
 
Abstract—In this paper, traveling wave solutions by using 

the Tan-Cot function algorithm were established for solving 
nonlinear partial differential equations. The method was used 
to obtain new solitary wave solutions for two systems of 
various types of nonlinear partial differential equations such 
as a new coupled ZK equation as new hierarchy of nonlinear 
evolution equations, and the second coupled mKdV system 
with constant coefficients. The method has been successfully 
implemented to establish new solitary wave solutions for the 
nonlinear PDEs. 
 

 Index Terms: Nonlinear PDEs, Exact Solutions, Tan-Cot 
function method, coupled ZK equation, the second coupled 
mKdV system with constant coefficients. 
 
 

I. INTRODUCTION  
 

 n recent years, quite a few methods for obtaining explicit 
traveling and solitary wave solutions of nonlinear 

evolution equations have been proposed. A variety of 
powerful methods, such as, tanh - sech method [1, 2], 
extended tanh method [3, 4], hyperbolic function method 
[5], Jacobi elliptic function expansion method [6], F-
expansion method [7], and the First Integral method [8, 9]. 
The sine-cosine method [10-12], Tan-Cot function 
algorithm [13-17] has been used to solve different types of 
nonlinear systems of PDEs. 

   In this paper, the Tan-Cot function algorithm were 
established for solving nonlinear partial differential 
equations for two systems of various types of nonlinear 
partial differential equations such as a new coupled ZK 
equation[18] as new hierarchy of nonlinear evolution 
equations, and the second coupled mKdV system [19] with 
constant coefficients given respectively: 

ቐ

u୲ െ δሺuvሻ୶ െ γሺvwሻ୶ െ ρሺu୶୶ ൅ u୷୷ሻ୶ ൌ 0
v୲ െ λሺwuሻ୶ െ ρሺv୶୶ ൅ v୷୷ሻ୶ ൌ 0
	w୲ െ λሺuvሻ୶ െ ρሺw୶୶ ൅ w୷୷ሻ୶ ൌ 0

              (1) 
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and 

ቐ
u୲ ൅ u୶୶୶ ൅ 6uଶu୶ ൅ 3uvw୶ ൌ 0
v୲ ൅ v୶୶୶ ൅ 6vଶu୶ ൅ 3vwu୶ ൌ 0
w୲ ൅ w୶୶୶ ൅ 6wଶw୶ ൅ 3wuv୶ ൌ 0

                            (2) 

II. THE TAN-COT FUNCTION METHOD 
 
 The Tan-Cot method which is a direct and effective 
algebraic method for the solitons, solitary patterns and 
periodic solutions, was first proposed by Anwar [13]. This 
method was further developed by many authors in [14-17]. 

We now summarize the Tan-Cot method, established by 
Anwar [13], the details of which can be found in [14-17] 
among many others. 

Consider the nonlinear partial differential equation in the 
form 

,ݑ൫ܨ ,௧ݑ ,௫ݑ ,௬ݑ ,௧௧ݑ ,௫௫ݑ ,௫௬ݑ ,௬௬ݑ …………൯ ൌ 0          (3)                      

 where u(x, y, t) is a traveling wave solution of nonlinear 
partial differential equation Eq. (3). We use the 
transformations, 

,ݔሺݑ  ,ݕ ሻݐ ൌ ݂ሺߦሻ                                                           (4) 

 Where 

ߦ  ൌ ݔ ൅ ݕ െ  (5)                                                             ݐߣ

This enables us to use the following changes:  

 
డ

డ௧
ሺ. ሻ ൌ െߣ

ௗ

ௗక
ሺ. ሻ  ,  

డ

డ௫
ሺ. ሻ ൌ

ௗ

ௗక
ሺ. ሻ , 

డ

డ௬
ሺ. ሻ ൌ

ௗ

ௗక
ሺ. ሻ    (6)  

Using Eq. (6) to transfer the nonlinear partial differential 
equation Eq. (4) to nonlinear ordinary differential equation  

ܳሺ݂, ݂ᇱ, ݂ᇱᇱ, ݂ᇱᇱᇱ, …………… . ሻ ൌ 0                                 (7)  

The ordinary differential equation (7) is then integrated as 
long as all terms contain derivatives, where we neglect the 
integration constants. The solutions of many nonlinear 
equations can be expressed in the form [13]:  

