
 
 

 

 
Abstract — A spatial RCCC (R – revolute kinematic pair, C – 

cylindrical kinematic pair) parallel manipulator is considered 
in this paper. Structural scheme of this manipulator has 
constant and variable parameters. Constant parameters 
characterize the geometry of links, and variable parameters 
characterize the relative position of the elements of kinematic 
pairs. In this paper the direct kinematics of a spatial RCCC 
parallel manipulator is solved. 
 

Index Terms — parallel manipulator, cylindrical and 
revolute kinematic pair, binary link, direct kinematics. 
 

I. INTRODUCTION 

Parallel manipulators are characterized by high stiffness, 
high speed, low moving inertia, and large payload capacity 
and play a very important role in numerous applications 
(robotic machining, aircraft simulators, pointing devices). 
[1]-[5]. In this paper a spatial RCCC parallel manipulator 
with one degree of freedom, i.e. an autooperator, is 
considered. An autooperator or a fixed – sequence 
manipulator works on one hard-coded program and it cannot 
readjust in change of technological operation. However an 
autooperator is a reliable device having a simple control 
system. Therefore it is advisable to use an autooperator in 
automatic machinery instead of manipulator with many 
degrees of freedom.  

In [6] a structural synthesis of a spatial RCCC parallel 
manipulator (Fig. 1) is carried out and the constant and 
variable parameters are defined. This manipulator is formed 
by connection of the link BP of the RC manipulator ABP 
having three degrees of freedom with a frame by binary CC 
link CD having two negative degrees of freedom. 0Degree of 
freedom of a spatial kinematic chain is defined by formula [7] 
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where n – number of mobile links, k – class of kinematic pair  
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Fig. 1. A spatial RCCC parallel manipulator. 
 
(joint), kp  - number of kinematic pair k-th class,  - number 

of local mobility. Class of kinematic pair is determined by the 
number of restrictions on relative movement of its elements. 
For the spatial RCCC parallel manipulator: n=3, 4p =3 

(cylindrical kinematic pairs B, C, and D), 5p =1 (revolute 

kinematic pair A), 0 . Hence, 1435136 W . 
To define the geometry of the parallel manipulator the 

Cartesian coordinate systems UWV and XYZ are used which 
are fixed with elements of kinematic pairs. The axis W and Z 
of the coordinate systems UVW and XYZ are directed along 
the axis of rotation or translation of the kinematic pairs 
elements, and the axis U and X are directed along the shortest 
distance the axis W and Z. The axis V and Y supplement the 
coordinate systems UVW and XYZ. The transformation 
matrix between the coordinate systems UVW and XYZ is 
made up [4]. The constant and variable parameters of the 
parallel manipulator structural scheme are the elements of 
this matrix. The transformation matrix jkT  between the 

coordinate systems jjj WVU  and kkk ZYX  that are fixed on 

the ends of the binary link has a view 
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where 111 t , 0141312  ttt , 

jkjkjkjkjk bat  sinsincos21  , 

jkjkjkjkjkt  sincossincoscos22  , 

jkjkjkjkjkt  coscossinsincos23  , 

jkjkt  sinsin24  , 

jkjkjkjkjk bat  sincossin31  , 

jkjkjkjkjkt  sincoscoscossin32  , 

jkjkjkjkjkt  sinsincoscoscos33  , 

jkjkt  sincos34  , jkjkjk bct cos41  , 

jkjkt  sinsin42  , jkjkt  cossin43  , jkt cos44  . 

