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Abstract—MEMS oscillators have numerous applications as
ultra-sensitive sensors, switches, and signal-processing elements.
An important class of MEMS oscillators is double-sided electro-
statically actuated microbeams. This investigation is concerned
with analytical study of nonlinear resonance behaviour of
such oscillators using averaging method. We have modelled
a microbeam oscillator using Euler-Bernoulli beam theory
and Galerkin formulation. The model takes into account the
classical nonlinearities of geometric and electrostatic origin
along with the effects of both linear and nonlinear damp-
ing. The formulated mathematical model is a single-degree
of freedom quintic oscillator and contains both symmetric
cubic and quintic nonlinearities and asymmetric quadratic
and quartic nonlinearities. Second-order averaging method, in
contrast to first-order averaging method which is suitable only
for symmetric nonlinearities, has been employed to take into
account both symmetric and asymmetric nonlinear terms. The
averaging solution is validated by comparing the results with
numerical solutions. Using our analytical solution, change in
qualitative nature (hardening, mixed hardening-softening, and
softening) of resonance curves with variation of DC voltage
has been explained. Our analytical solution is a useful tool for
practicing engineers for fast analysis of resonance curves of
MEMS oscillators.

Index Terms—MEMS, resonance curves, averaging method,
double-sided oscillator, electrostatic actuation

I. INTRODUCTION

M INIATURISED devices of microelectromechanical
systems (MEMS) are used as sensors [1], switches

[2], [3], and signal processing devices [4]. These devices
are actuated and their responses are detected using differ-
ent electrostatic, magnetomotive, piezoelectric etc. methods.
Electrostatic method is a principal way to operate MEMS os-
cillators in which a beam is placed above a plate electrode or
placed in between two parallel plate electrodes in capacitive
arrangement [5], [6]. Biased DC and AC voltages between
microbeam and plate electrode(s) are applied for driving the
oscillator. This paper is concerned with nonlinear dynamics
study of a double-sided electrostatically actuated microbeam
oscillator.

Dynamic responses of MEMS oscillators are nonlinear in
nature primarily due to geometric nonlinearity of microbeam
and electrostatic actuation nonlinearity. Younis and Alsaleem
[1] have explored the importance of dynamic instability and
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bifurcation of electrostatically actuated microbeam oscilla-
tors in mass-sensing and switching applications. Stambaugh
and Chan [2] have devised noise-induced switching in non-
linear electrostatically operated torsional micromechanical
oscillators. In a recent work, internal resonance between flex-
ure and torsional modes of vibration has been used to achieve
frequency stabilization in micromechanical oscillators [7].

Double-sided actuated microbeam oscillators have been
investigated both theoretically and experimentally in earlier
research works [6], [8]. Kacem et al. [6] have studied
primary resonance behaviour of a double-sided actuated mi-
crobeam resonator using first-order averaging method. They
have observed hardening, softening, and mixed hardening-
softening behaviour in primary resonance and the nature
of resonance curves depends on the separation between
electrodes plates and microbeam and magnitude of applied
DC and AC voltages. Kacem and Hentz [9] have also
experimentally demonstrated that mixed hardening-softening
resonance behaviour can be achieved in electrostatically
actuated micromechanical resonators. Double-sided actuated
microbeam oscillators have also been experimentally studied
by Shao et al. [10]. They have demonstrated that mechanical
and electrostatic nonlinearities of third order can be canceled
out at critical magnitude of electrostatic actuation and it
results in improvement in critical vibration amplitude for
linear operation of the oscillators. Mestrom et al. [8] have
carried out numerical simulation of their experimental results
of a double-sided actuated microbeam resonator. They ob-
served softening behaviour in the resonance curves and they
did numerical simulation using a single-degree of freedom
model. Further Mestrom et al. [11] have also observed
experimentally both hardening and softening behaviour in
resonance curves. Juillard et al. [12] have proposed a closed-
loop control scheme to achieve large amplitude motion
for resonant accelerometer using double-sided actuation and
detection techniques.