݂ሺߦሻ ൌ |ߦ|															,			ሻߦߤఉሺ݊ܽݐ	ߙ ൑
గ

ଶఓ
                                                     

݂ᇱ ൌ ߚ݊ܽݐ	ሾ		ߤ	ߚ	ߙ െ 1ሺߦߤሻ 	൅ ߚ݊ܽݐ		 ൅ 1ሺߦߤሻሿ         (8) 
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݂ᇱᇱ ൌ ߚଶሾሺߤߚ	ߙ െ 1ሻ		ߚ݊ܽݐ െ 2ሺߦߤሻ ൅ ሻߦߤሺ	ߚ݊ܽݐ		ߚ2	 ൅

ሺߚ ൅ 1ሻ	ߚ݊ܽݐ ൅ 2ሺߦߤ	ሻሿ	  

݂ᇱᇱᇱ ൌ ߚሾሺߙଷߤߚ െ 1ሻሺߚ െ 2ሻ	ߚ݊ܽݐ െ 3ሺߦߤሻ ൅

	ሺ3ߚଶ െ ߚ3 ൅ 2ሻ	ߚ݊ܽݐ െ 1	ሺߦߤሻ ൅ ሺߚ ൅ 1ሻሺߚ ൅

2ሻߚ݊ܽݐሺߦߤ	ሻ 	൅ ߚ݊ܽݐ		ଶߚ2	 ൅ 1	ሺߦߤሻ ൅ ሺߚ ൅ 1ሻሺߚ ൅

2ሻ	ߚ݊ܽݐ ൅ 2ሺߦߤ	ሻሿ  

and their derivative. Or use  

݂ሺߦሻ ൌ |ߦ|															,			ሻߦߤఉሺݐ݋ܿ	ߙ ൑
గ

ଶఓ
                                                                                

݂ᇱ ൌ െ	α	β	μ			ሾ		cotβ െ 1ሺμξሻ ൅ 		cotβ ൅ 1ሺμξሻሿ                                              

݂ᇱᇱ ൌ α	βμଶሾ		ሺβ െ 1ሻ		cotβ െ 2ሺμξሻ ൅	2β	cotβሺμξሻ ൅

ሺβ ൅ 1ሻ		cotβ ൅ 2ሺμξሻሿ                                              (9) 

and so on.  

Where ߙ	, μ , and β are parameters to be determined, μ and 
 .are the wave number and the wave speed, respectively ߣ
We substitute (8) or (9) into the reduced equation (6), 
balance the terms of the tan functions when (8) are used, or 
balance the terms of the cot functions when (9) are used, 
and solve the resulting system of algebraic equations by 
using computerized symbolic packages. We next collect all 

terms with the same power in 	݇݊ܽݐሺߦߤሻ or 	ܿ݇ݐ݋ሺߦߤሻ and 
set to zero their coefficients to get a system of algebraic 
equations among the unknown's  ߙ , μ and β, and solve the 
subsequent system. 
                 

III. APPLICATIONS   
A.  Nonlinear Evolution Equations 

To study a new coupled ZK equation as new hierarchy of 
nonlinear evolution equations that was derived by Yongan 
et al [18] by using a finite-dimensional integrable system. 
An interesting equation in this hierarchy is a new coupled 
KdV equation 
 

ቐ

u୲ െ δሺuvሻ୶ െ γሺvwሻ୶ െ ρሺu୶୶ ൅ u୷୷ሻ୶ ൌ 0
v୲ െ λሺwuሻ୶ െ ρሺv୶୶ ൅ v୷୷ሻ୶ ൌ 0
	w୲ െ λሺuvሻ୶ െ ρሺw୶୶ ൅ w୷୷ሻ୶ ൌ 0

            (10)         

Using the transformation 
ξ ൌ x ൅ y െ kt                                                             (11)                                                          
The system (10) of partial differential equations transform 
to the following system of ordinary differential equations   

ቐ
െku′ െ δሺuvሻ′ െ γሺvwሻ′ െ 2ρu′′′ ൌ 0

െkv′ െ λሺwuሻ′ െ 2ρv′′′ ൌ 0
െkw′ െ λሺuvሻ′ െ 2ρw′′′ ൌ 0

                     (12)                                                                        

Integrating system (12) once with zero constant, to get the 
following system 

ቐ
െku െ δሺuvሻ െ γሺvwሻ െ 2ρu′′ ൌ 0

െkv െ λሺwuሻ െ 2ρv′′ ൌ 0
െkwെ λሺuvሻ െ 2ρw′′ ൌ 0

                          (13)                                                                             