The following six parameters define the relative positions 
of the two coordinate systems jjj WVU and kkk ZYX : jka - a 

distance from axis jW  to axis kZ  which is measured along 

the direction of jkt ; jkt  – a common perpendicular between 

axes jW  and kZ ; jk - an angle between positive 

directions of axes jW  and kZ  which is measured counter 

clockwise relatively to positive direction of jkt ; jkb   - a 

distance from direction of jkt  to direction of the axis kX  

which is measured along positive direction of an axis kZ ; 

jk - an angle between positive directions of jkt  and axis 

kX  which is measured counter clockwise relatively tо 

positive direction of axis kZ ; jkc  - a distance from direction 

of an axis jU  to direction of jkt  which is measured along 

positive direction of an axis Wj; jk - an angle between 

positive directions of axis jU  and jkt  which is measured 

counter clockwise relatively to positive direction of an axis 

jW . 

A link with two kinematic pairs is called a binary link. 
Constant parameters characterize the geometry of links, and 
variable parameters characterize the relative positions of the 
kinematic pairs elements. Structural scheme of the spatial 
RCCC parallel manipulator with the chosen Cartesian 
coordinate systems and the constant and variable parameters 
are shown in Fig. 2, where 000 WVU  is a absolute coordinate 

system, A  - a generalized coordinate, i.e. a variable 

parameter of the active revolute kinematic pair A. 
 

II. DIRECT KINEMATICS OF A SPATIAL RCCC PARALLEL 

MANIPULATOR 

In direct kinematics of the spatial RCCC parallel 
manipulator the coordinates of the point P in the absolute 
coordinate system 000 WVU  are defined by the given 

generalized coordinate and constant parameters by the 
following expression 

 

 

 

Fig. 2. Coordinate systems and parameters of the spatial RCCC parallel manipulator. 
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where ,,, P
C

P
C

P
C zyx  - the coordinates of the point P with 

respect to the coordinate system CCC ZYX . 

To determine the unknown parameters BBC sc   and 

BBC    of the passive cylindrical kinematic pair B in (3) it 

is necessary to solve the problem of position analysis of the 
spatial CCC dyad BCD. For this purpose we connect the 
points BO  and DO  by the vector 

DDDB OOOO rrl   , 

where module and coordinates of the unit vector 
DBOO e  are 

defined by the expressions 
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Then we form the vector equation of closed loop 

BDDCCBB OOOOOOO '''  

 
 CDCDCCBCBCBB asas eeee  

 
 0'' 

DBDB OOOODD ls ee , (6) 

 
where CB ee ,  and De  - the unit vectors of the axes 

CCBB ZOZO ,  and DDZO  with respect to the coordinate 

system U0V0W0 , BCBCBC a ae  1 , CDCDCD a ae  1 . 

Considering that 
 

)(sin 1
CBBCBC eee    , 

)(sin 1
DCCDCD eee    , 

 
we write (6) in the following form 

 CCCBBCBB sas eeee )(  

 
 0)( '' 

DBDB OOOODDDCCD lsa eeee , (7) 

 

where CDCDCDBCBCBC aaaa  11 sin,sin   . 

Radius vectors 
BOr  and 

DOr  of the points BO  and DO , 

and the unit vectors Be  and De  with respect to the 

coordinate system U0V0W0 in (4) and (7) are defined by the 
equations, respectively 

 

  



























T
ABABABABAB

OAOAOAOAOA
O

BABOA
O

ca

ca
BB

0,0,0,1),0,,,0,(

),0,,,0,(
11





T

T
r

TT
r

 

 











































OAABABOAABOA

OAOAABABOAOAAB

ABABOAOA

OAOAABABOAOAAB

ABABOAOA

cac

ca

aa

ca

aa











cossinsin

sincossincoscos

cos(sin

sinsinsincossin

)cos(cos

1

, (8) 

 



































































OD

ODOD

ODOD
OD

O

DOD
O

c

a

a

DD



sin

cos

1

0

0

0

1
11

''
TrTr , (9) 

 
and 
 


















),0,,,0,(

00
OAOAOAOAOA

B
BABOA

B
ca T

e
TT

e
 

 

   T
ABABABABAB ca 1,0,0,0),0,,,0,( T  

 











































ABOAABABOA

ABOAOA

ABABOAOAABOA

ABOAOA

ABABOAOAABOA











coscossincossin

cossincos

sin)coscoscossin(sin

cossinsin

sin)coscossinsin(cos

0

,(10) 

 







































1

0

0

0

),0,,,0,(
00

ODODODODOD
D

DOD
D

ca T
e

T
e

 

Proceedings of the World Congress on Engineering 2013 Vol III, 
WCE 2013, July 3 - 5, 2013, London, U.K.

