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On Computing the Vandermonde Matrix Inverse

Yiu-Kwong Man

Abstract — A simple and efficient approach for computing
the inverse of Vandermonde matrix is presented in this paper,
which is based on synthesis division of polynomials. This
approach does not involve matrix multiplication, computation
of determinant or solving a system of linear equations for
determining the unknown elements of the inverse matrix. Some
illustrative examples are provided.

Index Terms — Vandermonde matrix, matrix inverse,
synthetic division.

I. INTRODUCTION

HE Vandermonde matrix (VDM) has important

applications in various areas such as polynomial
interpolation, signal processing, curve fitting, coding theory
and control theory [2, 4, 6, 9], etc. Since the last decade, the
study of more efficient approaches for computing the inverse
of VDM or its generalized version has been an important
research topic in many mathematics and sciences disciplines.
In this paper, we present a novel simple and efficient
approach for finding the inverse of VDM, based on synthesis
division of polynomials and some previous works of the
author and the others [5, 7, 8, 10].

The whole paper is organized like this. The basic
mathematical background is described in section 2. Then, the
new computational approach is discussed in section 2,
followed by some numerical examples in section 3. Finally,
some concluding remarks are provided in section 4.

Il. MATHEMATICAL BACKGROUND
Consider the polynomial:
f(X) =(x=A)(x=4,)---(x=4,)
=x"+ax" +a,x"?+---+a,
where a;, i are known constants. We are interested to find the
inverse of the following Vandermonde matrix:

1 1 1
Ao A I
V=l 424 I’
A g
2 n

According to [10], the formula V-*= W x A can be applied to
compute the inverse of V, where the matrices W and A are
defined by:
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a, = (—1)”1_[/1j . However, the computational cost could be

high if direct matrix multiplications are applied to compute
VL. In the next section, we will introduce a new approach to
compute V-t by means of synthetic division of polynomials.

I1l. ANEW APPROACH

Let us see how the elements of V! look like, when the
formula V1= W x A is applied to the casesn=2and n = 3.

(i) When n= 2, we have:

4 1
V= 1 1 A= 1 O,W: A=A -4
/11 /12 Ch 1 2 1
ﬂ*z_ﬂ'l ﬂ*z_il
where a, =-4, — 4,.
Hence,
AL+ 1
a A=A A4
V> =WxA= /12+aj 1 2
12_21 /12_11

If we apply synthetic division to the [f (X) — a2]+(X — A1),
where f(x)=(x—A4)(x—4,)=x* +a,x+a,, we have

A1 ’ 1 ai
M
1 }\,1+ di

We can see that the elements obtained by synthetic division is
equal to the numerators of the elements in the first row of V2,
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except in the reverse order. By applying a further synthetic
division to the answer obtained, we get

A | 1 a1
A

1 M+ ar
A

1 Ai—A2

since 24, +a, =4, —A,. Notice that the element in bracket,
namely A1 —Az, is equal to the denominators of the elements in
the first row of V1. Similarly, if we apply synthetic divisions
to [f(x) — az] = (x — A2), we have

A2 ’ 1 a1
A2

1 o+ a1
A2

1 A=\

since 24, +a, =4, —A,. In other words, all the elements of

V! can be determined completely by using synthetic division
of polynomials only, without having to use matrix
multiplications or computation of determinant.

(i) When n= 3, we have:

1 1 1 1 0 O
V=4 4 A4 |,A=|a 1 0
WA A a, a 1
27 A 1
M=) -4) (A=A -2) (4 —4) —4s)
W - 2, A 1
(A =)A= 43) (A —A4)(A = 4;) (A —A)(A, - 4s)
2 A 1

(13 _/11)(13 _ﬁ-z) (13 _11)(}“3 _ﬁ-z) (13 _ﬂq)(ﬂs _}“2)

where a; =—-4 — 4, — A3 and a, = 44, + LA, + 34,

Now,

A +ah +a,
(/Ll _12)(11 _/13)

L | Aitad, ra,
(’12 _11)(12 _/13)

27 +agd, +a,
(is _/11)(/13 _/12)

A+a 1
(11_/12)(21_/13) (11_/12)(/11_13)

A, +a, 1
(ﬂ'z _ﬂl)(/iz _/13) (/12 _/11)(/12 _13)

