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The Convergence Iterative Scheme for Quasi-
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Abstract—In this paper, we introduce an iterative scheme for
finding a common element of the set solutions of quasi-
variational inclusion problems, fixed point problems, and
generalized equilibrium problems in Hilbert spaces. Under
suitable conditions, some strong convergence theorem for a
sequence of nonexpansive mappings be proved. The results
presented in this paper improve and extend the corresponding
results announced by many others.

Index Terms—Fixed point, quasi-variational inclusion,
generalized equilibrium problems, minimization problems

. INTRODUCTION

HIS paper we always assume that H is a real Hilbert
space with the inner product (--) and the norm ||. Let
be a nonlinear mapping and let F be a bifunction of CxC
into R, where R is the set of real numbers. The generalized
equilibrium problem is to find a point x € C such that
F(x,y)+(B(X),y-x)>=0,vyeC.  (11)
The set of solutions of (1.1) is denoted by GEP (see in [3]).
If B=0,then (1.1) reduces to the equilibrium problem: to
find x € C such that
F(x,y)>0,vyeC. (1.2)
Let A:H —H be a single-valued nonlinear mapping and
M:H — 2" be a set-valued mapping. The quasi-variational
inclusion problem (see in [9]), is to find x € H such that
f e A(X)+ M(x). (1.3)
The set of solutions of (1.3) is denoted by VI(H,A,M). A
special case of the problem (1.3) is to find an element
X € H such that
0 € A(X) + M(x), (1.4)
where 6 is the zero vector in H. If M=0; and

8¢ :H —[0,+00) is the indicator function of C, that is

SC(X)z{ 0, xeC

-0, xgC.
Then the quasi-variational inclusion problem (1.4) is
equivalent the classical variational inequality problem,

denoted by VI(C,A), to find x € H such that

(1.5)
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(A(X),v-x)=0,vveC. (1.6)

It is known that (1.4) provides a convenient framework
for the unified study of optimal solutions in many
optimization related areas including optimal control,
equilibria and variational inequalities (see [1] and the
references therein).

Let S:H — H be a nonlinear mapping. The mapping S
is said to be contractive with coefficient k € (0,1) if

Isx —Sy|| < a|x -y, vx,y € H. (1.7)
The mapping S is said to be nonexpansive if
Ilsx —sy| <|x-y|. ¥x,y e H. (1.8)

The fixed point set of S is denoted by F(S). For finding a
common element of the set of fixed points of a nonexpansive
mapping and of the set solutions to variational inequality
(1.6), liduka and Takahashi [6], introduced the following
iterative scheme. Starting with x; =xeC and define a

sequence {x,} by

Xn = 0 X+ (=0, )SPe (X, =2, AX,), (1.9
forall neN, where {a,} beasequencein[0,1)and {%,}
be a sequence in [a, b]. They proved that under certain
appropriate conditions imposed on {a,} and {A,}, the
sequence {x, } converges strongly to Prs)nyic.a)X-

Recently, Zhang et al. [14] introduced an iterative method
for nonexpansive mapping and equilibrium problem (1.2) in
a Hilbert space H :

X, =SPe (1= )3 (1-2A)T, (1-11B))x,, t< (0.).
(1.10)
Under suitable conditions, they proved that the sequence
{xn} generated by (1.10) converges strongly to the fixed

point which is the unique solution of the quadratic
minimization problem:

|12 . 2
“X “ = MINy E(s)AVIH,AM)NGEP "X" .
Motivated and inspired by liduka and Takahashi [6], Zhang
et al. [14], Zhang et al. [13], Khongtham and Plubtieng [8],
Plubtieng and Punpaeng [10], Noor and Noor [9], and Tan
[7], we introduce an iterative scheme for finding a common
element quasi-variational inclusion problems, fixed point
problems, and generalized equilibrium problems in Hilbert
spaces. We will present in the section I11.

Il. PRELIMINARIES

Let C be a nonempty closed convex subset of H. It is
well known that
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v @=ny” =X +@-2) v v (=) x-yI, @D
forall x,yeH and ye[0,1]. Forany x eH, there exists a
unique nearest point in C, denote by P.x such that
[x—Pcx|<[x—y| for all yeC. Such a mapping P:is
called the metric projection from H into C. We know that
P is nonexpansive mapping, P-x € C and
(X—Pcx,Pcx—y)20,vxeH,y eC. (2.2)

Recalled that a mapping A:H—>H is called o-
inverse strongly monotone (see [6],[4]), if there exists a
positive o such that

(Ax—Ay, X -y} = a|Ax —Ay||2 Vx,yeH. (2.3)
It is well known that A is an (1/a)— Lipschitz continuous
and monotone mapping. Moreover, [I-AA is a
nonexpansive mapping, if 0<A <2a and lis the identity
mapping on H (see [13]).

