
 

 

 
  
 Abstract: Three-dimensional (3D) elastic stress 
distributions in the vicinity of the sharp corners of an inclined 
diamond hole in a plate are investigated. A detailed 3D finite 
element model under different loading conditions is analyzed 
to study the intensity of different fracture modes due to the 
thickness effect. The stress results are compared with those 
provided by a recent theory which reduces the 3D governing 
equations of elasticity to a differential equation system, which 
includes a bi-harmonic equation and a harmonic equation. 
They provide the solution of the corresponding in-plane and 
out-of-plane notch problem, respectively, and have to be 
concurrently satisfied. Comparing  numerical results and 
theoretical stress distributions, a good agreement is found. 
 
 Index Terms—Analytical expressions, finite element 
analysis, diamond hole, three-dimensional. 
  
 
 

I. INTRODUCTION 
 

UE to convenience and relative simplicity, solutions of 
plane theory of elasticity are popular and serve as a 

basis for many engineering design procedures, standards 
and failure assessment codes. In terms of numerical costs, 
two-dimensional models, based on plane stress or plane 
strain assumptions, are much more computationally 
efficient, easier to build and verify in comparison with the 
corresponding three-dimensional counterparts. However, to 
approach the through-the-thickness effect of real 
components, requires alternative methods such as three-
dimensional theory of elasticity or finite element (FE) 
method. 
  
 The coupling effect was investigated for through-the-
thickness cracks in finite thickness plates using analytical 
and numerical methods [1-3]. In particular, the three 
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-dimensional stress field at sharp notches with arbitrary 
notch opening angles based on the first order plate theory 
by [4] is studied in [5, 6]. The coupled mode in shear 
loading was called ‘the out-of-plane mode, or Mode O’, to 
distinguish it from the conventional Mode 3. It was also 
demonstrated that the out-of-plane mode is provoked by the 
three-dimensional effects linked to Poisson’s ratio of the 
material and described by the same characteristic equation 
as the conventional Mode III. 
 
 The local interaction between the loading modes for the 
case of pointed and sharply radiused notches in plates with 
finite thickness was re-analysed in [7]. It was demonstrated 
that the governing equations of three-dimensional elasticity 
can be reduced to a bi-harmonic equation and a harmonic 
equation. The former provides the solution of the 
corresponding plane notch problem, while the latter gives 
the anti-plane elasticity problem. Having the two equations 
simultaneously satisfied in a 3D problem, justifies the 
theoretical and mutual interaction between different modes. 
The main aim of this study is to examine the proposed 
theory in [7] by investigating the stress fields in the vicinity 
of the sharp corners of a diamond hole in a plate with finite 
thickness under tension and twisting loading conditions. 
 

II. METHODOLOGY 
 
Analysis of three-dimensional stress fields 
 
 Recently, a new approach to the analysis of three-
dimensional problems has been developed by Lazzarin and 
Zappalorto [7] who assume the Kane and Mindlin [4]  
hypothesis for displacement components as given by: 
 
ux=u(x,y)     uy=v(x,y)     uz=bz×w(x,y)   (1) 
 
 where b is a constant value. As a result, the normal 
strains εxx, εyy, εzz as well as γxy are independent of z, 
whereas, the other two shear components, i.e, γyz and γxz, 
depend on z. We have: 
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 By invoking the stress-strain relationship, also the stress 
components σxx, σyy, τxy and σzz are independent of z, 
whereas the out-of-plane  shear stress components depend 
on z, according to the following equations: 
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By imposing the equilibrium in z direction, one obtains: 
           

02 =∇ w  (4) 
 
 where 2∇ denotes the two-dimensional Laplacian 
operator.  
Similarly, considering the equilibrium in x and y directions, 
applying differentiation and by using the Schwarz theorem 
for partial derivatives, the following equation can be 
obtained: 
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 Due to the fact that the stress components σxx, σyy, τxy and 
σzz do not depend on z, Eq. (5) is automatically satisfied by 
the classic Airy stress function ϕ (x,y): 
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 Now, by using the generalized Hooke's law for stresses 
and strains and satisfying the in-plane compatibility 
equations, one obtains [7]: 
 
 024 =∇=∇ zzσνφ  (7) 
  
 Here the equality to zero is guaranteed by the third of 
Beltrami-Mitchell's equations, considering the fact that the 
stress components σxx, σyy, τxy and σzz do not depend on z.  
Subsequently, any three-dimensional notch problem can be 
converted into a bi-harmonic problem (typical of plane 
stress or plane strain conditions) and a harmonic problem 
(typical of out-of-plane shear case), provided that the 
displacement law according to Kane and Mindlin’s Eq. (1) 
is satisfied. The final equation system is: 
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 where ϕ and w are defined implicitly according to Eqs (3) 
and (6), respectively. Note that, both equations (8a-b) must 
be satisfied simultaneously.  
 
