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Existence Results for a Second-order Difference
Equation with Summation Boundary Conditions at
Resonance

Thanin Sitthiwirattham and Saowaluk Chasreechai

Abstract—TIn this paper, we study the existence of solutions of
a second-order difference equation with summation boundary
value problem at resonance by using intermediate value theo-
rems and Schaefer’s fixed point theorem, we obtain a sufficient
condition for the existence of the solution for the problem.

Index Terms—positive solution, boundary value problem,
fixed point theorem, cone.

I. INTRODUCTION

HE study of the existence of solutions of multipoint
boundary value problems for linear second-order ordi-
nary differential and difference equations was initiated by
Ilin [1]. Then Gupta [2] studied three-point boundary value
problems for nonlinear second-order ordinary differential
equations. Since then, nonlinear second-order three-point
boundary value problems have also been studied by many
authors, one may see the text books [3-4]. We refer the
readers to [6-13] and references therein. Also, there are a
lot of papers dealing with the resonant case for multi-point
boundary value problems, see [14-19].
In this paper, we study the existence of solutions of a
second-order difference equation with summation boundary
value problem at resonance

A%u(t — 1) + f(t,u(t)) =0,

with summation boundary condition

te{1,2,..,T}, ()

n
w(T +1) Z 2)
where f is contlnuous T >3is a ﬁxed positive integer,
n e {1,2,..,T — 1}, jﬁTH) = 1. we are interested in
the existence of the solution for problem (1)-(2) under the
condition jf}ﬁ:rll)) = 1, which is a resonant case. Using some
properties of the Green function G(¢, s), intermediate value
theorems and Schaefer’s fixed point theorem, we establish a
sufficient condition for the existence of positive solutions of
2T+1) _

problem ) = 1

Let N be the nonnegative integer, we let N; ; = {k €
N| i <k <j} and N, = Ny,

Throughout this paper, we suppose the following condi-
tions hold:
(H) f(t,u) € C(Nr41 x R, R) and there exist two positive
continuous functions p(t), ¢(t) € C(Nry1, RT) such that

[f(t,tu)] < p(t) + q()|ul™,t € Npyq, 3)
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where 0 < m < 1. Furthermore,

hm ft,tu) = oco. 4)

u—too

for any t € Ny 7.

To accomplish this, we denote C'(Nr4i, R),the Banach
space of all function v with the norm defined by |u| =
max{u(t) | t € Npyq}

The proof of the main result is based upon an application
of the following theorem.

Theorem 1. ([5]). Let X be a Banach space with C C X
closed and convex. Assume that U is a relatively open subset
of Cwith0 €U and T : U — C is completely continuous.
Then either

(i) T has a fixed point in U, or

(ii) there exist v € OU and p € (0,1) with v = pTu.

The plan of the paper is follows. In Section 2, we recall
some lemmas. In Section 3, we prove our main result. Some
illustrate example are presented in Section 4.

II. PRELIMINARIES

We now state and prove several lemmas before stating
our main results.

Lemma 1. The problem (1)-(2) is equivalent to the following

d u(T +1)
u(t) = ;G(us)f(s W)+t O
where 1
G(t,s) = T+De=1D X (6)
at(T+1—3s)— atin—s)(n—s+1)
—(T+1)(Oé—1)(t—8)7 S€N17t71 lemfl
at(T+1—3s)—satn—s)(n—s+1), s€N; ;4
at(T+1—s)—(T+1)(a—1)(t—s), seNy;
at(T +1-— S), S € Nt,T n Nn,T

Proof. Assume that u(t) is a solution of problem (1)-(2) ,
then it satisfies the following equation:

t—1

u(t) = Cy + Cot — > _(t— s)f(s,u(s))

s=1

where C, C5 are constants. By the boundary value condition
(2), we obtain C; = 0. So,

t—1

u(t) = Cyt — > (t— s)f(s,u(s)) 7)

s=1
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From (2.3), According to (211) it is easy to show that (7) holds.
n n—1 Therefore, problem (1)-(2) is equivalent to the equation
Zu LUCQ 1 Z(n —8)(n— s+ Dyl(s) (7) with the function G(¢,s) defined in (8). The proof is
=1 2 —1 completed. (]
From the second boundary condition, we have Lemma 2. For any (t,s) € Npyi x Npyq,G(t,s) is

