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Analysis of an SEIR Epidemic Model with a
General Feedback Vaccination Law

M. De la Sen , S. Alonso-Quesada, A.lbeas and R. Nistal

Abstract-This paper discusses and formulates a continuous-
time SEIR -type epidemic model of pseudo-mass action type
with finitely distributed delays under a very general, and in
general time-varying, vaccination control rule which
eventually generates feedback actions on the susceptible,
infectious and recovered subpopulations. A lot of particular
vaccination laws can be got from the proposed general one.
The equilibrium points are characterized and their local
stability properties discussed depending on the limits of the
vaccination control gains provided that they converge
asymptotically.
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l. INTRODUCTION

T HIS research is concerned with a SEIR epidemic

model, subject to finitely distributed delays and eventual
vaccination, which is of pseudo-mass action type in the
sense that the infective transmission rate does not depend
directly on the total population, [1-3]. The continuous-
time model has the following characteristics and
properties: a) The vaccination controls have eventual
feedback actions of the susceptible, infected and
recovered subpopulations and also an independent term
which have, in general, time-varying gains with a constant
term plus an incremental one. The independent term
selection guarantees the non-negativity of the state-
trajectory solution for all time so as to reflect real
situations. The structure of the vaccination control law is
very general and it can be also implemented in the case
when the subpopulation numbers are not precisely known
b) The disease-free and the endemic equilibrium points
are characterized as well as their local asymptotic stability
properties in the case that the vaccination controller gains
converge asymptotically to limits. It is proved that the
infection is non-permanent and the state-trajectory
solution converges asymptotically to the disease-free
equilibrium point if the disease infective rate is under a
certain maximum threshold.
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There are new characteristics in the scheme concerning
the generality of the vaccination law related to the
existing previous background .

II.LFEEDBACK VACCINATION EPIDEMIC MODEL
Consider the following SEIR epidemic model with a
delayed-distributed transmission effect:

S(t)=b@-V(t)-S(t)-ASE)IE f()t-7)dr (1)
E(t)= AS()[§ f(e)1{t-7)dr—(b+x)E() ©)
i (t)=xE@t)-(b+7)1(0) )
R(t)=bV (t)+7 1()-bR() @

Vi)

it V(t)e[0,1]

V(t)=(sat oV )t)= ©)
1 if V(t)>1

V(1) =k 0)S(0) + ko (1) (1) + ka(®)S )] ()it~ 2)dr +ka(t)

(6)

where S(t), E(t), 1(t) and R(t) are, respectively, the

susceptible, exposed, infectious and recovered

subpopulations at time t and V :[0,%)—[0,1] is a
non-negative real feedback vaccination control defined
through the real control gains k; : [0, ) = [Knmin » Kmax
i=1,2,3,4 with Kpax 2Kmin 20 . The functions

S(t)=(+as))s(t) and 1(t)=1+a®))I(t)
Vvt >0 with Esm < as(t)S C_ISM and 6_l|m < a) (t)S (YlM s
Vvt >0 are estimates of the susceptible and infectious
subpopulations used for the vaccination law
implementation  with &gy, ,1> &gy (> @gy > -1) and
@ym 12> &y (> &y, > -1) being known real constants
which are minimum and maximum relative per-unit
errors of the estimates. The following positive parameters
parameterize the system (1)-(6):

b is the birth-rate of the population,
L is the infectivity disease rate,

x is the transition rate from the exposed subpopulation to
the infectious one,
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¥ is the transition rate from the infectious subpopulation

to the recovered one. Note that 7‘1 is the average time

that an infectious individual stays at this stage before
recovering completely.
It is assumed that f:[0,c0)—[0,c0) and that

.[g f(z’)drzl , .[grf(r)dr<oo (7

One gets the following dynamics for the total
population N(t)=S(t)+E(t)+1(t)+R(t), vt>0:

N(t)=b(1-N(t)), vt>0 (8)

which implies that at any existing equilibrium point,

N" = lim N(t)=1. A result which guarantees the linear
t—wo

structure of the feedback vaccination law is the following:

Theorem 1. The vaccination law is given by

V()= (k) kO] F ()it -)dr 30+ ko®i0)+ ket

,Vt>0 9)
, S0 that it does not enter the saturation zone at any time,
if

I(max = max (ki (t))S
1<i<4

1

é(t)[lqgf(s)i(t_s)ds} 11

1
(L as ()SO[1+ 17 1)L +r ON(t-9)s] +1

,Vt>0 (10)
A sufficient conditions for the above condition to hold is:

1

(1w )S()[ 1+ (L@ )y (6)1(t-9)ds | +1
, Vt=0  (11)

kmax <

which holds under the stronger constraint:

Ky < L , Vt=0

28(t)[1+2jgf(s)l(t—s)ds} +1

(12)

I11. EQUILIBRIUM POINTS
The disease-free and endemic equilibrium points are

characterized and discussed in the following:
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Theorem 2. The disease-free equilibrium point of (1)-(6)

IS

.

