
 

 
Abstract— In this paper we obtain new comparison 

principles for parabolic boundary value problems in u  
without assuming the usual monotonic condition with respect 
to u . Starting with the basic theory in section 1, we developed 
new comparison principles in section 2. Applications of the 
theory developed in this paper is used to discuss the 
monotonicity of the solution of a thermal explosion problem. 
We generalized the results for parabolic systems in section 4 
and discuss its applications to diffusion model.  
 
Index Terms— Parabolic boundary value problems,    
Comparison Principles, Differential Inequalities, Parabolic, 
Elliptic. 
 

I. INTRODUCTION 
Extensive literature on parabolic boundary value problems, 
Walter, [14], Pao, [11], Protter and Weinberger, [12], 
Taylor [13], has established their dominant role in the field 
of applied and industrial Mathematics.  

Such boundary value problems play an important 
role in the following fields: combustion theory, Arioli, 
Gazzola, [3], Kasture, [7], Thermal boundary layer, 
Dhaigude, Kasture, [5], chemical and neuclear engineering, 
Ladde and Lakshmikantham, [8], Population dynamics, Al. 
Fonso castro, Maya and Shivaji, [2], Boundary layer theory, 
Walter, [14]. Multi component diffusion, Mc Nabb, [10], 
Alexander L Lee etal, [1], detection of proteins, C. 
Amatorel, etal [4], lubrication slip model, K. Ait Hadi, [6], 
bioelectroanalytical system, M. Puida, F. Ivanauskas, I. 
Ignatjev, G. Valin, V. Razumas, [9]. 

It is interesting to discuss the monotonicity 
property of a solution for a given boundary value problem 
with respect to any one of the parameter when all other 
parameters remains fixed. Such a study is important for real 
world problems governed by parabolic boundary value 
problems.  

Maximum principles and comparison theorems for 
linear and non-linear parabolic equations with respect to u  
are known, Protter and Weinberger, [12], Walter, [14]. 
However, a variety of non-linear operators where 
monotonicity condition is not satisfied, occur naturally in 
many physical applications. Therefore we extend the results 
without monotonicity condition with respect to u  and 
obtain more general results. 
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 Let D be an open connected subset of NR  with 
boundary D , D  be the closure of D . The points of 
D  are denoted by  1 2, , . . , Nx x x x . Let 

G be the topological product of an open domain D of the 
x-space NR and a t  interval 0 t T  . Suppose 

  10 , , , 1nG T D D R N    . Let G be the 

boundary of .G The points of G are denoted by 
   1 2, , , , , .Nt x t x x x   

For a real valued function  ,u t x  which is continuously 

differentiable, xu denotes 
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 The boundary G  can be divided into three pairwise 
disjoint subsets    0G , 1G , 2 ,G  where 

      0 , / , 0G t x G U t x G D       , 

      2 , / ,G t x G U t x G T D       , 

 1 0 2 0 ,G G G G T D          , 

and   ,U t x   is a lower half neighborhood of  ,t x . 

Thus we get          

                                0 1 2

2 2

,
, .p p

G G G G
G G G R G G
      

      
  

Further details are contained in Walter, [14].  
 
 

II.  COMPARISON PRINCIPLE  
We consider non linear differential operator of a particular 
type given by 

 , , , , ,u F t x u p q r                                 (2.1)                                                              
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where F   is a real valued function 0t  , is the  time 

variable, 
uq
t





, x D  is the  space variable, 

: nu D R   with    2 .u C D C D   

Definition 1: The operator  , given by (2.1) is said to be 
parabolic at a point  ,t x  if  F   is monotone decreasing 

in r  and weakly monotone increasing in q , we say that 
F . 