T continuous, and G(t,s) > 0 for any (t,s) € Ny x Ny p.
(2T +2-an(n +1))Cz = 2Z(T+ 1= 5)f(s,u(s)) Proof. The continuity of G(t,s) for any (¢,s) € Npiq X

s=1 Nt 4, is obvious. Let
1
+ay (m—s)n—s+1f(s,u(s). @ 4(1,s) = at(T+1—s) =5 at(n—s)(n—s+1)—(T+1) (a—1)(t=s),

. 2T+1) . . . where s € N17t_1 N Nl,n—l
Since .75y = 1. then (10) is solvable if and only if Here we only need to prove that g1(¢,s) > 0 for s €

T n—1 Ny ;-1 NNy ;,—1, the rest of the proof is similar. So, from the
o i -,
E (T+1—-5)f(s,u(s)) = 5 E (n—s)(n—s+1)f(s,u(s)). definition of g;(¢,s),n € Ny r_1 and the resonant condition

— — 2(T+1) _
s=1 s=1 ) = 1, we have

Note that 1
" 91ty s) = at(T +1-s) - cat(n—s)(n—-s+1)
u(TJrl)f;u(s):(TJrl)C’g —(T+1)(a—1)(t—s)
T >(T+1)(t—s)— =
ST+ ) - Mg, B 2
s=1 >T+1)(Et—-85) — ——
-1 n(n+1)
£ s+ 1 - ) (s, u(s)). > (T4 1)(t )~ (T+1)
s=1 =(T+1)(Et—-s-1)
and then > 0,
n
— for s € Ny ;1 NNy,
02_(T+1)(04—1)[ T+1)- ;u Sincet>1s allldn(;]y—]i—i)ZZ(T+1—t) where T' > 3. The
T proof is completed. U
+ ) (T +1=5)f(s,u(s)) Let
; G*(t,s) = %G(t,s). (10)
n—1
- % (n—s)(n+1—15)f(s, u(s))]. Then )
s=1

G T e

AT +1) &
We now use that w(T+1) = WZU(S) to get AT+1—s)—Latn—s)(n—s+1)

- %(T—i— 1)(a — 1)(t - S),S S Nl,tfl N Nl,’flfl

n
w(T + 1) Zu wT +1) a(T+1—s)—gan—s)(n—s+1),s €Ny
(T+1)(a—1) T+1 "’ a1 B _
s—1 a(T+1-35s) t(T +1)(a—1)(t—s),s e Ny
and a(l'+1—-s),se Ny NNy 1
o T (11)
[ — [ (T+1—5)f(s,u(s)) Thus, problem (1)-(2) is equivalent to the following
(T+1)(a—1) ; equation:

12 T W(T +1)
-5 8:1(77 —s)n+1-39)f(s, u(s))] u(t) = Z_:tG (t,s)f(s,u(s)) + ﬁt’ (12)
wT+1) _ By a simple computation, the new Green function G* (¢, )

T+1 has the following properties.

Hence the solution of (1)-(2) is given, implicity as Lemma 3. For any (t,5) € Npii x Npyp, G*(L,s) is

ot T continuous, and G*(t,s) > 0 for any (t,s) € Ny p x Ny 7.
u(t) _m {Z(T +1—35)f(s,u(s)) Furthermore,
Lo = lim G*(t,5) == G*(0,5)
e

2 _l(ns)(n+1s)f(s,u(s))} 1 a(T+1—-3s)—Saln—s)(n—s+1),

1 = T s € Nyy1

T+1 T+1)(a—-1 ’
Sy + e TV g ey,
s=1 (13)
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Lemma 4. For any s € Ny p, G*(t, s) is nonincreasing with
respect to t € N4, and for any s € Ny, 1, %t(t’s) <0,
and %}5@,5) = 0 for t € Ng. That is, G*(T + 1,s) <
G*(t,s) < G*(s, s) where

G*(t,s) < G*(s,8)

. a(T+1-5) = Ja(n—s)n—s+1),
T TiDe-1n) SN
a(T+1—-s5),se Ny
(14

G*(t,s) > G*(T+1,s)
(T+1)(T+1-s5)— 3a(n—s)x
(77 -5+ 1)78 € Nl,n—l

(T+1)(a—1) T+DHT+1-s),seN,r

5)

Let

u(t) = tw(t). (16)

Then u(T+1) =

T

w(t) = ZG*(t,s)f

Now we have

(T+1)w(T +1), and equation (14) gives

(s,sw(s)) + w(T + 1), 17

y(t) = w(t) (18)
Then y(T +1)=w(T +1)
(19) gives

—w(T+1),
—w(T + 1) =0, and equation

T
T+IZG*tS

We replace w(7T + 1) by any real number A, then (21) can
be rewritten as

(y(s) + w(T + 1)), (19)