Kk (1003

1+ky (1+ ag)
(13)

and the corresponding equilibrium vaccination value and

1-K;

x = (st 1R =
1+k1 (1+as)

0,0,

total population are, respectively,

V' =R" =Ml+ﬁ) and N* =S" +R" =1if

) 1+ kf (1+a§

lim kt)=k ; i=1234 , lim ag(t)=as ,
t—>w t—ow

lim o, (t)=a, (14)
t—>w

and that for the disease-free equilibrium point (13), one

has

max K < 1 _ 1+k{(1+a§)

1<i<4 1+(1+a§)sf 1+(l+a§)(1+kf—k2)

vt>0 (15)

If ky=(1-a)k for ae[0,1] then k; and kj satisfy

J1+ sa 1+ a’s -1

2@+a§)

(15) if k €| 0,

Theorem 3. The following properties hold:

(i) A necessary condition for an equilibrium point
x;:(SZ,E;,I;,R;)T to exist being an endemic
equilibrium (that is, E5l5 #0) of (1)-(6) is that the

disease  rate is

satisfying g > M .
K

infectivity large  enough

(ii) A necessary condition for such an endemic

equilibrium point to exist under a saturation-free

equilibrium vaccination V; is that
Vi e|o,1-0x0)br7))
P K
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(iii) The exposed and infectious subpopulations of the

endemic equilibrium point satisfy the constraints:

E’ge[o b+y [)’K—(b+/c)(b+;/)]

‘b+y+x px

» e( 0 ﬂx; ((S :;1(2; 7) ] (16)

(iv) If kf <ﬂK_(b+k)(b+7) then there is a unique

*

1+O.’S

feasible,in the sense that all its components are positive,
endemic equilibrium point.
The local stability of the disease-free equilibrium point

is now characterized.

Theorem 4. The following properties hold:
(i) The delay-free disease-free equilibrium point of the
deterministic SEIR model (1)-(6) under a linear limiting
control satisfying the conditions of Theorem 1 is locally
uniformly asymptotically stable. In the presence of
distributed delay, the system is still locally uniformly
stable if the

asymptotically transfer

. -1~ - Ix4 -
matrix (sl — A | H(s) isin RH 2** with H_, norm

- a ) HAGs)

<1,

where ﬁ(s):ﬂsf(l—ehs)elzeg%(s), where s denotes
the Laplace transform argument, f(s)=L(f(t)) |

e, =(-1,0,0,1)" e3=(0,0,1,0)", and

—b(1+k§(1+a§)sf) 0 0 0

A= 0 -(b+x) 0 0
- 0 K —(b+y) ©
bk§(1+a;‘)sf 0 y b
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-b 1+k§(1+a§)i 0 0 0
1+ kf (1+a§)
- 0 ~(b+x) 0 0
0 N K ~(b+y) 0
bkl s ) ke 0 y b
L 1+kf(1+a§)

a7
(ii) A sufficient condition for Property (i) to hold is that

the infective disease rate be small enough to satisfy
* -1
(sl —Al) °°J'

Remark 2. Note that, since all the eigenvalues of A are

ﬂ<2/[s;u i0)].

negative then (sl —AI)‘le RH,_, . In the delayed case,

the reproduction number R, is defined as:

Ro=ebs1 A ) LA = sup [lier - 47) 2 AGo),

we R0+

with Ry, =Rw{0}, e being the third unity vector in

the canonical basis of R* and i =, -1 . If Rp <1,
- . *|| 2 * -1

equivalently, if g< 2/[81“ f(s)“oO (sI—Al) w] :

then the disease-free equilibrium point is locally

asymptotically stable If R,>1, the infection

propagates. Note that Rp <1 is equivalent to

B(s)= e} (sl - AI)‘l H(s) being bounded real (i.e. Schur

with real coefficients) and to the transfer function

§(s): L+ '23’(5) to be strictly positive real, [5-6].
1-B(s)

IV. NUMERICAL SIMULATION WITH FURTHER
ANALYSIS

This section contains some numerical examples
illustrating the theoretical results introduced in the
WCE 2015
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previous sections. The subsequent extended stochastic  system in the absence of vaccination for the deterministic

version of the deterministic model (1)-(6) is stated by  case. The system gets the

modifying (1)-(4) as follows: endemic equilibrium values S, =0.32 , E, =0.05 ,
) . IZ =0.05 and R; =0.58 By comparing Figures 1 and 2
$()=ba-V(t)-5{)- ASE)IR F ()1 t-)dz + o (S (1) - 5" Ji(t)

(17) we can see that both, the deterministic and stochastic

E(t)= AS()I 1(2)1(t—)dr - (b + K)EQ)+ o (E () - E" i ()
(18)

systems possess the same equilibrium points.

