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Kinematics of a Spatial RCCC Parallel
Manipulator

Zhumadil Zh. Baigunchekov, Myrzabay B. [zmambetov, and Nurlan Zh. Baigunchekov

Abstract — A spatial RCCC (R - revolute kinematic pair, C —
cylindrical kinematic pair) parallel manipulator is considered
in this paper. Structural scheme of this manipulator has
constant and variable parameters. Constant parameters
characterize the geometry of links, and variable parameters
characterize the relative position of the elements of kinematic
pairs. In this paper the direct kinematics of a spatial RCCC
parallel manipulator is solved.

Index Terms — parallel manipulator, cylindrical and
revolute kinematic pair, binary link, direct kinematics.

I. INTRODUCTION

Parallel manipulators are characterized by high stiffness,
high speed, low moving inertia, and large payload capacity
and play a very important role in numerous applications
(robotic machining, aircraft simulators, pointing devices).
[1]-[5]- In this paper a spatial RCCC parallel manipulator
with one degree of freedom, i.e. an autooperator, is
considered. An autooperator or a fixed — sequence
manipulator works on one hard-coded program and it cannot
readjust in change of technological operation. However an
autooperator is a reliable device having a simple control
system. Therefore it is advisable to use an autooperator in
automatic machinery instead of manipulator with many
degrees of freedom.

In [6] a structural synthesis of a spatial RCCC parallel
manipulator (Fig. 1) is carried out and the constant and
variable parameters are defined. This manipulator is formed
by connection of the link BP of the RC manipulator ABP
having three degrees of freedom with a frame by binary CC
link CD having two negative degrees of freedom. 0Degree of
freedom of a spatial kinematic chain is defined by formula [7]

5
W=6n—2kpk—5,
k=1

Q)

where n — number of mobile links, £ — class of kinematic pair
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Fig. 1. A spatial RCCC parallel manipulator.

(joint), p, -number of kinematic pair A-th class, & - number
of local mobility. Class of kinematic pair is determined by the
number of restrictions on relative movement of its elements.
For the spatial RCCC parallel manipulator: n=3, p, =3
(cylindrical kinematic pairs B, C, and D), ps=1 (revolute
kinematic pair 4), 6 =0. Hence, W =6-3-1-5-3-4=1.
To define the geometry of the parallel manipulator the
Cartesian coordinate systems UWV and XYZ are used which
are fixed with elements of kinematic pairs. The axis W and Z
of the coordinate systems UVW and XYZ are directed along
the axis of rotation or translation of the kinematic pairs
elements, and the axis U and X are directed along the shortest
distance the axis W and Z. The axis V" and Y supplement the
coordinate systems UVW and XYZ. The transformation
matrix between the coordinate systems UVW and XYZ is
made up [4]. The constant and variable parameters of the
parallel manipulator structural scheme are the elements of
this matrix. The transformation matrix T ik between the

coordinate systems U jVjo and XY, Z, that are fixed on

the ends of the binary link has a view

T =T (@ s s € e @ jies B ¥ i) =
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where 7, =1,f,=t;3=1,=0,

ly] = aj -Cosy +bjk -sin)/jk -sinajk,

ty) =COSY ~cosﬂjk —sin;/jk "COS A -sinﬂjk,

tyy =—COSY -sinﬁjk —sinyjk oSy -cos,b’jk ,

toy :siny/jk -sinajk ,

B =ag -sin}/jk _bjk "COSY ~sinajk,

i3, :siny/jk -cosﬂjk +COSY - COSAL -sinﬁjk ,

133 =COSY jj - COSQA -cosﬁjk —sin;/jk -sinﬂjk ,

t34 =—C0SY ;i -sinajk s Iy =Ciy +bjk "COSA

ly =sinajk -sin,b’jk s Iy3 =sinajk ~cosﬂjk s gy =COSALy .
The following six parameters define the relative positions

of the two coordinate systems U jVjW f and X, ¥, Z, ta;-a

distance from axis W, to axis Z; which is measured along
the direction of ¢ k3 1 —acommon perpendicular between
axes Wj and Z, ; aj - an angle between positive
directions of axes W]. and Z; which is measured counter
clockwise relatively to positive direction of ik s b K -
distance from direction of ¢ ko direction of the axis X,

which is measured along positive direction of an axis Z, ;

B ji - an angle between positive directions of tik and axis

X, which is measured counter clockwise relatively to

Ze, Wty Xy

W4
-

Gy - X
N e

Ur; ,;..-

positive direction of axis Z ko Cix - distance from direction
of an axis U, to direction of ¢ ik which is measured along
positive direction of an axis Wj; y j - an angle between
positive directions of axis U j and Lik which is measured

counter clockwise relatively to positive direction of an axis

Wj.