Seeking the solution in (8), assume: 

ݑ ൌ ݒ , ሻߦߤఉభሺ݊ܽݐଵߙ ൌ ݓ ,ሻߦߤఉమሺ݊ܽݐଶߙ ൌ                        ሻߦߤఉయሺ݊ܽݐଷߙ

                                                                                      (14) 

With the second derivative: 

ᇱᇱݑ ൌ ଵߚଶሾሺߤଵߚ	ଵߙ െ 1ሻ		ߚ݊ܽݐଵ െ 2ሺߦߤሻ ൅ ሻߦߤሺ	ଵߚ݊ܽݐ		ଵߚ2	

൅ሺߚଵ ൅ 1ሻ	ߚ݊ܽݐଵ ൅ 2ሺߦߤ	ሻሿ

ᇱᇱݒ ൌ ଶߚଶሾሺߤଶߚ	ଶߙ െ 1ሻ		ߚ݊ܽݐଶ െ 2ሺߦߤሻ ൅ ሻߦߤሺ	ଶߚ݊ܽݐ		ଶߚ2	

൅ሺߚଶ ൅ 1ሻ	ߚ݊ܽݐଶ ൅ 2ሺߦߤ	ሻሿ

ᇱᇱݓ ൌ ଷߚଶሾሺߤଷߚ	ଷߙ െ 1ሻ		ߚ݊ܽݐଷ െ 2ሺߦߤሻ ൅ ሻߦߤሺ	ଷߚ݊ܽݐ		ଷߚ2	

൅ሺߚଷ ൅ 1ሻ	ߚ݊ܽݐଷ ൅ 2ሺߦߤ	ሻሿ		

 

                                                                                      (15) 

Substitute (14) and (15) in (13) to get the following system: 

െkαଵtanஒభሺμξሻ 			െ δαଶαଵtanஒభାஒమሺμξሻ െ γαଶαଷ	tanஒమାஒయሺμξሻ

െ2ραଵ	βଵμଶሾሺβଵ െ 1ሻ		tanβଵ െ 2ሺμξሻ ൅ 	2β		tanβଵ	ሺμξሻ ൅

ሺβଵ ൅ 1ሻ	tanβଵ ൅ 2ሺμξ	ሻሿ ൌ 0

െkαଶtanஒమሺμξሻ െ λαଵ	αଷtanஒభାஒయሺμξሻ

	െ2ραଶ	βଶμଶሾሺβଶ െ 1ሻ		tanβଶ െ 2ሺμξሻ ൅ 	2βଶ		tanβଶ	ሺμξሻ

൅ሺβଶ ൅ 1ሻ	tanβଶ ൅ 2ሺμξ	ሻሿ ൌ 0

െkαଷtanஒయሺμξሻ െ λαଵαଶtanஒభାஒమሺμξሻ

െ2ραଷ	βଷμଶሾሺβଷ െ 1ሻ		tanβଷ െ 2ሺμξሻ ൅ 	2βଷ		tanβଷ	ሺμξሻ ൅

ሺβଷ ൅ 1ሻ	tanβଷ ൅ 2ሺμξ	ሻሿ ൌ 0

 

                                                                                     (16)        

Equating the exponents and the coefficients of each pair of 
the tan functions 

βଵ ൅ βଶ ൌ βଶ ൅ βଷ ൌ βଵ ൅ 2      

βଵ ൅ βଷ ൌ βଶ ൅ 2  

βଵ ൅ βଶ ൌ βଷ ൅ 2                                                         (17) 

we find the following system of algebraic equations: 

ە
ۖۖ
۔

ۖۖ
ۓ

βଵ ൌ βଶ ൌ βଷ ൌ 2
k ൅ 16	ρ	μଶ			 ൌ 0

k ൌ െ16	ρ
δαଶαଵ ൅ γαଶαଷ ൅ 12ραଵ	μଶ 			ൌ 0

λαଵ	αଷ ൅ 12ραଶ	μଶ ൌ 0
λαଵαଶ ൅ 12ραଷ		μଶ ൌ 0	

                           (18) 

Solving system (18) to get the following cases: 