Recalled that a set-valued mapping M :H — 2" is called
monotone if for all x,yeH,f e Mx, and ge My imply
(x-y,f-g)>=0. A monotone mapping M:H—2"is
maximal if and only if for (x, f)e HxH, (x-y,f-g)>0,
for every (y,g) e G(M) implies f € Mx. The single- valued
mapping Jy, :H — H defined by

Jus (0 = (142M) ™ (%), ¥x e H (2.4)
is called the resolvent operator associated with M, where A

is any positive number and | is the identity mapping. We
know that the resolvent operator J,, ; associated with M, is

a nonexpansive for all A >0, that is,
[3m2 0 =3, W) < [x - ¥ ¥x,y € H v >0,

(see [14]).
In addition, the resolvent operator J,,, is 1—inverse

(2.5)

strongly monotone, that is, for all x,y e H,

9. 00 = s O] < (x =y, 3, (0 —Iux ), (26)
(see [14]).

The following lemmas are useful in our proof.

Lemma 2.1 (see [11]). Let sequence {x,}and {y,} be
bounded sequences in a Banach space X. Let {f,}be a
sequence in [0, 1] with 0 <liminf,_ B, <limsup,_.. B,
<1.Suppose that X5 =(1-PB,)Y,+B, X,,Vn =0, and
limsup,, .. ([Yns1 = Yo |~ [Xns1 = Xa[]) < 0. Then,

lim,_,, "yn —Xy " =0.

Lemma 2.2 (see [2]). Let C be a nonempty closed subset of
a Banach space and let {Sn} be a sequence of mappings of
C into itself. Suppose that

Yrasup{[S,az-S,z:zeC} <.

Then, for each x eC, {Sny} converges strongly to some

point of C. Let S be a mapping from C into itself defined
by Sy=1Ilim .S, y,vyeC.

Then, lim,_,,, sup{S,z—Sz|:zeC} =0.

We assume that the bifunction F:CxC — H satisfies the
following conditions:
(Al) F(x,x) =0 forall xeC,
(A2) F is monotone, that is, F(X,y) + F(y,X) <0,VX,y € C;
(A3) for each x,y,zeC,

lim,_ o F(tz+(1-t)X,y) <F(X,y);

(A4) for each x e C,y > F(x,y) is convex and lower semi-
continuous.

Lemma 2.3 (see [5]). LetH be a real Hilbert space, C be a
nonempty closed convex subset of H,and F:CxC — H be

a bifunction satisfying the conditions (Al) —(A4). Let
1> 0and x € H. Then, there exists a point z e C such that

F(z,y)+(1/t){y-2,2-x)>0,vyC.
Define a mapping T, : H — Cby
TT={2eC:F(z,y)+(1/r)(y—z,z—x>2O,VyeC}, (2.7)

for all z e H. Then the following hold:
(i) T, is single-valued and firmly nonexpansive, that is, for

any x,y e H,
[T x —TTy||2 <(TX-Ty.X-y);
(if) EP(F) is closed and convex and EP(F) = F(T.).

(2.8)

Lemma 2.4 (i) (see [13]) ueH is a solution of variational
inclusion (1.4) if and only if
u=Jy, (U=21Au),va>0. (2.9)
that is,
VI(H,A,M) =F(Jy , (u—=21Au)), vA > 0. (2.10)

(i) (see [14]) u e C is a solution of generalized equilibrium
problem (1.6) if and only if
u=T,(u-tBu),vt>0, (2.11)

that is,

GEP = F(T, (I-1B)), V1 > 0. (2.12)
(iii) (see [14]) Let A:H —H is an a— inverse strongly
monotone mapping and B:C — Hisa 8- inverse strongly
monotone mapping. If A e(0,2a]and 1t e(0,25], then

VI(H,A,M) is a closed convex subset inHand GEP is a
closed convex subset in C.

Lemma 2.5 (see [12]). Assume {an} is a sequence of
nonnegative real numbers such that
g <(1-a,)a, +8,,n>0,
where {a,} is a sequence in (0,1) and {5,} is a sequence
in R such that:
(i) Zpaag, =
(ii) limsup,,_,., (8, /a,)<00r T34[5,| < oe.
Then lim a, =0.

n—oo
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I1l. MAIN RESULT

In this section, we prove the strong convergence theorem
for solving a common element of the set solutions of quasi-
variational inclusion problems, fixed point problems, and
generalized equilibrium problems in a real Hilbert spaces.