Definition 2: A comparison principle with strict inequality 
for an operator   is said to hold if, for two functions  

, Pu and v u v in G    and 

pu v on R and on R
  implies .pu v in G  

Definition 3: A comparison principle allowing equality 
sign (weak comparison principle) for operator   is said to 
hold if,  for two functions  

, Pu and v u v in G     

and pu v on R and on R
  implies 

.pu v in G  

 Such comparison principles are available in Protter, 
Weinberger,  [12], for linear parabolic operator without 
assuming a monotonic condition with respect u  and for 
non-linear parabolic operators, Walter W, [14], assuming 
monotonic conditions. Here we obtain a weak comparison 
principle for non-linear operator without assuming a 
monotonic condition with respect u , which is contained in 
Theorem 2.2. We require the following 
Theorem 2.1: If F  ,  0,u v Z F  and if 

pu v on R and on R
  

   , , , , , , , , , , ,t x xx t x xx PF t x v v v v F t x w w w w in G  

then  ,pu v in G [14]. 

Theorem 2.2: If F ,  0,u v Z F , F  is 

continuously differentiable with respect to ,v and q for all 
points          

          , , , >0,p
F Ft x G is bounded below
v q

 


 
  

 pu v on R and on R
  , and 

   , , , , , , , , , , ,t x xx t x xx PF t x v v v v F t x w w w w in G  

then   .pu v in G  

Proof :-  Let , > 0 ,tv v e     

So that  , , .t
t x xxt x xxv v e v v v v     

Then   

   

   
   

   

, , , , , , , , , ,

, , , , , , , , , ,

, , , , , , , , , ,

, , , , , , , , , , .

t x xx t x xx

t x xx x xxt

x xxt t x xx

t t
t x xx t x xx

F t x v v v v F t x v v v v

F t x v v v v F t x v v v v

F t x v v v v F t x v v v v

F t x v e v e v v F t x v v v v  



 

 

   
 
Applying the mean value theorem, we get  

   

   * * * *

, , , , , , , , , ,

, , , , , , , , , , ,

t x xx t x xx

t
t x xx t x xx

F t x v v v v F t x v v v v

F Fe t x v v v v t x v v v v
v q

 



  
    

 
where  * *, , , , ,t x xxt x v v v v  is a point on the segment 

joining  

 , , , , ,t x xxt x v v v v to  , , , , ,t t
t x xxt x v e v e v v    .  

By assumption  

,F is bounded below
v




and   can be chosen so 

large that 

 >0,F F
q v


  

   
so that 

   , , , , , , , , , , >0,t x xx t x xxF t x v v v v F t x v v v v  in 

.pG  

Further pu v v on R and on R
  , using Theorem 

2.1,we get  .pu v in G  

Taking the limit as 0  , we get the required result. 
We get the following Theorem as a special case of 

Theorem 2.2 with 

 , , , , .t x xxu u f t x u u u    

Theorem 2.3: For two functions         
        

 0,u v Z f , ,Pu v in G  

,pu v on R and on R
  

 implies ,pu v in G  provided f  is continuously 

differentiable with respect to 
fv and
v



 is bounded above  

for all points  , .pt x G  

Now the next section is an applications of the above 
results to a thermal explosion problem.  
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III. MONOTONICITY WITH RESPECT TO 
PARAMETERS AND APPLICATIONS TO THERMAL 

EXPLOSION PROBLEM  
Comparison principles and positivity-negativity 

Theorems are important tools for obtaining monotonicity of 
a solution with respective parameters. It is interesting to 
discuss monotonicity property of a solution for a given 
boundary value problem with respect to any one parameter 
when all other parameters remain fixed, without finding the 
solution explicitly. Such a study is very important for real 
world problems. Here we consider the following 

 

A. Thermal Explosion problem 
  

We consider the following parabolic boundary 
value problem: 

   
     

2

1 0

exp / , 3.1

, , 0, 3.2
t P

o

u D u u in G

u g t x on G u x u on G

     

     
The values of 1u R  so prescribed on 

2pR G G     will be denoted by 

 , pu G t x on R . The problem (3.1), (3.2) with 

N=3 represents a physical problem of thermal explosion, 
Pao, [11]. Here 0D   represents the thermal diffusivity, 
the constant > 0  is called the Arrhenius number, > 0  

is a constant,  ,u t x  is the temperature at time t, and 
2 2 2

2
2 2 2

1 2 3

.
x x x
  

   
  

 

For the above problem, increase of  ,u t x in one 

of the parameters D , ,   is an indication of a quicker 
blowup. Therefore the study of monotonicity with respect to 
a parameter for such parabolic inequalities is important.  