Double-sided actuated MEMS beam oscillators have been
investigated previously, but special focus has not been given
on analytical modelling and analysis of initially deflected
microbeams due to asymmetric electrostatic loading due to
difference in applied biased DC voltages or gaps between
the two electrodes and the microbeam. Asymmetric non-
linearities appear in the dynamic equation of motion of a
microbeam oscillator due to such asymmetric electrostatic
loading may have significant effects on resonance curves.
In this work, we use a single-degree of freedom model as
a forced quintic oscillator for investigation, that has been
derived using Euler-Bernoulli beam theory and Galerkin
formulation. Second-order averaging method has been ap-
plied to solve the problem and the results are compared
with numerical solutions. An algebraic equation, which takes
into account the effects of both symmetric and asymmetric
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Fig. 1. Double-side actuation mechanism for a microbeam oscillator

nonlinearities, has been provided from averaging analysis to
obtain resonance curves.The effects of asymmetric quadratic
and quartic nonlinearities on resonance curves are quantified
and an explanation of change in hardening to softening nature
of resonance curves is provided.

II. DYNAMIC MODELLING

Figure 1 depicts double-side electrostatic actuation mech-
anism for a microbeam oscillator of length L̂, width b̂, and
thickness ĥ. The two electrodes 1 and 2 are placed at a
separation of ĝ and ĝd from microbeam respectively. Biased
DC voltage V̂DC along with AC voltage of magnitude V̂AC

and driving frequency ω̂f are applied through electrode 1,
whereas only DC voltage VDCd is applied through electrode
2 in the electrostatic actuation. In double-side electrostatic
actuation, electrode 1 is used for driving the oscillator and
electrode 2 is used for detection of dynamic responses [6],
[8]. In the symbol of variables, hat (̂.) is used to signify
dimensional form of variable to differentiate it with their
non-dimensional form which are introduced later.

Euler-Bernoulli beam theory has been used for modelling
of microbeam motion by considering the fact that MEMS
beams usually have high aspect ratios. The equation of
motion of the microbeam oscillator is [13], [6]

ÊÎ
∂4û

∂x̂4
+ ρ̂Â

∂2û

∂t̂2
= ÊÂ

2L̂

L∫
0

(
∂û

∂x̂

)2

dx̂+ N̂

 ∂2û
∂x̂2

+ F̂ (û)− F̂d (û) ,
(1)

where the boundary conditions are

û|x̂=0 = û|x̂= L̂ =
∂û

∂x̂

∣∣∣∣
x̂=0

=
∂û

∂x̂

∣∣∣∣
x̂= L̂

= 0·

In Eq. 1, û(x̂, t̂) represents displacement of the microbeam
whose properties are density ρ̂, effective Young’s modulus
Ê, cross-sectional area Â, and area moment of inertia Î . The
effect of axial residual stress in microbeam is accounted by
applying uniform axial load N̂ . Since the microbeam under
consideration has fixed-fixed boundary condition, mid-plane
beam stretching occurs during oscillation. It is a source of ge-
ometric nonlinearity and accounted by introducing nonlinear
axial force ∆ = (ÊÂ/2L̂)

∫ L

0

(
û

′2
)
dx̂ in Eq. 1. F̂ (û) and

F̂d(û) are nonlinear electrostatic actuation forces provided

through the electrodes 1 and 2 respectively. The expressions
for F̂ (û) and F̂d(û) are

F̂ (û) =
ε0εr b̂

(
V̂DC + V̂AC cos(ω̂f t̂)

)2
2 (ĝ − û)

2 ζ̂(û, b̂, ĥ, ĝ),

F̂d(û) =
ε0εr b̂V̂

2
DCd

2 (ĝ + û)
2 ζ̂d(û, b̂, ĥ, ĝd)·

Here ε0 is vacuum permittivity, whereas εr is relative per-
mittivity which is taken 1 in this study. The expressions for
F̂ (û) and F̂d(û) are derived by calculating force between
infinite parallel plate electrodes separated by distance (ĝ− û)
and (ĝ + û) respectively. The effect of finite dimension of
the microbeam can be accounted by including additional
fringing field factors ζ̂(û, b̂, ĥ, ĝd) and ζ̂d(û, b̂, ĥ, ĝd) in
calculating F̂ (û) and F̂d(û) respectively. Many expressions
for accounting fringing field effects have been proposed and
can be used according to the dimension of the microbeam
[14], [15].