T
1 *
y(t) = 7 2::1 G (t,5)f(s,5(u(s) + V), (20)
The following result is based on Schaefer’s fixed point
theorem. We define an operator 7" on the set @ = C'(Npy;)
as follows:

1 T
S G (1) (s, 5(y(s) + V),

=777
s=1

2y

Lemma 5. Assume that f € C(Nry1 x R,R),
ZST:1 G*(t,s)q(s) < T + 1 and (1.5) holds. Then the
equation (20) has at least one solution for any real number
A

Proof. We divide the proof into four steps.
Step 1. Continuity of T. Let y, be a sequence such that
Yn — y in Q. Then, for each ¢t € Ny, 1, we get

[(Tyn)(t ) — (Ty)@®)|l
- T+1ZG* (t5)

+/\)) f( s(y(s) + )]l
||ZG* (&, s f (s, s(yn(s)
s(y(s) + M)l

5 S(yn(s)

IN

T+1
+A)) — f( s,
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Since f(t,ty) is continuous function and from Lemma 4,

it is continuous with respect to (¢,s) € Npyq X Npyq, we
have ||(T'y,)(t) — (Ty)(t)|| — 0 as n — oco. This means that
T is continuous in .
Step IL. T maps bounded sets into bounded sets in ). Let
us prove that for any 12 > 0, there exists a positive constant
L such that for each y € Br = {y € C(Npy1 x R) : |ly]] <
R}, we have |[(Ty)(t)|| < L. Indeed, for any y € Br,we
obtain

(T )()H
= THZG*ts (y(s) + )|
< T+1ZG*7§S T+1ZG*7§5
()l + 1AD™
1 & (R+ D™
S 7T 2 Gl e
> "G (s,8)q(s)
s=1
= L. (22)

Step III. T(Bg) is equicontinuous with Bg, defined as in
Step II. Since Bp, is bounded, then there exists M > 0 such
that | f| < M. For any & > 0, there exist t1,t2 € Npi1,t1 <
to such that

M [(t;—1)(ty — t1) NS
T+1 2 2

(t1 4 1)(t1 — 2t2)
2to

Then we have

H(Ty)(tz) —(Ty)(t) |l
< THZIG* ta,s) — G (t1,8)[|f (s, s(y(s) + A))|
M t1—1 t —tl to—1
< Fii|c A=l +Z<1‘>1
M |:(t1_1)(t2_t1) to+1
O TH+1 2 2
MU 1)2(;1 - Qtz)}
< e

This means that the set T'(Bg) is an equicontinuous set.
As a consequence of Steps I to III together with the Arzela’-
Ascoli theorem, we get that 7" is completely continuous in
Q.

Step IV. A priori bounds. We show that the set

E={yeC(Np;t1,R) / y=pTy for some € (0,1)}

is bounded.

By Lemma 1, assume that there exist y € JdBgr with
ly(®)] = R and p € (0,1) such that y = pTy. It follows
that

ZG*ts (y(s) +N))

WCE 2015
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and where A, is large enough, Assuming that (28) is true and
using (26), we have

t
ly@ll yx >0, teNpy. (27)

BN e
m;G (t,s)f(s,s(y(s) + A>>H

T T
1
< T+1 [; G*(s,s)p(s) + SZ:; G*(s,5)q(s) x Therefore,

<||y<s>||+||x||>m} s @ i () + An)) = 0o, e Nr. @8)

T m From (H), we get
< S s + B ¢
T T+l T+1 lim f(t,tw) = oo, t€Nryi. (29)
— 00
T
> G (s,8)q(s) From (27),(30) and (31), we have
s=1
= L (23) lim yx, (T+1)
n—>00

This shows that the set ' is bounded. As a consequence
of Schaefer’s fixed point theorem, we conclude that 7" has a

lim ZG* (T +1,5)f(s,5(yn, (s) + An))

>\’7l
fixed point which is a solution of problem (3)-(4). U el
Z(Tfl)
II1. MAIN RESULTS 2 lim Y GHTH L) f(s,5(9n,(5) + An))
s=1(T-1)
In this section, we prove our result by using Lemmas = oo, ) (30)

2.5-2.7 and the intermediate value theorem.
Theorem 2. Assume  that  (H1) holds Ve find that this result contradicts our assumption.
Zil G*(s,s)q(s) < 1, then the problem (1)-(2) has We define

at least one solution, where
Sp={t € Npy1 | f(t,t(yx, (t) + An)) <0}

G*(s,s)
here A, is large. Note that S, is not empty.
T+1-s)—tam—s)(n—s+1
B 1 of N ) 2a(77 s)(n s " Secondly, we divide the set .S,, into set S and set Sn as
T+ 1)(a—1) 5 € N1 follows:
a(T+1—-s),se N,
S, = {teS, An > 0},
Proof. Since (25) is continuously dependent on the parameter ~ { o+ }
A. So, we should only investigate A such that (7' +1) =0 Sno= {t€Sulyn, +An <0}

in order that u(T 4+ 1) = \.

