisymmetric case, when the axis of symmetry 
is 0x  and consider the axisymmetric Stokes system for the 
components of velocity with the equation of continuity in a 
moving coordinate system 
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where rx VV , are the components of the velocity,  

,22 zyr    0)(, CC , is a definite constant. 

The boundary conditions are given by 
 

,0,0  Sxhrx VVV              (4) 

,0,0 
 Srr VV

hr
               (5) 

 
where 0)(, 000  xx VVV , S  is a contour of the moving 

bodies.  
The shear stresses 21 ,  will be defined from the formulas 

[1]-[6] 
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where   is a density of the fluid,  -is a viscosity . 

Our purpose is to define the bounded solutions of the 
system (1), (2), (3), (4), (5) and shear stresses. The contour 
S  and the width of a channel h2  will be defined according 

to the solutions. 

III. SOLUTION OF THE PROBLEM 

By direct verification we obtain that the solution of the 
system (1), (2), (3), (4), (5), are given by the pair of 
functions 
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where aq ,  and 0C  are some positive parameters. For the 

different aq ,  and 0C  we obtain the fluid flow over 

ellipsoidal type bodies in the pipe of the different width. 
By the formulas (6) the shear stresses corresponding to 

(7), (8) will be given by  
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Also the pair of functions 
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will be the solution of the system (1), (2), (3), (4), (5) . The 
corresponding shear stresses will be calculated according to 
the formula (6). 

In the formulas (9), (10), nba kk ,,,,   are the definite 

constants ( 1,0    for odd m, 0,1    for even 

m). Also the linear combinations of (7) and (9), (8) and (10) 
will be the solutions of the system (1), (2), (3), (4), (5). 

The contour of the bodies will be given by the formula: 
1. For (7), (8)  
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2. For (9), (10) 
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Below some examples are given by using Maple. In the 

Fig. 1 and Fig. 5 the lateral cross-section of the pipe with 
ellipsoidal bodies inside is shown for the different parameter 
a in the formulas. The corresponding graphics of velocity 
modulus and shear stresses are constructed (Fig. 2, Fig. 3, 
Fig. 4, Fig. 6, Fig. 7, Fig. 8). 

Fig. 1.  The lateral cross-section of the pipe of width ,22 h  in case  

of .10/1;1;5/1 0  qCCa  

 

Fig. 2.  The shear stress 1 corresponding to the case ;5/1a  

;10  CC  .10/1q  

 

Fig. 3.  The shear stress 2 corresponding to the case ;5/1a  

.10/1;10  qCC  
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Fig. 4.  The profile of the velocity corresponding to the case ;5/1a  
.10/1;10  qCC  

 

Fig. 5.  The lateral cross-section of the pipe of width 22 h , in case  

of .10/1;1;1 0  qCCa  

 

Fig. 6.  The shear stress 1 corresponding to the case ;1a  

.10/1;10  qCC  

Fig. 7.  The shear stress 2 corresponding to the case ;1a  

.10/1;10  qCC  

 

Fig. 8.  The profile of the velocity corresponding to the case ;1a  
.10/1;10  qCC  
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