The non-dimensionalisation of Eq. 1 has been car-
ried out for simplified representation using following non-
dimensional variables

u =
û

ĝ
, x =

x̂

L̂
, and t =

t̂

T̂
·

Here T̂ is a time constant, T̂ =

√
ρ̂ÂL̂4/ÊÎ . The non-

dimensional form of Eq. 1 is

u
′′′′

+ ü =

[
α1

1∫
0

u
′2
dx+N

]
u

′′

+α2V
2Fe(Ga, u)− α2V

2
DCdFe(Gd,−u)·

(2)

where the boundary conditions are

u|x=0 = u|x=1 = u
′
|x=0 = u

′
|x=1 = 0·

Various coefficients of Eq. 2 are defined as

V = VDC + VAC cos(ωf t),

α1 =
Âĝ2

2Î
, N =

N̂L̂2

ÊÎ
, α2 =

εrε0L̂
4

g2ÊÎ
,

ωf = ω̂f T̂ , Ga = 1, Gd =
ĝd
ĝ
, B0 =

b̂

ĝ
·

In Eq. 2, VDC , VDCd, and VAC are represented in
dimensional form even without hat (̂.). We have neglected
the effect of fringing field in this study i.e., the values of
ζ̂ and ζ̂d have been taken to be 1. So, the expression for
function Fe(Gi, λ) is

Fe(Gi, λ) =
B0

2 (Gi − λ)
2 ·

The governing integro-partial differential equation of mo-
tion (2) of the microbeam oscillator has been reduced to
a single-degree of freedom (SDOF) model using Galerkin
based reduced order model technique [5]. The solution of
Eq. 2 has been assumed in form

u(x, t) = φ1(x)u1(t), (3)

where φ1(x) is pre-assumed first mode shape of a straight
beam under action of applied axial load N and u1(t) is
an unknown time function that serves as the generalised
temporal co-ordinate of SDOF model. In order to reduce Eq.
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2 to an SDOF equation, the assumed solution (3) has been
substituted in the equation, φ1(x) has been multiplied to it,
and finally it has been integrated from x = 0 to x = 1. The
obtained SDOF equation is

ü1 + ω2
1u1 + k3u

3
1 = α2V

2
1∫
0

Fe (Ga, φ1u1)φ1dx−

α2V
2
DCd

1∫
0

Fe (Gd,−φ1u1)φ1dx, k3 = α1

(∫ 1

0
φ

′2

1 dx
)2
·

(4)
Here ω1 is first natural frequency of the microbeam oscillator.

The magnitude of DC voltages VDC and VDCd, and/ or
separation between electrode plates and microbeam g and
gd can be different. In such asymmetric electrostatic loading
condition, the beam is deflected towards any one electrode
plate depending upon the magnitude of DC voltages and
electrode-microbeam separations. Equation 4 can be used
to determine static deflection us0(x) = usφ1(x) by solving
the equation after neglecting the time dependent terms. The
origin of Eq. 4 has been shifted to us by substituting
u1(t) = us + ud(t) in Eq. 4 and derive it in terms of ud(t).
The modified equation of motion becomes

üd + c1u̇d + c3u
2
du̇d +

m∑
i=1

kiuu
i
d =(

V 2
AC cos2(ωf t) + 2VDCVAC cos(ωf t)

)(
C0 +

m∑
i=1

Ciu
i
d

)
(5)

and
k1u = ω2

1 + 3k3u
2
s − V 2

DCC1 + V 2
DCdC1d,

k2u = 3k3 us − V 2
DCC2 + V 2

DCdC2d,
k3u = k3 − V 2

DCC3 + V 2
DCdC3d,

kqu = −V 2
DCCq + V 2

DCdCqd; q = 4, 5...m,

Ci = 1
i!α2

1∫
0

F
(i)
e (Ga, usφ1)φi+1

1 dx; i = 0, 1, ...m,

Cid = (−1)i

i! α2

1∫
0

F
(i)
e (Gd, −usφ1)φi+1

1 dx; i = 0, 1, ...m·

Here the function Fe of Eq. 4 has been expressed in Taylor
series of order m. In Eq. 5, damping effects on oscillation
is included by adding additional terms corresponding to
conventional linear viscous damping c1u̇d and nonlinear
damping c3u

2
du̇d. Presence of nonlinear damping has been

observed in microbeam, nanotube, and graphene resonators
in recent experiments [16], [17]. This motivates us to include
a nonlinear damping term in the mathematical model of the
microbeam oscillator.
By observing the coefficients of Eqs. 4 and 5, we can identify
the contribution of geometric and electrostatic nonlinearities
on different orders of nonlinear terms. Cubic nonlinearity
is present in the straight microbeam oscillator due to beam
stretching (k3u

3
1) and is source of quadratic nonlinearity due

to deflected shape (contribution of 3k3us in k2u). However
VDC and VDCd contribute to all order of nonlinearities. An
important point needs to be mentioned here - in case of
symmetric electrostatic loading (VDC = VDCd and g = gd),
asymmetric even order nonlinear terms vanish because us is
zero and Ci and Cid corresponding to even order nonlinear
terms are equal.