The vaccination control law given by (5)-(6) is now
applied to the system in order to eradicate the illness from
[ (t)=xE(t)-(b+7)I{t)+03 (' (t)- |*)W3 (t) (19) the  population.  The  control parameters

R()=bV (1) + 7 1()-bRM)+ o4 (REO-R Wiy )  (20)  ky(t)=k =0.650 and ky(t)=K; =-0.7<0 provide

where \;(t) are mutually independent standard Wiener o stanility abscissa for Ay of p,=0.0016. Moreover,

processes (0 ,1) , i.e. mutually independent definite ka(t) = k; is selected to be ka(t) = k; —-0.001.

integrals from zero to time t of a zero mean, unit variance

0.8

white Gaussian stochastic processes, that is w;(0)=0

l

°
2

o
>

Elawi (1] =0, E[w2(t)]=t: i=12,34for t=0 with E

o
o

denoting expectation, the functions t—w;(t) ;

Populations
o
=

i=1,2,34 are almost everywhere surely continuous and

oj; 1=12,34 are real parameters. The parameters of W

the model are given by b™* = 25.5days, ¥ =2.2 days ol

B =1.66 days < h=3.5days and y=x . The function ° ™ {ime (days) o e

f(t) is defined by f(t)=0 for te[0,L5) ,  Figure 1. Deterministic endemic equilibrium point in the
f(t)=A/N(t) for te[1535] in similarity with the absence of vaccination

standard incidence rate for delay-free models. A is the

o
=3

o
3

normalization constant guaranteeing jgf(r)drzl. The

o
>

initial conditions are S(0)=0.5, E(0)=0.1, 1(0)=0.2

o
o

and R(0)=0.2 so that the initial total population

Populations
o
S

is N(0)=1. The constant values ag(t)=ag =-0.05,

o
w

o
>

a,(t):afzo.l and aR(t)za;=—0.1 are used for

01

simulation purposes. The Wiener processes parameters

L L
0 50 100 150

are oy =0.1, 0, =0.2, o3 =0.3and o, =0.2 . Figure 1 time (days)

shows the final values achieved by the trajectory of the Figure 2. Stochastic endemic equilibrium point in the

absence of vaccination
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The control parameter function k,(t) does not have to

satisfy any special requirement that cannot be
accomplished by using the others. Therefore, it will be

fixed to zero, ko(t)=0, for the sake of simplicity. The
last control parameter functionks(t) is potentially time-

varying since its purpose is to guarantee that the control

Populations

law always lies within \7(t)e[0,1] (the linear feedback

condition). It can be seen in Figure 3 that the disease is

removed asymptotically from the population since the

exposed and infectious subpopulations converge to zero.

0 50 100 150

Figure 4 displays the time evolution of the vaccination. It time (days)

is confined to the interval [0,1] by the action of the Figure 3. State trajectory when the feedback control law is

control function ks (t), depicted in Figure 5. It can be seen applied. Deterministic case

in Figure 3 that RI:0.75 which is exactly the 0g

equilibrium value of the vaccination as Figure 4 reveals.
These results also hold in the stochastic case. Thus,
Figure 6 displays the system’s trajectory when a Wiener
process is added to the system dynamics while Figure 7

shows the corresponding vaccination function. Therefore,

Vaccination

we can see in Figures 6 and 7 that the disease is
asymptotically removed, the percentages of susceptible
and immune correspond to those selected beforehand and

the vaccination function converges to the value of

immune at equilibrium. The solution of the SEIR model o7, ‘ ‘

50 100 150
time (days)

under the standard independent Wiener processes (17)-

(20) and the vaccination feedback law (5)-(6) of the given Figure 4. Vaccination law. Deterministic case

class is given by

W) =000 + 1 lt o) (M)~ A Jxe) ) - 2 i) #0) =20, (1) =127 2 ang 1) e

Vvt >0 , where the evolution operator is given by:
, S0 that

D) = 1, (0) () = w4 ()6 (1) () = c2ult)(mo-2% 12t @4(0)= E[@(0)]= E[#(0)]= E[#(0)]= E[# ()] =1,

, Vt=0 where | is the identity matrix The evolution operator
with @(t) follows for a Wiener- type forced differential
v (t)= e W(t)—(QZ / Z)t 7 process of the form
ISBN: 978-988-19253-4-3 WCE 2015
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dx(t) = Agx(t)dt + 2x(t)dw(t)+ F(t) , vt>0 , [4],
with homogeneous part dxq(t)= Ayx(t)dt + 2 x(t)dw(t).

We can get after some calculations the subsequent

result:

Theorem 5: lim E[x(t)]=x; if Theorem 1, related to the

t—>w

deterministic version of the SEIR model.

k()

051 q

-0.5 L L
0 50 100 150

time (days)

Figure 5. Evolution of ks(t)

g
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time (days)

Figure 6. State trajectory when the feedback control law is

applied. Stochastic case
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Vaccination

0,66/

064 !
] 50 100 150

time {days)

Figure 7. Vaccination law. Stochastic case

free equilibrium point is lost
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