Case 1 

ߤ ൌ ଵߙ  , 1 		ൌ
ିଵଶఘ	

ఒ	
ଶߙ	 ,   ൌ ଷߙ	 ൌ ૟ߩ	

ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
 , 

ଶߜ ൅ ߛߣ4 ൒ 0 
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ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ

െ12ߩ	
	ߣ

ݔଶሺ݊ܽݐ ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݒ ,ݕ ሻݐ ൌ ૟ߩ	
ߜ ∓ ඥ	ߜଶ ൅ ߛߣ4

ߛߣ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݓ ,ݕ ሻݐ ൌ ૟ߩ	
ߜ ∓ ඥ	ߜଶ ൅ ߛߣ4

ߛߣ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 			ሻݐߩ16

	

, ݔ| ൅ ݕ ൅ |ݐߩ16 ൑
ߨ
2	

	 

                                                                                      (19)                                                                                                

Case 2 

ߤ ൌ ଵߙ  , 1 		ൌ
ଵଶఘ	

ఒ	
ଶߙ	 ,  ൌ ૟ߩ	

ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
	 , ଷߙ ൌ

െ૟ߩ	
ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
ଶߜ , 	 ൅ ߛߣ4 ൒ 0 

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ

	ߩ12
	ߣ

ݔଶሺ݊ܽݐ ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݒ ,ݕ ሻݐ ൌ 	ߩ6
ߜ ∓ ඥ	ߜଶ ൅ ߛߣ4

ߛߣ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݓ ,ݕ ሻݐ ൌ െ6ߩ	
ߜ ∓ ඥ	ߜଶ ൅ ߛߣ4

ߛߣ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 			ሻݐߩ16

			, ݔ| ൅ ݕ ൅ |ݐߩ16 ൑
ߨ
2	

 

                                                                                      (20) 

Case 3 

ߤ ൌ െ1 ,  ߙଵ 		ൌ
ିଵଶఘ	

ఒ	
ଶߙ	 ,   ൌ ଷߙ	 ൌ ૟ߩ	

ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
  , 

ଶߜ ൅ ߛߣ4 ൒ 0 

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ

െ12ߩ	
	ߣ

ݔଶሺ݊ܽݐ ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݒ ,ݕ ሻݐ ൌ 	ߩ6
ߜ ∓ ඥ	ߜଶ ൅ ߛߣ4

ߛߣ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݓ ,ݕ ሻݐ ൌ 	ߩ6
ߜ ∓ ඥ	ߜଶ ൅ ߛߣ4

ߛߣ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 			ሻݐߩ16

			

, ݔ| ൅ ݕ ൅ |ݐߩ16 ൑ െ
ߨ
2

 

                                                                                      (21) 

Case 4 

ߤ ൌ െ1 , ߙଵ 		ൌ
ଵଶఘ	

ఒ	
ଶߙ	 ,  ൌ ૟ߩ	

ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
	,		 

ଷߙ ൌ െ૟ߩ	
ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
ଶߜ , 	 ൅ ߛߣ4 ൒ 0 

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ

ଵଶఘ	

ఒ	
ݔଶሺ݊ܽݐ ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݒ ,ݕ ሻݐ ൌ 	ߩ6
ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 		ሻݐߩ16

,ݔሺݓ ,ݕ ሻݐ ൌ െ6ߩ	
ఋ∓ඥ	ఋమାସఒఊ

ఒఊ
ݔଶሺ݊ܽݐ	 ൅ ݕ ൅ 			ሻݐߩ16

	

		, ݔ| ൅ ݕ ൅ |ݐߩ16 ൑ െ
గ

ଶ

           

                                                                                      (22) 

Remark. 1. Results in (19)–(22) are compatible to the results 
obtained by [18] using the sine-cosine method.  

	ߣ ൌ ߩ ൌ ,ݔሺݑ     ,1 ,ݕ ሻݐ ൌ െ12	݊ܽݐଶሺݔ ൅ 1 ൅   ሻݐ16

 

 

 

B. The second coupled mKdV system 

In this section, we will study the second coupled mKdV 
system with constant coefficients [19], given by  

u୲ ൅ u୶୶୶ ൅ 6uଶu୶ ൅ 3uvw୶ ൌ 0  

v୲ ൅ v୶୶୶ ൅ 6vଶu୶ ൅ 3vwu୶ ൌ 0  

w୲ ൅ w୶୶୶ ൅ 6wଶw୶ ൅ 3wuv୶ ൌ 0                             (23) 

Wazwaz [2] used the simplified form of the bilinear method 
and derived multiple-soliton solutions and multiple singular 
soliton solutions.    