III. AVERAGING SOLUTION

A truncated form of Eq. 5 has been solved using pertur-
bation method, second-order averaging [18]. The problem

under consideration for analytical treatment is

üd + c1u̇d + c3u
2
du̇d + k1uud + k2uu

2
d + k3uu

3
d+

k4uu
4
d + k5uu

5
d = 2VDCVACC0 cos(ωf t)·

(6)

We have been investigated near primary resonance where di-
rect harmonic excitation 2VDCVACC0 cos(ωf t) is the dom-
inant factor. The effects of other excitation terms consist
parametric excitations and V 2

AC cos2(ωf t) terms are very
small, in compare to direct harmonic excitation, on primary
resonance curves and this will verify by comparing the
numerical solution of Eq. 5 and averaging solution of Eq.
6 in Section IV. In this investigation, we limit our study till
fifth order nonlinear terms. We show in Section IV that at
least till fifth order nonlinearity is necessary to be considered
in dynamic modelling to predict the hardening, softening, and
mixed hardening-softening behaviour of resonance curves of
the investigated microbeam oscillator.

To solve the problem using averaging method, a pertur-
bation problem has been formulated by introducing a small
parameter ε in Eq. 6. The perturbation problem can be stated
as

üd + ω2
fud = εf

(d)
1 (ud, u̇d, ωf t) + ε2f

(d)
2 (ud, u̇d, ωf t) ,

f
(d)
1 = −k21u2d − k41u4d, f

(d)
2 = −µ1u̇d − µ3u

2
du̇d−

k31u
3
d − k51u5d + p cos(ωf t)−∆1ud,

(7)
and various coefficients are defined as

c1 = ε20µ1, c3 = ε20µ3, k1u = ω2
n, k2u = ε0k21,

k4u = ε0k41, k3u = ε20k31, k5u = ε20k51,
2VDCVACC0 = ε20p, ω

2
n = ω2

f + ε20∆1·

Here ε0 is another small parameter whose significance is
that when ε = ε0, the solution of Eq. 7 is the solution
of Eq. 6. One thing important is to note here that the
coefficients of quadratic and quartic nonlinearities k2u and
k4u are taken of order ε0, while other terms are taken of order
ε20. It can be shown that first order averaging is capable of
providing first approximation of symmetric nonlinear terms
effects on resonance curves, whereas first order averaging of
asymmetric nonlinear terms provides only the offset distance
of oscillation from mean position as a first approximation.
Therefore, we require second-order averaging solution to
account for second approximation of asymmetric nonlinearity
effects on resonance curves. In other words, such choice of
a perturbation problem gives us first two approximations of
asymmetric nonlinearity and first approximation of symmet-
ric nonlinearity effects on dynamic responses. Equation 7
has been transformed in periodic standard form for making
it suitable for averaging analysis using following co-ordinate
transformation

ud = x1 cos(ωf t) + x2 sin(ωf t),
u̇d = (−x1 sin(ωf t) + x2 cos(ωf t))ωf ·

The periodic standard form of Eq. 7 is

ẋ1 = − ε

ωf

(
f
(d)
1 + εf

(d)
2

)
sin(ωf t),

ẋ2 =
ε

ωf

(
f
(d)
1 + εf

(d)
2

)
cos(ωf t)·

(8)
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TABLE I
PROPERTIES OF THE INVESTIGATED MICROBEAM OSCILLATOR

Length Width Thickness Effective Density Axial
L̂ (µm) b̂ (µm) ĥ (µm) Young’s ρ̂ (kg/m3) load

Modulus N̂ (µN)
Ê (GPa)

210 100 1.5 166 2332 110

Finally, Eq. 8 has been solved using second-order averaging
method [18] and the averaged equations are