 It is worth mentioning that the solution given in [7] is 
not valid on the free surfaces of the plate, due to the 

presence of some edge effects, such as corner point 
singularities [8-11] that might play an important role on 
stress intensities.  
 

III. EXAMPLES AND APPLICATIONS 
 
 In this section, a three dimensional model with an 
inclined diamond hole in a finite thickness plate under 
different loading conditions is considered. In order to 
demonstrate the degree of accuracy of the theory developed 
in [7], the analytical frame of the theory is explained first 
and then verified by the 3D finite element (FE) models 
under tension and torsion loading conditions respectively. 
 
The spatial diamond hole problem 
 
 An inclined diamond hole in a plate with finite thickness 
under tension and torsion is considered. The inclination 
angle is 22.5o, as shown in Fig. 1. Such an inclination 
induces local in-plane mixed mode stresses (mode I + mode 
II), which can be solved by using Williams' plane solution 
for re-entrant corners,  according to Eq. (8a), where the 
function ϕ is as follows [7, 12]:  
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Fig. 1: Finite thickness plate weakened by inclined 
diamond hole under tension (a) and torsion (b). 
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 Having a fixed value of the through the thickness 
coordinate, z, and using the polar coordinate system at the 
notch tip, the in-plane stresses vary according to Williams' 
singularity degrees 1-λ1 and 1-λ2 for mode I and II, 
respectively.  
 In the presence of a sharp V-shaped notch,  the stress 
distributions of symmetric type with respect to the angle 
bisector (mode I) are [12-14]: 
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The skew-symmetric stress distributions (Mode II) are: 
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 Parameters K1 and K2 are the notch stress intensity 
factors (NSIFs) related to Mode I and Mode II stress 
distributions, respectively,  λ1 and λ2 are Williams’ 
eigenvalues [12] and, finally, χ1 and χ2 are parameters 
which depend on the opening angle [12-14]. 

Subsequently, the stress field intensities can be quantified 
by the corresponding NSIFs [15]: 
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 However, due to the nature of three-dimensional 
problems, in addition to the in-plane stresses, the out-of-
plane shear stress components τzr and τzθ can be obtained by 
using the following w function [16]: 
 

)sin()cos( ,3
,3

,3
,3 θλθλ λλ

a
a

as
s

s rDrDw +=  (13) 
 
 where λ3,s=2λ3,a=π/γ, so that only the skew-symmetric 
part of w contributes to the singular behavior of stress fields 
[7]. Accordingly, anti-plane mode III shear stresses near the 
notch tip can be determined as: 
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 where K3 (z) is the mode III NSIF. Eq. (15) can be 
considered as the extension to the out-of-plane mode of 
Gross and Mandelson’s definitions [15] provided for the in-
plane modes, see Eqs (12a-b). 
  
Tension loading 
 
 In order to validate the theoretical frame developed in 
[7], a detailed FE analysis on the model shown in Fig. 2 
under tension loading is performed. The normal stress 
σn=100 MPa is applied on the far end of the plate. The 
ANSYS package is used to perform the finite element 
analyses (FEA). Material is assumed as isotropic and linear 
elastic with the Young’s modulus E = 206000 MPa and the 
Poisson’s ratio ν = 0.3. The 20-nodes brick element is used. 
With the aim of obtaining the desired degree of accuracy, a 
very fine and regular mesh pattern, specially close to the 
diamond corners is constructed as shown in Fig. 2. 
   

 

 
 
Fig. 2: Mesh pattern used for stress analysis of finite 
thickness plate weakened by inclined diamond hole under 
tension. 
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Fig. 3: Stress components σθθ, τrθ and τzθ along the notch 
bisector line of an inclined diamond hole in a thick plate 
under tension. Distance from the free surface z=0.5 mm.  
  
 The variation of three stress components σθθ, τrθ and τzθ 
along the notch bisector line and close to the notch tip 
(corner A in Fig. 2) are shown in Fig. 3. All the stresses are 
calculated on the plane 0.5 mm far from the free surface of 
the plate. It can be seen from Fig. 3 that, as expected, the 
value of σθθ is much higher than the other two stresses, 
showing the dominance of mode I fracture for the plate 
under tension. 
 Fig. 4 shows the through the thickness variation of the 
NSIFs K1, K2 and K3 in a distance from mid-plane to the 
free surface of the plate. The notch tip at corner A is 
selected again for the NSIFs evaluations. 
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Fig. 4: Plots of NSIFs along the thickness of the plate with 
inclined diamond hole under tension.  
 