A link with two kinematic pairs is called a binary link.
Constant parameters characterize the geometry of links, and
variable parameters characterize the relative positions of the
kinematic pairs elements. Structural scheme of the spatial
RCCC parallel manipulator with the chosen Cartesian
coordinate systems and the constant and variable parameters
are shown in Fig. 2, where U,V W, is a absolute coordinate

system, 6, - a generalized coordinate, i.e. a variable

parameter of the active revolute kinematic pair 4.

II. DIRECT KINEMATICS OF A SPATIAL RCCC PARALLEL
MANIPULATOR

In direct kinematics of the spatial RCCC parallel
manipulator the coordinates of the point P in the absolute
coordinate system UgV ¥, are defined by the given

generalized coordinate and constant parameters by the
following expression

Fig. 2. Coordinate systems and parameters of the spatial RCCC parallel manipulator.
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where CxP, CyP, CZP, - the coordinates of the point P with
respect to the coordinate system X Y-Z .

To determine the unknown parameters cp~=sp and
7pc = 0y of the passive cylindrical kinematic pair B in (3) it

is necessary to solve the problem of position analysis of the

spatial CCC dyad BCD. For this purpose we connect the
int ’ th tor |, o =r, —T,

points Op and O by the vector 0z0;, =Yop, ~To, >

where module and coordinates of the unit vector € 030}, are

defined by the expressions

1

A
eOBO'D,U =cos(U,, IOBdD )= (U0,D - UOB )/ZOBO.D
eOBO'D,V = cos(V ,A IOBOb) = (Vob - VOB )/IOBO}) %)
eOBO'D,W = cos(WO,A IOBOb )= (WdD - WOB )/ZOBOb

Then we form the vector equation of closed loop
000:0c0p0,0p

—Sgep T agcCpc ~Sc€c tacplep t

=0, (6)

+snepn =1 e .=
D™D 0405 050,

where €p,e- and e, - the unit vectors of the axes

OpZp, OcZ- and OpZ;, with respect to the coordinate

-1 -1
system UpVoWy, €pr=ap-~  -apc> €cp=acp ‘@cp-
Considering that

|
epc =Sin  ap--(€gxer),

—oin-!
ecp =sin" aqp (- %x€p),

we write (6) in the following form
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r
—spep +aBC(eB xec)—sCeC +

+tacp(€cxep)+spep =1 € 0, (7

0g0p 0g0p

. .1 _ . ]
where dp~=ap--sin - ape-, acp=acp-sin ey -
. = !
Radius vectors rOB and rOb of the points Op and O,

and the unit vectors e, and e, with respect to the

coordinate system U,VyW,in (4) and (7) are defined by the
equations, respectively

1 1
l:r } B TOATABl:B r } =Tos(a04:0,¢0,4,%0,4,0:70,4) %
Op Op

T
xT 5(a,45.0,¢ 13- 40,7 45) - [1, 0, 0, 0] =

1

cos;/OA(aOA +aABcos;/AB)—
—a,psSiny,, o8y, Siny o+ psinyy sina,,

= ’(8)
sinyp (apy +a, 5087 4p +
+@ 4p COSY ) COSTAYH,SINY yp —C pCOSYH,SINA Y,
Coq+aypsSinag, siny p+c pc080, |
1 1
1 1 0
Ay COSY
=Top | p . |=Top | |=| PP 0P| 9
r. oD r. op’| dosin
op op op SM7op
0 Cop
and
0 0
e =ToaTun Bg = Toa(a04:0:¢0,4:%04:0:704) %
B B
X T 5(a 15.0.¢ 452 20,7 1) [0, 0,0, 1] =
AB\AYB%Cy> X 4BV Y 4p) " 1Y U5 Vs
_ 0 -
(cosyp Siny yp +8inyp, €08, COSY 4p)SING 4p +
+sinyy sinay cosa p
= . , , ,(10)
(siny siny ;o —C0O8Y, COSAy ,COSY 4p)SINA yp —
— oSy SN, cosa 4p
—sina CoSy  psina  p +cosa,, Cosa  p
0
0 0 0
=Top| b, |=Top(aop:0:cop-@op-0-70p)"| |=
ep ep 0
1
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0
siny,p -sinagy,

= . (11)

—Cosy,p Sinay)
cosapp

To determine the unit vector e, in (7) we write the

following system of equations

eB 'eC =C0sapr

ec €y =CoSarp (s (12)
e% =1

where ap~ - the given angle between the directions of

cylindrical kinematic pairs B and C elements of the binary
link 2, i.e. between the unit vectors €, and e, ; o - the

given angle between the directions of cylindrical kinematic
pairs C and D elements of the binary link 3.
We write the system (12) in the following expanded form

egucu tepyecy tepwecew =COSUpe
(13)

epuécu teprecy T epwecw =COSAcp

2 2 2
ecy tecy +ecw =1

System of equations (13) contains two linear equations and
one quadratic equation for the unknown projections
ecy-eoy-ecy of the unit vector e~ on the axis of the
absolute coordinate system U,V,W,. This system of equations
has two solutions. Need to find a solution of the systems (12)
and (13), and to solve a problem of choosing the right
solution.