ẏ1 = −
(c1

2
+
c3
8
r2
)
y1 +

(
Ω + γ2r

2 + γ4r
4 + γ6r

6
)
y2,

ẏ2 = −
(c1

2
+
c3
8
r2
)
y2 −

(
Ω + γ2r

2 + γ4r
4 + γ6r

6
)
y1

+
2VDCVACC0

2ωf
,

(9)
where

r2 = y21 + y22 , Ω =
ω2
n − ω2

f

2ωf
, γ2 = γ

(s)
2 − γ

(as)
2 ,

γ4 = γ
(s)
4 − γ

(as)
4 , γ

(s)
2 =

3k3u
8ωf

, γ
(as)
2 =

5k22u
12ω3

f

,

γ
(s)
4 =

5k5u
16ωf

, γ
(as)
4 =

7k2uk4u
8ω3

f

, γ6 = − 63k24u
160ω3

f

·

(10)

The averaged equations (9) is an autonomous system and
its fixed points provide the periodic solutions of Eq. 6. The
averaged equations are presented in co-ordinates [y1 y2]T .
And these are related to the co-ordinates of periodic standard
form (8) by relations x1(t) = y1(t) + εv1(t) and x2(t) =
y2(t) + εv2(t), where [v1 v2]T has been calculated during
first averaging. Since contribution of [v1 v2]T is of order ε,
[y1 y2]T predominantly decides the amplitude of vibration.
The steady state solution of Eq. 9 can be expressed in a form
of a nonlinear algebraic equation by expressing [y1 y2]T in
polar co-ordinates as y1 = r cos(θ) and y2 = −r sin(θ), the
nonlinear algebraic equation is

r2
((c1

2
+
c3
8
r2
)2

+
(
Ω + γ2r

2 + γ4r
4 + γ6r

6
)2)

=

(
2VDCVACC0

2ωf

)2

·
(11)

This algebraic equation is in implicit form of variables
forcing frequency ωf and amplitude of vibration r and its
solution provides resonance curve in amplitude-frequency
plane.

IV. RESULTS AND DISCUSSION

We have studied primary resonance behaviour of a mi-
crobeam oscillator whose properties are given in Table I. This
microbeam has been investigated by Younis and Nayfeh [13]
as a single-sided driven oscillator using perturbation method,
method of multiple scales. We have solved Eq. 5 using
a nonlinear dynamics software XPPAUT which is capable
of obtaing resonance curves by continuation of periodic
solution. [19]. The numerical solutions of Eq. 5 and 11 are
compared with Younis and Nayfeh result in Fig. 2. Here gap
ĝ is 1 µm, VDC is 8 V, VAC is 0.03 V, and quality factor
is 1000. Both XPPAUT and averaging solutions are in good
agreement with Younis and Nayfeh result.

Fig. 2. Comparison of numerical solutions of a single-sided driven beam
oscillator with the results of Younis and Nafeh [13] for VDC = 8 V and
VAC = 0.03 V

Fig. 3. Resonance curves of the microbeam oscillator for VDC = VDCd

= 3 V and VAC = 0.015 V

We have studied the hardening to softening transition of
resonance curves with variation of magnitude of DC voltages
using Eq. 11 which has been obtained from averaging
method. It is a nonlinear algebraic equation and has been
solved in computational software Mathematica [20] for de-
termining resonance curves. The transition study has been
carried out by studying resonance curves for three different
cases of electrostatic actuation which are depicted in Figs.
3, 4, and 5. For all the three cases, the gaps ĝ and ĝd
have been taken 1.00 µm and 0.75 µm respectively, whereas
nonlinear damping has been neglected and quality factor has
been taken 5000. The magnitudes of VDC , VDCd, and VAC

corresponding to Figs. 3, 4, and 5 are presented in Table II.
In the figures, solutions of Eq. 11 have also been compared
with the numerical solutions of Eq. 5. Both solutions are
matching well and it justifies the choice of including only
direct harmonic excitation term 2VDCVACC0 cosωf t and
neglecting the other components of dynamic excitation of
Eq. 5 for the analytical investigation.