We study the N dimensional analogue of the 
thermal explosion problem; for 1,Nx R u R  . We 
require the following condition: 

 13 : Let   { , } 0.
pR

m Min G x t   

Such a condition is legitimate because for blow up 
problems, the initial and boundary conditions are expected 
to be high.  Now we have the following  

 
Theorem 3.1: The solution of problem (3.1), (3.2) is 
strictly positive and bounded below   under condition  
 13 . 

Theorem 3.2: The solution  ,u t x of problem (3.1), (3.2) 

increases with   under  condition   13 . 

Proof: In this problem the solution  ,u t x  of the problem 

(3.1), (3.2) satisfies 0 pu m in G   due to condition  

 13 . 

Differentiating (3.1) partially with respect to   and 

assuming ,uU






we get    

2
2 exp exp .tU D U U

u uu
                    

 

Taking 

  2
2, , , , expx xxf t x U U U D U U

uu
          

, 

then 

2 ex pf
U uu

  


         
  which is bounded above 

by  2 e x p
m
   . Thus 

   , , , , exp 0 ,

0 0 .

t x xx p

P

LU U f t x U U U in G
u

U on R


      
 

 

 

 Hence it follows from Theorem 2.3   that 0 .pU in G  

Thus  ,u t x  is an increasing function of  . 

Theorem 3.3: The solution  ,u t x of problem (3.1), (3.2) 

increases with   under condition  

 13 1.where m   

Proof: Differentiating (3.1) partially with respect to   and 

assuming ,uV






we get    

2
2

11 exp exp .tV D V V
u u uu

  
  

                        
 

Taking  
  2

2, , , , e x px x xF t x V V V D V V
uu

 


         

, 

 2 2exp exp ,F
V u u m

             
 which is bounded 

above. 
Now 

  1, , , , 1 exp 0 ,

0 0 .

t x xx p

P

PV V F t x V V V in G
u u

V on R


            
   

 

 

 Hence it follows from Theorem 2.3   that 0 .pV in G  

Thus  ,u t x  is an increasing function of  . 

  Now we will prove the monotonicity with respect to the 
third parameter D, for which we require the following 
preliminary lemma. 
Lemma 3.1: Let function  ,g t x  satisfy the following 

condition  

 23 :    1, 0 .tg t x on G   

Then 

   2, 0 , 0 .t p pu t x in G and u t x in G    

Theorem 3.4: Let all the conditions of Theorem 3.2 hold. 
In addition suppose condition  23 is satisfied, then the 

solution  ,u t x of problem (3.1), (3.2) decreases with D.  
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IV.  NON-LINEAR PARABOLIC SYSTEM AND 
APPLICATION  

Let 
     1 2, , .., , 1n

nu u u u u x R n     with 

components , 1 , 2 , 3 , . . . , ,u n    given by 

     1, 2

1
,

, , , ..., , 1 .

, 1, 2, 3, ..., ,

N
N

t

u u t x x x x x R N

uu q t E for n
t

 


  

   


   



 

 and   

 1 2
,

1 2

, ,..., , , ,..., .n
x

N

u u u uu p gradu p p p p
x x x x

   
      

           

 Suppose 

 

2 2 2

1 1 1 2 1
2 2 2

2

, 2 1 2 2 2

2 2 2

1 2

N

xx N
i j

N N N N

u u u
x x x x x x

u u u
uu r is a N Nx x x x x x

x x

u u u
x x x x x x

  

  


 

  

   
       
      

                
 
   
       





   


 

Matrix for 
1, 2 , . . , ; 1 , 2 , . . , 1 , 2 , . . , .i N j N a n d n    

We consider the following system of parabolic operators 
given by  1 2F , , ..., ,nF F F defined by 

 
 
 

 

1 1 1 1
, , ,

2 2 2 2
, , ,

, , ,

, , , , , ,

, , , , , , 4.1

, , , , ,

t x xx

t x xx

n n n n
t x xx

F t x u u u u

F t x u u u u

F t x u u u u


 


 

 

 
We need the following definition. 