 From Fig. 4, it can be observed that the value of K3 is 
relatively lower than the other two NSIFs. The intensity of 
K3 varies from case to case. Here, the main aim was to 
document the existence of the out-of-plane mode, which 
can be detected only by means of 3D models. This specific 
mode is expected to increase as the plate thickness 
increases [11]. It is evident, the linear change of  K3 
through the thickness of the plate up to the maximum 
value, which is located in the vicinity of the free surface. In 
parallel, the variability of in-plane NSIFs (K1 and K2) is 
shown: K2 is constant on the major part of the plate 
thickness, whereas the variation of K1 is more distributed 
through the thickness of the plate. 
 

Torsion loading 
  
The plate with inclined diamond hole with the same 
material properties and element type as of the tension 
loading is also investigated under torsion loading 
conditions.  
 

 

 
Fig. 5: The mesh pattern used for analysis of finite 
thickness plate weakened by inclined diamond hole under 
torsion. 
 
The applied shear stress is set according to the expression 
τn=3F/t2, valid for the narrow rectangular section, which 
induces a nominal shear stress τn=100 MPa on the gross 
section of the plate (Fig. 5).  
 Similar to the tension loading condition, the variation of 
three stress components σθθ, τrθ and τzθ along the notch 
bisector line and close to the notch tip (corner A) are shown 
in Fig. 6. All the stresses are calculated on the plane 0.5 
mm far from the free surface of the plate.  
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Fig. 6: Stress components σθθ, τrθ and τzθ along the notch 
bisector line of an inclined diamond hole in a plate under 
torsion. Distance from the free surface z=0.5 mm.  
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 It is worth noting from Fig. 6 that σθθ (corresponding to 
induced mode I) is again much higher than the τzθ 
corresponding to the applied mode III. 
 Due to the twisting loading, the stresses at the two 
corners A and B (Fig. 5) are different. Hence, both corners 
are considered for NSIFs evaluation through the thickness 
of the plate, as it is shown in Fig. 7. 
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Fig. 7: Plots of NSIFs along the thickness of the plate with 
inclined diamond hole under torsion.  
 
 Fig. 7 shows the linear variation of K1 and K2 through 
the thickness of the plate and a parabolic trend of K3. It was 
shown in [17] that the equation system (8a-b) is valid even 
when the displacement field is no longer according to the 
Kane-Mindlin hypothesis, i.e. Eq. (1), but is also when 
given in the following more general form: 
 
ux=f' (z) ×u(x,y)    uy= f' (z) ×v(x,y)    
uz= f (z)×w(x,y)   (16) 

 
 where f (z) can be regarded as a generic polynomial 
function of order n: 
 
f (z)=a0+a1z+a2z2+...+anzn (17) 
   
It is noteworthy that Eq. (17), similar to the equation 
proposed in [18] for the crack case, automatically satisfies 
all the six compatibility equations [17].  
 
 In addition, apart from very near surface location (i.e. 
z>2.25 from mid-plane), where some edge effects such as 
corner point singularity may exist [8-11], on a plane at 
z=0.5 mm from the free surface some differences between 
the NSIFs values at the two corners A and B can be 
observed. Considering the corner A, the mode I seems to be 
the dominant mode of fracture and K2 has a relatively lower 
value (about 25% lower than K1) at z=0.5 mm from the free 
surface. On the other hand, for corner B, both K1 and K2 are 
dominant and have an equal value at the same distance 
from the free surface. For both corners, mode III has a 
negligible effect with a relatively higher value at corner B. 
 Finally, in-plane stress components (σθθ, σrr and τrθ) as 
well as anti-plane shear stresses (τzr and τzθ) obtained from 
FEA on a circular path with radius r=0.002 mm centered at 
the notch tip (corner A), compared with the theoretical 

prediction according to Eqs (10-11) and (14), are shown in 
Figs 8 and 9, respectively.  
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Fig. 8: In-plane stress components (σθθ, σrr and τrθ) obtained 
on a circular path with radius r=0.002 mm centered at the 
notch tip (corner A) and comparison with the theoretical 
predictions [7]. Inclined diamond hole in a plate under 
torsion (τn=100 MPa). Distance from the free surface z=0.5 
mm. 
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Fig. 9: Anti-plane shear stresses (τzr and τzθ) obtained on a 
circular path with radius r=0.002 mm centered at the notch 
tip (corner A) and comparison with the theoretical 
predictions [7]. Inclined diamond hole in a plate under 
torsion (τn=100 MPa). Distance from the free surface z=0.5 
mm. 
 
 As it can be seen from Figs 8 and 9 a very sound 
agreement is observed between the numerical results and 
analytical predictions proposed in [7]. A good agreement 
with the theoretical results was also found for the tension 
loading conditions. 
 

IV. CONCLUSIONS 
 

 In this study an attempt is made to examine the proposed 
theory in [7] by investigating the stress fields in the vicinity 
of the sharp corners of a diamond hole in a plate with finite 
thickness under tension and twisting loading conditions. 
The FE results have confirmed the presence of coupled 
modes at the V-notch tip, showing a good agreement with 
the in-plane and out-of-plane theoretical stress 
distributions. 
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