Using the transformation 

 ξ ൌ kx െ λt                                                                 (24) 

to transform the system of partial differential equations (23) 
to the system of ordinary differential equations 

0
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Fig.1. The solitary solution u(x, y, t) for 

 െ5 ൑ ݔ ൑ 5	, 0 ൑ ݐ ൑ 5 
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െλ	uᇱ ൅ kଷu′′′ ൅ 6kuଶu′ ൅ 3kuvw′ ൌ 0  

െλ	v′ ൅ kଷv′′′ ൅ 6kvଶu′ ൅ 3kvwu′ ൌ 0  

െλ	w′ ൅ kଷw′′′ ൅ 6kwଶw′ ൅ 3kwuv′ ൌ 0                  (25) 

Seeking the solution in (8), assume: 

ݑ ൌ ݒ    , ሻߦߤఉభሺ݊ܽݐଵߙ ൌ   ሻߦߤఉమሺ݊ܽݐଶߙ

ݓ ൌ  ሻ                                                       (26)ߦߤఉయሺ݊ܽݐଷߙ

With the following derivatives: 

′ݑ ൌ ଵߚ݊ܽݐ	ሾ		ߤ	ଵߚ	ଵߙ െ 1ሺߦߤሻ 	൅ ଵߚ݊ܽݐ		 ൅ 1ሺߦߤሻሿ 

′ݒ ൌ ଶߚ݊ܽݐ	ሾ		ߤ	ଶߚ	ଶߙ െ 1ሺߦߤሻ 	൅ ଶߚ݊ܽݐ		 ൅ 1ሺߦߤሻሿ 

′ݓ ൌ ଷߚ݊ܽݐ	ሾ		ߤ	ଷߚ	ଷߙ െ 1ሺߦߤሻ 	൅ ଷߚ݊ܽݐ		 ൅ 1ሺߦߤሻሿ                                                          
                                                                                      (27) 

uᇱᇱᇱ ൌ αଵ	βଵ	μଷሾሺβଵ െ 1ሻሺβଵ െ 2ሻ	tanβଵ െ 3ሺμξሻ ൅

	൫3βଵ
ଶ െ 3βଵ ൅ 2൯	tanβଵ െ 1ሺμξሻ ൅ ሺβଵ ൅ 1ሻሺβଵ ൅

2ሻtanβଵሺμξ	ሻ 	൅ 	2βଵ
ଶ		tanβଵ ൅ 1	ሺμξሻ ൅ ሺβଵ ൅

1ሻሺβଵ ൅ 2ሻ	tanβଵ ൅ 2ሺμξ	ሻሿ  
 

vᇱᇱᇱ ൌ αଶ	βଶ	μଷ ቂሺβଶ െ 1ሻሺβଶ െ 2ሻ	tanβଶ െ 3ሺμξሻ ൅

൫3βଶ
ଶ െ 3βଶ ൅ 2൯	tanβଶ െ 1ሺμξሻ ൅ ሺβଶ ൅ 1ሻሺβଶ ൅

2ሻtanβଶሺμξ	ሻ ൅ 	2βଶ
ଶ		tanβଶ ൅ 1	ሺμξሻ ൅ ሺβଶ ൅

1ሻሺβଶ ൅ 2ሻ	tanβଶ ൅ 2ሺμξ	ሻ൧  
 

wᇱᇱᇱ ൌ αଷ	βଷ	μଷሾሺβଷ െ 1ሻሺβଷ െ 2ሻ	tanβଷ െ 3ሺμξሻ ൅

	൫3βଷ
ଶ െ 3βଷ ൅ 2൯	tanβଷ െ 1ሺμξሻ ൅ ሺβଷ ൅ 1ሻሺβଷ ൅

2ሻtanβଷሺμξ	ሻ 	൅ 	2βଷ
ଶ	tanβଷ ൅ 1	ሺμξሻ ൅ ሺβଷ ൅

1ሻሺβଷ ൅ 2ሻ	tanβଷ ൅ 2ሺμξ	ሻሿ                                    (28) 

Substituting Equations (26)-(28) in the system of equations 
(25) to get:   