Theorem 3.1 Let H be a real Hilbert space, let F be a
bifunction from Cx C into H satisfying the conditions (Al)-

(A4) and let {Sn} is a sequence of nonexpansive mappings

on C. Let A:H—>H is an a— inverse strongly monotone
mapping and B:C—>H is a &- inverse strongly

monotone mapping. Let M:H — 2" is maximal monotone
mapping such that

Q:=Nm4FS,)NVIH,AM)NGEP = &.
Let f be a contraction of H into itself with a constant
ke (0,1).Let x, eH and

u, =T (I-1B)x,,
Yo =Jwa (I=AA)u,,Vn >0,

Xns1 = o (X0) +BrXn +VnSnPe ((1—tn )Yn )
for all ne N, the mapping T, :H — C is defined as (2.7) in
Lemma 2.3, 1 € (0,2a], te(0,28],and {t,}, {o,}, {Bn}
and {Yn } are four sequences in [0,1) satisfy
(i) a, +B, +v, =1L
(i) lim,_ o, =0, 0, =©;

(iii) O < liminf,__ B, <limsup,_. B, <L

3.1

(iv) lim, . t, =027 t, =oo.

Suppose that X7,sup{[S,.,z—S,z|:z€ C} <= forany
bounded subset Cof H. Let S isamapping from C into
itself defined by Sx =lim S, X, VX e C and suppose that

now
F(S) =Ny F(Sy)- Then, {x,}, {y,}.and {u,} converge
strongly to g € Q, which is the unique solution of the
quadratic minimization problem:

Jalf = min,cq x| 3.2)
Proof. Put Q= Pes)qvin.amncer- It easy to see that Qf
is a contraction. By Banach contraction principle, there
exists z, € F(S)NVI(H,A,M)NGEP such that

2y = Qf(20) = Prgnvign.a mnaeef (Zo)-

Otherwise, we see that I-AA, 1-1B, T ,and J,,, are
nonexpansive. First, we will show that {xn} is bounded.
Put p € Q. We observed that

Jun =p|? = [T (1 = B)x, ~T.(1-B) p|

<[xy = p|f +(x~2B)|Bx, ~Bp|] (3.3)
and
"yn - p”2 = ||JM,x(I —AA U, =dp 5 (I=AA) p”z
<%, —p| + 200~ 20) |Au, —Ap|?
+1(t-2p)|Bx, ~Bp| . (3.4)
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Using (3.3) and (3.4), we have that
[yn =Pl lun =l <[xn =P
From (3.1) and (3.5), we calculated that

||Xn+l - p" = 0Lnf(xn)"‘[-)’nxn + YnSn PC ((1_tn )yn )_ p”
< ay | £00) = P+ o [0 = P 70 (1=t )Xo =pl+ o o]

<oty [[f(p) =p[+ (1= et @=K) ¥ =p| +7ata [P  (36)
Using (3.6) and by inductions, we get that

[0 =l < max{x, ~p]. (17 (1-K)) ) -] Jof} ¥n 1.
This implies that {x,} is bounded, so are {y,}, {u,},
{Au,}, {Bx,}, {f(xn)},and {SnPC((l—tn)yn)}. Put
Vo =Pc((1-t,)y,)and z, =S,v,. Next, we show that

(3.5)

[Xnss =Xq|—0,as N —>o0. Let X5 =(1-PB, )€, +ByX,-
We note that e, =[(X,,1 —ByX,)/(@—B,)]. Then, we have
that

e e =

f(xn)"

#2221t ) s =l =l
_Bm—l

el supflSiiz-5uel: 2P - 3)
n

From (3.7) and the conditions (i)-(iv), we have that
limsup,, ... ([en.1 —€n]=[Xnss —Xa[) <0. By Lemma 2.1

f(xn+l)||+1f—gn

and Lemma 22, we have lim, ||en —xn|| =0.
Consequently,

limy, ., [Xno1 = Xn| = lim, .. (1-B, ) e, =X, || =0
andso are lim,_,,, |V, =V, [=0, lim ., |u,,,—u,| =0,

and lim, . |V.1 —Yo||=0. Since

Xnsp —Xp = pf (Xn)"'Ban +YnSnVa = Xy, (3.8)
it follows by (i) and lim . [x,,;—X,[=0, that
lim,_,, [Sv, —X,[|=0. And we also get that
lim,_,.. [, —u,|=0, lim,_,_, |u, -y, =0,and
lim,_,, [X, =¥n]|=0.  Moreover, ~we have that