The first two equations of (13) are presented in a view

(14)

egyecy Tepwecw =CO0SApc —epyecy }

epyecy Tepwecw TCOSAcp ~€pyecy

Solving (14) for the unknown parameters e, and ecy,

we have
-1 (4 Dy ) ecy = ——(4 D,). (5
eCV_A_ yvecu t Pw eCW_A_ wecy —Dy ), (15)
U U
where

Ay =egyepw —egwepy»
4y =epepy —egyepw
Ay =egyepy —egyepys
Dy =epy, COSUp- —€py COSA s

DW =epy COSAp — eppy COSU .

Note, that the vectors
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a=[A4,, 4y, 4y =ey xep,

d=[D,,D,,D, 1" =axe,

determine the directions of the common perpendiculars to the
vectors €, €, and a, e respectively.

Substituting (15) in the third equation of the system (13)
we have a quadratic equation for the unknown parameter

ecu

APely, +2Byeqy +Cy =0,

(16)
where

2 2 2 2
A:AU+AV+AW,
By = 4y Dy, — Ay Dy,

2 2 2
Cy =Di +Dj — A3

Then the solution of (16) has a view

(17)

ecu :%(_BU iRU)’

where R;; :,/BUz - AZCU ,and the signs + correspond to

the two different solutions of the direct kinematics of the
parallel manipulator.
After determining the unit vectors €5, €., €, the vector

equation (7) in projections on the axis of the absolute
coordinate system U,V W, is presented as a system of linear
equations for the unknown lengths of motions of the
cylindrical pairs

F-s=g, (18)
where

~fu ~Ccu “pu Sp
F=|-egy —ecy epy|s S=|5c|s

~Cepw “Ccw Cpw SD

I e . —dy(epy oy —Cny ery)—]
OBOD OBOD’U BC( BV “Cw BW CV)

—acp(ecy epy —ecw ~epy)

I e . —dy(epy € —€pn e -
OBOD OBOD’V BC( BW “CU BU CW)

!
—acp(ecy -epy —ecy epw)

I e . —dy-(ey, e, —ep, € -
050 050 I sc(epy ecy —egy - ecy)

’
L~ acplecy “epy —ecy ~epy)

Suppose that the vectors €p,e- and e, are linearly
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independent, i.e., matrix F is not singular. Then the matrix F
is invertible and the parameters sp,s)), sc can be

determined from the system (18) by equation
s=F'.g. (19)

To determine the angular 0 =y, of the cylindrical pair
B we consider the coordinate system Op X pY,Z 5 (Fig. 3).
We transfer the unit vectors € ,, and € 5 to this coordinate

system, where

| —wn-l
e p=0a, p 2, p=sin aAB(eAxeB),

0 0
=To4(ap4.0:¢04:204:0.704) g - —S:;: 7?;14. ?lsril:s; |
1 cosa )y
Zp
€p
O; €ys Vs
) 7BC Tep.

tap, Xp
Fig. 3. Coordinate system Op X pYpZ .

The axis OpYj is directed according to the rule of the
right Cartesian coordinate system, and its unit vector eYB is
defined as eYB =ep xe  p. Then the unknown angle 0, is

determined by the following system

(eA xeB)~(eB xec)
smaAB SlIlO!BC
(epxec)-[epx (e xep)]|
Sll’lO.’BC smaAB

coslp = (e 5 €pc) =
(20)

sinfy :(eBC«eYB):

Similary it can be shown that the angles 6. =y, and
0p =7 pc of the cylindrical pairs are determined by the

following systems, respectively
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ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

(e xec)-(ec xep)
sina - sina

cosO- = (€pc€cp) =

(21)
e xe Je.x(e, xe
Sil’l(gcz(eCD.eY ):(C .D) [C. (B C)]
c sinagp sina g
and
e, xe (e, xXe
cosb, = (€pp €pe) = ( 0 D) ( p X€c)
sinap, sina o)

(epxec)-[epx(pxep)]
sinaqp sina

sin@p, :(eDC~eYD):

Here eYC and eYD - unit vectors of the axis OcYc and

Oy Y, respectively, and e, =0, 0, l]T - unit vector of the
axis OWp.

III. CONCLUSION

A direct kinematics of a spatial RCCC parallel manipulator
is discussed in this paper. Variable parameters of passive
kinematic pairs and position of working point are determined
by given generalized coordinate and constant parameters. An
angle between elements of active revolute kinematic pair is a
generalized coordinate. Rotation and translation motions of
three passive cylindrical kinematic pairs are unknown
variable parameters. Constant parameters characterize
geometry of binary links. Direct kinematics of the parallel
manipulator is solved on the basis of position analysis of
spatial dyad with cylindrical joints. Analysis shows that two
sets of direct kinematic solutions exist for the RCCC parallel
manipulator.
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