Definition 4.1: The function 

 , , ,, , , , ,t x xxF t x u u u u      if it is monotonic 

increasing in r and strictly increasing in .q  

Definition 4.2: If each F    for 1, 2, .., ,n   
then we say that function F .   
We refer to Walter,[14], for further details of notations. We 
need the following  
Comparison Principle 4.1: If F  and  0,u v Z f  

we have  

  : ,pu v on R and on R 
  

     , , , , , ,: F , , , , , F , , , , , ,t x xx t x xx Pt x u u u u t x v v v v in G   

   imply ,pu v in G provided F  is quasimonotonic 

increasing in   
    ,u t x . 

We extend the above result by obtaining a comparison 
principle allowing equality sign which is contained in the 
following  
Comparison Principle 4.2:   Let F  ,  0,u v Z f  

and for 1, 2, .., .n   Then 
     , , , , , ,: , , , , , , , , , , ,t x xx t x xx PF t x u u u u F t x v v v v in G        

  : ,pu v on R a nd on R 
  

Implies ,pu v in G  provided F   satisfies  a 

Lipschitz’s condition  of the following type: 
For 1, 2, .., ,n  there exist negative functions 

 1 2 1 1, , ..., , , ... , , , 1, 2,3....n l lc c c c c c c t x l      
    

   such that 

1

n

l
l

c

 is bounded below and  

   

 
, , , , , ,

1

, , , , , , , , , ,

1, 2, ....

t x xx t x xx

n

l l l
l

F t x u u u u F t x u u u u

c u u for n

       

 




  
 

and F is differentiable with respect to  

 , 0 .Fq on D f
q





  

Proof: Let , 0tv v e
      therefore 

, , ,, , ,, , .t
t x xxt x xxv v e v v v v

           

Consider   
        

   
   

, , , , , ,

, , , , , ,

, , , , , , , , , ,

, , , , , , , , , , .

t x xx t x xx

t t
t x xx t x xx

F t x v v v v F t x v v v v

F t x v e v e v v F t x v v v v

         

            



   

 

 Using the mean value theorem and condition    we get  

   
 

 

, , , , , ,

* *
, , ,

1

* *
, , ,

1

, , , , , , , , , ,

, , , , ,

, , , , ,
.

t x xx t x xx

n t x xxt t
l

l

n t x xxt
l

l

F t x v v v v F t x v v v v

F t x v v v v
c e e

q

F t x v v v v
e c

q

 

 

         

  

  

  

 

 

 








 



 
  
 
 





               (4.2) 

                         

Since 0, 0F
q




 


  and 
1

n

l
l

c

 is bounded below we 

can choose   sufficiently large so that right hand side of  
(4.2)  is greater than zero 
 in .pG  By assumptions    and   we have  

   , , , , , ,, , , , , , , , , , ,t x xx t x xx PF t x u u u u F t x v v v v in G         

for 1 , 2 , . . , ,n   
and .pu v o n R a n d o n R

  

So by comparison principle 4.1, .Pu v in G Taking 

the limit as  0,   we get .pu v in G   

Many physical phenomena are governed by 
parabolic systems, such as the diffusion of ions and point 
defects in metals, conduction of heat in heterogeneous 
media, transport of water through plant tissue, and random 
walk model, Alexander L Lee and James M. Hills [1]. In 
the next section we consider an application of the above 
results to the random walk model. 
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A.  Applications to Diffusion Model 
Here we consider the following system in  