The resonance curves display hardening behaviour in Fig.
3, here applied DC voltages VDC and VDCd are 3 V. When
magnitudes of DC voltages increase to 6.5 V, they display
mixed hardening-softening behaviour in Fig. 4, and finally
their nature becomes softening at 10 V in Fig. 5. Variation in
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Fig. 4. Resonance curves of the microbeam oscillator for VDC = VDCd

= 6.5 V and VAC = 0.01 V

Fig. 5. Resonance curves of the microbeam oscillator for VDC = VDCd

= 10 V and VAC = 0.005 V

magnitude of DC voltages changes the values of coefficients
γ2, γ4, and γ6 of Eq. 10, which eventually determine the
nature of resonance curves. Since γ2 is coefficient of r2 in
Eq. 11, its magnitude decides the nature of resonance curve
at small amplitude. The resonance curves display hardening
behavior in nonlinear regime for positive value of γ2 and
softening for negative value. In a similar way, γ4 affects
nature of resonance curves relatively at higher amplitude
because it is the coefficient of r4. The values of γ2 and
γ4 are also shown in Table II when ωf = ωn. The value
of γ2 is positive and γ4 is negative when the applied DC
voltages are 6.5 V, so resonance curves display hardening
behaviour at smaller amplitude in Fig. 4 and softening at
higher. Resonance curves display softening nature in Fig.
5 because magnitudes of both γ2 and γ4 are negative for
applied DC voltages 10 V. In case of VDC = VDCd = 3 V,
γ2 is positive and γ4 is negative, but the value of γ4 is not
sufficiently higher than γ2 to counter the hardening effect of
γ2r

2, so the resonance curves display hardening behaviour
till the maximum amplitude in Fig. 3.

In Table II, values of two more parameters are shown
for all the three cases of electrostatic actuation: |γ(as)2 /γ

(s)
2 |

and |γ(as)4 /γ
(s)
4 |; γ

(as)
2 , γ(s)2 , γ(as)4 , and γ

(s)
4 are defined in

Eq. 10. The parameter |γ(as)2 /γ
(s)
2 | signifies the contribution

of quadratic nonlinearity, relative to cubic nonlinearity, in

TABLE II
VALUES OF NONLINEAR PARAMETERS FOR THREE DIFFERENT CHOICES

OF ELECTROSTATIC ACTUATION

Fig. 3 Fig. 4 Fig. 5
V̂DC = V̂DCd 3.0 V 6.5 V 10 V

V̂AC 0.015 V 0.010 V 0.005 V
γ2 5.6461 1.2146 -11.570

|γ(as)2 /γ
(s)
2 | 0.001 0.125 0.229

γ4 -4.7521 -28.485 -126.82
|γ(as)4 /γ

(s)
4 | 0.021 0.127 0.494

Fig. 6. Effect of nonlinear damping on resonance curves for VDC = 5 V,
VDCd = 1 V, and VAC = 0.06 V

computation of γ2. Whereas the parameter |γ(as)4 /γ
(s)
4 | sig-

nifies the contribution of quadratic and quartic nonlinearities,
relative to quintic nonlinearity, in computation of γ4. One
can observe from the table both |γ(as)2 /γ

(s)
2 | and |γ(as)4 /γ

(s)
4 |

increase as magnitudes of DC voltages increase. If we
neglect the effect of asymmetric nonlinearities, which are
present here due to difference in magnitudes of g and gd, in
determination of resonance curves, there can be significant
error when applied DC voltages have large magnitude.

Until now, we have not included the effects of nonlinear
damping on resonance curves. In Fig. 6, the effects of nonlin-
ear damping on resonance curves are shown. Here, the linear
damping coefficient c1 is corresponding to quality factor
1000 and nonlinear damping coefficient c3 is 100 times of c1.
Two resonance curves are plotted in the figure corresponding
to electrostatic actuation VDC = 5 V, VDCd = 1 V, and
VAC = 0.06 V. The effects of both linear and nonlinear
damping are included in one resonance curve, whereas only
effects of linear damping are considered in other resonance
curve. We can observe from figure that the main effect of
nonlinear damping is decrement of maximum amplitude of
the resonance curve. This observation is consistent with the
observation of Zaitsev et al. [17].

V. CONCLUSION

We have presented a simple analytical model to compute
primary resonance curves of double-sided electrostatically
actuated beam oscillators. The model is capable of pre-
dicting hardening, softening, and mixed hardening-softening
behaviour of the investigated microbeam oscillator. Along
with that, it also takes into account the effects of non-
linear damping and asymmetric nonlinearities arising due
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to asymmetric electrostatic loading on resonance curves.
The analytical model is a nonlinear algebraic equation and
it can be used for fast computation of resonance curves
during design phase of double-sided actuated microbeam
oscillators.
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