ISBN: 978-988-19252-9-9 
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

WCE 2013



 
 

 


























OD

ODOD

ODOD





cos

sincos

sinsin

0

. (11) 

 
To determine the unit vector Ce  in (7) we write the 

following system of equations 
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where BC  - the given angle between the directions of 

cylindrical kinematic pairs B and C elements of the binary 
link 2, i.e. between the unit vectors Be  and Ce ; CD  - the 

given angle between the directions of cylindrical kinematic 
pairs C and D elements of the binary link 3. 

We write the system (12) in the following expanded form 
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System of equations (13) contains two linear equations and 

one quadratic equation for the unknown projections 

CWCVCU eee ,,  of the unit vector Ce  on the axis of the 

absolute coordinate system U0V0W0. This system of equations 
has two solutions. Need to find a solution of the systems (12) 
and (13), and to solve a problem of choosing the right 
solution. 

The first two equations of (13) are presented in a view 
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Solving (14) for the unknown parameters CVe  and CWe  

we have 
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Note, that the vectors 
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determine the directions of the common perpendiculars to the 
vectors DB ee ,  and Cea,  respectively. 

Substituting (15) in the third equation of the system (13) 
we have a quadratic equation for the unknown parameter 

CUe  
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Then the solution of (16) has a view 
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where UUU CABR 22  , and the signs   correspond to 

the two different solutions of the direct kinematics of the 
parallel manipulator. 

After determining the unit vectors Be , Ce , De  the vector 

equation (7) in projections on the axis of the absolute 
coordinate system U0V0W0 is presented as a system of linear 
equations for the unknown lengths of motions of the 
cylindrical pairs 
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Suppose that the vectors CB ee , and De  are linearly 
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independent, i.e., matrix F is not singular. Then the matrix F 
is invertible and the parameters CDB sss ,,  can be 

determined from the system (18) by equation 
 

gFs  1 . (19) 

 
To determine the angular BCB γθ   of the cylindrical pair 

B we consider the coordinate system BBBB ZYXO  (Fig. 3). 

We transfer the unit vectors ABe  and BCe  to this coordinate 

system, where 
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Fig. 3. Coordinate system BBBB ZYXO . 

 
The axis BBYO  is directed according to the rule of the 

right Cartesian coordinate system, and its unit vector 
BYe  is 

defined as ABBYB
eee  . Then the unknown angle B  is 

determined by the following system 
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Similary it can be shown that the angles CDC    and 

DCD    of the cylindrical pairs are determined by the 

following systems, respectively 
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and 
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Here 

CYe  and 
DYe  - unit vectors of the axis CCYO  and 

DD YO   respectively, and T
O ]1,0,0[e  - unit vector of the 

axis OWO. 
 

III. CONCLUSION 

A direct kinematics of a spatial RCCC parallel manipulator 
is discussed in this paper. Variable parameters of passive 
kinematic pairs and position of working point are determined 
by given generalized coordinate and constant parameters. An 
angle between elements of active revolute kinematic pair is a 
generalized coordinate. Rotation and translation motions of 
three passive cylindrical kinematic pairs are unknown 
variable parameters. Constant parameters characterize 
geometry of binary links. Direct kinematics of the parallel 
manipulator is solved on the basis of position analysis of 
spatial dyad with cylindrical joints. Analysis shows that two 
sets of direct kinematic solutions exist for the RCCC parallel 
manipulator. 
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