,NR which describes the diffusion in presence of three 
diffusion paths in 3 , 3;R fo r N  [1], 

     

21
1 1 11 1 12 2 13 3

22
2 2 21 1 22 2 23 3

23
3 3 31 1 32 2 33 3

1 1 2 2 3 3

, (4.3)

, , , , , , (4.4)

P

p

u D u a u a u a u
t

u D u a u a u a u
t

u D u a u a u a u in G
t

u g t x u g t x u g t x on R


    




    



    

  

 
where      1 2 3, , , , , ,u t x u t x u t x are the concentrations, 

1 2 3, ,D D D  are diffusivities and are non-negative 

constants. The non-negative constants ija  represents the 

transition probabilities in the diffusion model. 
 Alexander L Lee and James M. Hills [1], obtained 

the conditions under which atleast one of the three 
components      1 2 3, , , , , ,u t x u t x u t x  attains its 

maximum on .pR In what follows we obtain the conditions 
under which all three components 

     1 2 3, , , , , ,u t x u t x u t x attains their maximum on 

.pR Since ours is a maximum principle for a boundary 

value problem, the result depends, apart from the 
coefficients on the boundary values 

     1 2 3, , , , ,g t x g t x g t x also. 

Theorem 4.3: For the system (4.3), (4.4) we assume the 
following conditions: 
        1 1 2 36 : , , , , ,u t x u t x u t x   are continuous 

with their derivatives up to second order in pG  and satisfy  

conditions  (4.1), (4.2). 
       2 1 2 36 : , , , , , 0 pg t x g t x g t x on R   and are 

continuous there. 

  3311 22
3

12 13 21 23 31 32

6 : , ,
aa a mk Min

a a a a a a m


 
     

 , 

where  
   1 2 3 1 2 3, , , , ,

p pR R
m M a x m m m m M in m m m  are 

positive on account of 2(6 )  and 

, 1, 2,3.
p p

i i i iR R
M Max u m Min u i   Then 

     1 2 3, , , , ,u t x u t x u t x  attain their maximum on 

pR . 

Proof: Let 
                     

     

21
1 1 1 11 1 12 2 13 3

22
2 2 2 21 1 22 2 23 3

23
3 3 3 31 1 32 2 33 3

1 2 3 1 2 3 1 2 3, , , , , , , , .

uL u D u a u a u a u
t
uL u D u a u a u a u
t

uL u D u a u a u a u
t

L L L L M M M M u u u u


     




     



     


  

 

Now  
1 2 30 , 0, 0 ,L u L u L u    as 1 2 3, ,u u u satisfy 

(4.3), (4.4)  
hence 0 .L u   
Further by condition  26 , 0 .pu on R  Thus 

0 0 , 0p pL L u in G u o n R    implies 

.0 pu in G  Thus      1 2 3, , , , ,u t x u t x u t x  are 

positive. Now 
1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3 .

L M a M a M a M
L M a M a M a M
L M a M a M a M

  
   

   

  

By assumed condition  36 ,   

 1 11 1 12 2 13 3 11 12 13 10 .L M a m a M a M a m a a m L u         

Similarly  
2 2 3 30 0 .L M L u a n d L M L u     

Hence by comparison principle 4.2 applied to      
0 , ,p pL u L M i n G u M o n R     

follows that .pu M in G Hence 1 2 3, ,u u u  attain their 

maximum on pR . 

REMARK 4.1: As maximum values of 1 2 3, ,u u u  depend 
on boundary values, if the boundary values are changed, 
then the maximum principle may or may not hold as the 
condition  36 , may be satisfied for certain boundary 

values and  may  not be satisfied for other boundary values. 
 

V. CONCLUDING REMARKS  
Thus known theory of parabolic inequalities is developed 
further by obtaining new comparison principles for single 
equations as well as for parabolic systems and showing 
their applications for thermal explosion and diffusion 
models.  
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