െߚߣଵൣ݊ܽݐఉభିଵሺߦߤሻ 	൅ ሻ൧ߦߤఉభାଵሺ݊ܽݐ ൅ ݇ଷߚଵ	ߤଶ ቂሺߚଵ െ

1ሻሺߚଵ െ 2ሻ	ߚ݊ܽݐଵ െ 3ሺߦߤሻ ൅
൫3ߚଵ

ଶ െ ଵߚ3 ൅ 2൯݊ܽݐఉభିଵሺߦߤሻ 	൅ ሺߚଵ ൅ 1ሻሺߚଵ ൅

2ሻߚ݊ܽݐଵሺߦߤ	ሻ 	൅ ଵߚ2	
ଶ		ߚ݊ܽݐଵ ൅ 1	ሺߦߤሻ ൅ ሺߚଵ ൅

1ሻሺߚଵ ൅ 2ሻ	ߚ݊ܽݐଵ ൅ 2ሺߦߤ	ሻ൧ ൅ ሻߦߤଷఉభିଵሺ݊ܽݐ	ൣ	ଵߚଵଶߙ6݇ 	൅

ሻሿߦߤଷఉభାଵሺ݊ܽݐ	 ൅ ൅	ሻߦߤఉభାఉమାఉయିଵሺ݊ܽݐଷൣߚ	ଷߙ	ଶߙ	3݇

ሻሿߦߤఉభାఉమାఉయାଵሺ݊ܽݐ ൌ 0   
                                                                                     (29) 

െߣ	ߚଶ 	ቂ	ߚ݊ܽݐଶ െ 1ሺߦߤሻ 	൅ ଶߚ݊ܽݐ		 ൅ 1ሺߦߤሻቃ ൅

݇ଷ	ߚଶ	ߤଶ ቂሺߚଶ െ 1ሻሺߚଶ െ 2ሻ	ߚ݊ܽݐଶ െ 3ሺߦߤሻ ൅

൫3ߚଶ
ଶ െ ଶߚ3 ൅ 2൯	ߚ݊ܽݐଶ െ 1ሺߦߤሻ ൅ ሺߚଶ ൅ 1ሻሺߚଶ ൅

2ሻߚ݊ܽݐଶሺߦߤ	ሻ ൅ ଶߚ2	
ଶ		ߚ݊ܽݐଶ ൅ 1	ሺߦߤሻ ൅ ሺߚଶ ൅

1ሻሺߚଶ ൅ 2ሻ	ߚ݊ܽݐଶ ൅ 2ሺߦߤ	ሻ൧ ൅

ଵߚ݊ܽݐ	ሾ		ߤ	ଵߚ	ଵߙ	ଶߙ6݇ ൅ ଶߚ2 െ 1ሺߦߤሻ 	൅

ଵߚ݊ܽݐ		 ൅ ଶߚ2 ൅ 1ሺߦߤሻሿ ൅
൅	ሻߦߤఉభାఉమାఉయିଵሺ݊ܽݐൣ	ଵߚ	ଷߙଵߙ3݇ ሻ൧ߦߤఉభାఉమାఉయାଵሺ݊ܽݐ ൌ
0                                     (30) 

െλ	ߚଷ 	ቂ	ߚ݊ܽݐଷ െ 1ሺߦߤሻ 	൅ ଷߚ݊ܽݐ		 ൅ 1ሺߦߤሻቃ ൅

kଷ		βଷ	μଶ ቒሺβଷ െ 1ሻሺβଷ െ 2ሻ	tanβଷ െ 3ሺμξሻ ൅

	൫3βଷ
ଶ െ 3βଷ ൅ 2൯	tanβଷ െ 1ሺμξሻ ൅ ሺβଷ ൅ 1ሻሺβଷ ൅

2ሻtanβଷሺμξ	ሻ 	൅ 	2βଷ
ଶ	tanβଷ ൅ 1	ሺμξሻ ൅ ሺβଷ ൅

1ሻሺβଷ ൅ 2ሻ	tanβଷ ൅ 2ሺμξ	ሻඇ 	൅

6kߚଷ		ߙଷଶ ቒߚ3݊ܽݐଷ െ 1ሺߦߤሻ 	൅ ଷߚ3݊ܽݐ		 ൅ 1ሺߦߤሻቓ ൅

3kߚଶ	ߙଵߙଶ	ඃ݊ܽݐఉభାఉమାఉయିଵሺߦߤሻ 	൅ ሻඇߦߤఉభାఉమାఉయାଵሺ݊ܽݐ ൌ
0                                             (31) 