lim,_,., [Xn.1 —SXp,a[ = 0. By the same argument as in the

proof Theorem 3.1(pp. 13-14) of [7], we conclude that
lim,_,., [x, —q| =0, whereq e Q. Finally, we show that

lim,_,.. [x, —a =0, where q is the unique solution of the

quadratic minimization problem (3.2). For any reQ and
lim,_,., [Sv, —X,||=0, we get that

limsup,_, <f (r)-r.x, —r> =limsup,_,. <f (r)-r,Sv,- r>
=lim, <f (r)-r,Sv, - r>
:<f(r)—r,q—r>30. (3.9)
And

[0 =1l =[8ovo ~ 1l

SoPe ((1-t,) Y ) =S, Pcr“2
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< ”yn - r||2 -2, <Yn Yn— r>+ tn2 ”yn ”2

< (1=2t,) %o~ +2t, (r,r=yo )+ t2[val-
This implies that

||Xn+l - r"2 = ||0“nf (Xn )+ ann +YnSnVn - r”2

<[Ba (4

+200 k"X

1)+, (ShVa ||

—WhmrJMMu-w
+2a (f (N —rXpa— )

<Bn o 1" +%K@—2hﬂvn—mz

+2tn<r,r—yn>+tn2||yn||2)

+20, kX, —r||||xn+l—r||

+20, (F(r) =1, X, = 1) (3.10)
Put r=q in (3.10). Then using (3.9), (3.10), and Lemma
25 we have that lim,_,[x,—q|=0, where q is the

unique solution of the quadratic minimization problem:

||q||2 =min,_, ||x||2 This complete the proof.

In Theorem 3.1, then, we have the

following corollary.

if S=S,,vn>1,

Corollary 3.2 Let H be a real Hilbert space, let F be a
bifunction from Cx C into H satisfying the conditions (Al)-
(A4) and let S be a nonexpansive mapping on H. Let
A:H—>H bean a- inverse strongly monotone mapping
and B:C—>H be a &- inverse strongly monotone

mapping. Let M :H — 2" be a maximal monotone mapping
such that Q, :=F@S)NVI(H,A,M)NGEP = . Let f be a

contraction of Hinto itself with a constant k (0,1). Let
X, € Hand
u, =T, (1-1B)x,
Yo =Jua (1-2A)u,,vn >0,

Xne1 = o (X0 ) +BnXy +7,SPe ((1—tn )Ya )
for all ne N, the mapping T, :H — C is defined as (2.7) in
Lemma 2.3, L e(0,20], t€(0,28],and {t,}, {o,}, {Bn}
and {y,} are four sequences in [0,1) satisfy
(i) a, +B, +v, =1L
(i) lim, o, =0, 0, =©;

(iii) O <liminf,__ B, <limsup,_. B, <L
=0,2Z5at, =
Then, {x,}, {y,}.and {u,} converge strongly to qe,

(3.11)

(iv) lim, ., t,

which is the unique solution of the quadratic minimization

problem: ||q||2 =min, o, ||x||2

In  Theorem 3.1, if S=S,,vn>1 B,=0,vnx>]
f(x,) =x,,V¥n =1, then we have the following corollary.
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Corollary 3.3 Let H be a real Hilbert space, let F be a
bifunction from Cx C into H satisfying the conditions (Al)-
(A4) and let S be a nonexpansive mapping on H. Let
A:H—H bean a- inverse strongly monotone mapping
and B:C—>H be a &- inverse strongly monotone

mapping. Let M :H — 2" be a maximal monotone mapping
such that Q, :=F@©S)NVI(H,A,M)NGEP = J. Let x, e H
and
u, =T (1-1B)x,
Yo =Jdma (I=AA)u,,¥n >0, (3.12)
Xni1 = G X, + (1= 0)SPe (1=, ) Yo )

for all ne N,the mapping T, :H — C is defined as (2.7) in
Lemma 2.3, L& (0,2a], t<(0,25],and {o,}and {t,} are
sequences in [0,1) satisfy
(i) lim o, =020, =
(ii) lim =0,2m4t, =
Then, {x,},{y,}.and {u,} converge strongly to qeQ,,

n—oo

nN—oo tn

which is the unique solution of the quadratic minimization
problem: g = Min,eq, X[

IV. CONCLUSION

The convergence theorems shown that the iterative
sequence converges to the unique solution of the quadratic

minimization problem: ||q||2 = MiN, f(5)VI(H.A M)GEP ||x||2
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