A+ 1
(/13 _ﬁq)(/% _lz) (12 _/11)(/12 _13)
Applying synthetic divisions to the [f (X) — as] + (X — A1),
where f(X)=(Xx=A)(X=2,)(X=4,) =x>+a,x* +a,x+a, ,
we have

VI | a a
A1 M3+ aih
1 M+ ar M2+ anhitay
M A2 Aaha-Aiks

1 Mhohs | (s A)(a Ag) |
since 27\.12+ Al Fas-Aido-AiAs = (7\.1- 7\.2)(7\,1- 7\.3).

Next,
A2 1 a a
A2 Aa*+ aihe
1 hot ag L2+ arhotar

P A2?-A1ha-Aohs
1 dohahs | (o M) A3) |
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since 27\,22+ Arho+ar-Aiho-AAsz = (7\,2- 7\.1)(7\.2- 7\.3).
Also,

o |1 a1 az
A3 As?+ aiks
1 A+ ap 3%+ aihatas

A3 As®-MAs-A2hs
1 7\.3-7\.1-7\.2 I (}\,3' 7»1)08' 7\.2) |

since 2As%+ ajdztas-AiAs-Asds = (}»3- }»1)(7\.3- 7\.2). Thus, the
synthetic division approach works equally well for
computing V1 for n = 3.

IV. NUMERICAL EXAMPLES

Examplel. Find the inverse of the following Vandermonde
matrix.

111
V=12 3|
149
Solution. Let us define the following polynomial:
f(x) = (x=1)(x—2)(x—3) = x> —6x° +11x —6.
Applying synthetic divisions, we have:

1 ] 1 -6 11
1 -5
1 5 6
1 -4
1 -4 2
So, the first row of V1is (3 -5/2 1/2).
Next,
2 | 1 -6 11
2 -8
1 -4 3
2 -4
1 -2 -1
So, the second row of V1is (-3 4 -1).
Also,
3 | 1 -6 11
3 -9
1 -3 2
3 0
1 0 2
So, the third row of V'is (1 -3/2 1/2).
Hence,
3 -5/2 1/2
vi=|-3 4 -1
1 -3/2 1/2

Example2. Find a quadratic interpolation polynomial which
passes through the points (-1, 10), (1, 0) and (2, 4).

Solution. Let the interpolation polynomial be:
S(X) = a, +a,X + ax’.
Since s(-1)=10, s(1)=0, s(2)=4, so we have:
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10) (1 -1 1) &

0|=|1 0 0fa,

4) 1 2 4)a
Consider the following VVandermonde matrix:

1 11
V=-10 2
1 0 4

Let us define a polynomial as follows:
f() = (X+D(x—1)(x—2) = x> —2x? —x—2
Applying synthetic divisions, we have:

1] 1 -2 -1
-1 3

1 -3 2

-1 4

1 -4 6

So, the first row of V1is (1/3 -1/2 1/6).

Next,
1 | 1 -2 -1
1 -1
1 -1 -2
1 0
1 0 -2

So, the second row of V1is (1 1/2 -1/2).

Also,
2 | 1 -2 -1
2 0
1 0 -1
2 4
1 2 3

So, the third row of V1is (-1/3 0 1/3).

Hence,
1/3 -1/2 1/6
vi=| 1 1/2 -1/2
-1/3 0 1/3
Therefore,

a 1/3 1 -1/3)10 2
a, [=|-1/2 1/2 0 0|=|-5]|
a, 1/6 -1/2 1/3 )\ 4 3

The required interpolation polynomial is s(x) =2 —5x + 3x°.

V. CONCLUDING REMARKS

In this paper, we have introduced a simple and efficient
method for computing the inverse of VDM via synthetic
division of polynomials, without having to involve matrix
multiplication, computation of determinant or solving a
system of linear equations for determining the elements of the
inverse of VDM. Although we have discussed how to apply
this new approach to the cases for n = 2 or 3 only, this
approach can be easily adapted to deal with the inverse of
VDM for n > 3 without much modifications. Also, it is not
hard to see that the total number of arithmetic operations,
namely multiplications and additions, involved in using

ISBN: 978-988-14047-4-9
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

synthetic divisions to compute the elements of the inverse of
VDM is comparatively less than that by applying direct
matrix multiplication to WxA, it means this new approach
has less computational cost. More detail analysis of the
complexity of the synthetic division approach and its
applications to compute the inverse of the general VDM with
size nxn will be our continued research topic and the findings
will be presented or published elsewhere.
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