Equation (22) is rewrite as where S, NS, = 0, S,U S, = S,,. So, we have from (H)

that S, is not empty.
1 E In addition, we find from (H) that the function f(¢,tu) is
ya(t) = T11 Z G*(t,5)f(s,5(ya(s) + 7)), ¢ € Nry1. 24 ounded below by a constant for ¢ € Ny, and A € [0, 00).
! Thus, there exists a constant M (< 0) which is independent
where A is any given real number. of ¢ and A, such that
Equation (26) show that there exists A\ such that

, Pt tun, () + M) > M, €Sy, 31
1 *
L) = ya(T+1) = T+1 ZG (T+1,8) f(s,5(ya(8)+A) et
s=1
(25)
and we can observe that, y, (7+1) is continuously dependent h(An) = tfglsf{ Yaa (1)

on the parameter \.
To prove that there exists A* such that yx-(T'+1) = 0, we  and using the definitions of S,, and set .S,,, we have

must to show that hm L(A\) =occand lim L(A\) = —cc.
T i h(An) = minyx,, (t) = = lyx, (D5
Firstly, we prove that lim L(\) = oo by supposing T eE Y. () = ~lUr Wllg,
A—00 n

that lim L(\) < oo as acontradiction. Therefore there
A—ro0 It follows that h()\,,) = —oo as A, — oo since if h(A,) is

eX_IStS a sequence {)\"} 'Wlth. hr{.lo L(A) = oo such that bounded below by a constant as A\,, — oo, then (32) holds.
)\}llgloo L(A,) < oo. This implies that the sequence {L(A,)} Therefore, we can choose large),,, such that
is bounded. Since the function f(¢,ty) is continuous with
respect to t € Npyq and y € R, we have h(An) < T—H X
MY T G*(s,5) =31 G*(5,5)p(s)
f(ta t(y)\n (t) + )\n)) > 0 3 te I\ITJrl (26) max {71’ 11723:1 G*(s,sl)q(s) } (32)
ISBN: 978-988-19253-4-3 WCE 2015
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for n > nq. Em/ploying (H), (26), (33), (34), the definitions
of S,, and set S, for any A\, > \,,, we have

) = THEY*“ (5, 5y (5) + M)
1 %
;zﬂJM¥GH>%m@W@
5 G (eus)alo) . (5 2"
SES,

It follows that

T T
1
u, (1) > T+1[MZG 5,8) = 3 G (s, 5)p(s)
s=1 s=1

_§:G*ss M () + Al |

v

1 T T

T+ [MZG 8,8) ZG*(S,s)p(s)
- s=1 s=1

- Z G* (s, s)q(s)h()\n)} , t€e S,

which implies that

1 | MY Gr(s,s) = ST G*(s,5)p(s)

h(An) >
T+1 1= 301 G*(s,8)a(s)
This result contradicts (34). Thus, the proof that
/\lim L(\) = oo is done. using a similar method, we
— 00
can prove that lim L(\) = —oc.
A——0o0

Notice that L(\) is continuous with respect to A €
(=00, 00). From the intermediate value theorem, there exists
A* € (—o0,00) such that L(\*) = 0, that is, y(T' + 1) =
ya+ (T 4+ 1) = 0, which satisfies the second boundary value
condition of (4). The proof is completed. ]

IV. SOME EXAMPLES

In this section, we give an example to illustrate our
result.
Example Consider the BVP

A2u(t—1)+ 2+ %u(t) =0, te Ny, (33)

2
Z u(s (34)

s=1

Set o = %, n=2,T=4, f(t,u) =t>+ %u(t)
So we have

<
~
o
=
Il
=)
cmcn

an(n+1) _
2(T +1)

and

4
f(t tu) =12 + Fult).
Now we take ¢(t) = £
It is easy to check that

lim f(t,tu) = o0

u—Foo
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and

Thus the conditions of Theorem 2 are satisfied. Therefore
problem (35)-(36) has at least a nontrivial solution.
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