Equating the exponents and the coefficients of each pair of 
the tan functions of the equations (29), (30), and (31) to get 
the following results: 

ଵߚ െ 1	, ଶߚ ൌ 1	, ଷߚ ൌ െ1  , 	ߤ ൌ
ଵ

ଶ
			 , ଵߙ 	ൌ െ	ߙଷ	  

 
Case 1 

ଵߙ 	ൌ 	݅	
௞

ଶ
ଶߙ ,   ൌ ݅	

௞య	ିଶ஛

ଷ୩మ	
ଷߙ  ,   	ൌ െ݅	

௞

ଶ
  

ە
ۖ
۔

ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ 	

௞

ଶ
݄ݐ݋ܿ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݒ ,ݕ ሻݐ ൌ 	
௞య	ିଶ஛

ଷ୩మ	
	݄݊ܽݐ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݓ ,ݕ ሻݐ ൌ െ	
௞

ଶ
݄ݐ݋ܿ		 ቔ

௜

ଶ
ሺ݇ݔ െ 				ሻቕݐߣ

	,

ݔ݇| െ |ݐߣ ൑ ߨ

               (32)                         

                                                                                   
Case 2 

ଵߙ 	ൌ 	݅	
௞

ଶ
ଶߙ ,   ൌ െ݅	

௞య	ିଶ஛

ଷ୩మ	
ଷߙ  ,   	ൌ െ݅	

௞

ଶ
  

ە
ۖ
۔

ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ 	

௞

ଶ
݄ݐ݋ܿ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݒ ,ݕ ሻݐ ൌ 	െ
௞య	ିଶ஛

ଷ୩మ	
	݄݊ܽݐ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݓ ,ݕ ሻݐ ൌ െ	
௞

ଶ
݄ݐ݋ܿ		 ቔ

௜

ଶ
ሺ݇ݔ െ 				ሻቕݐߣ

	,

ݔ݇| െ |ݐߣ ൑ ߨ

            (33)                       

                                                                                  
Case 3 

ଵߙ 	ൌ 	െ݅	
௞

ଶ
ଶߙ ,   ൌ ݅	

௞య	ିଶ஛

ଷ୩మ	
ଷߙ  ,   	ൌ ݅	

௞

ଶ
  

ە
ۖ
۔

ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ െ	

௞

ଶ
݄ݐ݋ܿ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݒ ,ݕ ሻݐ ൌ 	
௞య	ିଶ஛

ଷ୩మ	
	݄݊ܽݐ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݓ ,ݕ ሻݐ ൌ 	
௞

ଶ
݄ݐ݋ܿ		 ቔ

௜

ଶ
ሺ݇ݔ െ 				ሻቕݐߣ

	,

ݔ݇| െ |ݐߣ ൑ ߨ

               (34)                         

 
Case 4 

ଵߙ 	ൌ 	െ݅	
௞

ଶ
ଶߙ ,   ൌ െ݅	

௞య	ିଶ஛

ଷ୩మ	
ଷߙ  ,   	ൌ ݅	

௞

ଶ
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ە
ۖ
۔

ۖ
ۓ ,ݔሺݑ ,ݕ ሻݐ ൌ െ	

௞

ଶ
݄ݐ݋ܿ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݒ ,ݕ ሻݐ ൌ 	െ
௞య	ିଶ஛

ଷ୩మ	
	݄݊ܽݐ	 ቔ

௜

ଶ
ሺ݇ݔ െ 		ሻቕݐߣ

,ݔሺݓ ,ݕ ሻݐ ൌ 	
௞

ଶ
݄ݐ݋ܿ		 ቔ

௜

ଶ
ሺ݇ݔ െ 				ሻቕݐߣ

	,

ݔ݇| െ |ݐߣ ൑ ߨ

            (35) 

 
 

IV. CONCLUSION 

In this paper, we used the tan-cot method to study two 
systems. These systems are the new coupled ZK equations 
and the second coupled mKdV system with constant 
coefficients. As a result, we obtained new exact solutions 
including solitary waves and periodic waves. The method 
provided solitary wave solutions and triangular periodic 
wave solutions. Moreover, the obtained results in this work 
clearly demonstrate the reliability of the method that was 
used. We can say that the new method can be extended to 
solve the problems of nonlinear partial differential equations 
which arising in the theory of solitons and other areas. 
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