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Minimizing Makespan in a Class of Two-Stage
Chain Reentrant Hybrid Flow Shops

Lowell Lorenzo

Abstract—A flow shop is said to be reentrant when a
recirculation property occurs. One of the many types of
reentrant flows is the two-stage chain reentrant flow shop
which has the stage flow sequence, ¢ = (1,2,1). This stage
flow sequence describes the stages on which each of the three
operations of each job are performed. The third operation
exhibits the reentrant flow characteristic. In the production
system that we study, each stage consists of multiple identical
machines in parallel and is referred to as a two-stage chain
reentrant hybrid flow shop. The objective is to schedule n jobs
so as to minimize the makespan. Since the problem is strongly
NP-hard, we develop efficient heuristic solutions and derive
error bounds.

Index Terms— scheduling, reentrant hybrid flow shop,
heuristics, error bound

I. INTRODUCTION

He growing complexity of manufacturing processes
in some industries has led to the design of a process
flow structure that is best suited for its production. By
modifying the process flow structure of the traditional flow
shop, production has been enabled to address these added
manufacturing complexities. The reentrant flow shop is one
such variant of the traditional flow shop and is the subject of
this paper.

A recirculation property that occurs in the process flow in
a flow shop is referred to as a reentrant flow. A reentrant
flow shop is distinguished from a traditional flow shop by
the requirement that a job may need to revisit or reenter a
stage while it flows through the production system. Many
instances of reentrant flows are encountered in various
industries like the semiconductor industry. In the
semiconductor industry, production can be categorized into
two phases namely, the wafer fabrication phase and the
assembly and testing phase. The following two examples
illustrate a reentrant flow application in each phase of
semiconductor production.

Photolithography is one of the most complex steps in the
wafer fabrication process of semiconductor production. It is
an optical process used to etch multiple layers of circuit
patterns on the silicon wafer. Every layer is etched by
visiting the photolithography stage several times. Between
successive visits to this stage, wafers have to be processed
on other stages as well. The photolithography stage
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therefore exhibits a reentrant flow characteristic.

In the assembly and testing phase of semiconductor
production, some products have multiple electronic circuits
(or dies) stacked or attached on top of each other. Every
time a new die is attached, it revisits that stage before it
proceeds to other stages for additional operations.

The outline of this paper is as follows. A formal
definition of the problem and literature review is discussed
in Section 1. Several lower bounds are developed in Section
Il and then a heuristic solution and its error bound is
derived in Section V.

Il. PROBLEM DEFINITION AND LITERATURE REVIEW

Consider a simple flow shop with m stages. At every
stage i,i=1,...,m, there is a single machine M; available to
process an operation of a job. Let ¢, be the stage visited to
perform the kth operation of a job where ¢, € {1,2, ..., m}.
Then ¢ = (¢1, P2, .o, P) = (1,2, ...,m) is the stage flow
sequence for all jobs and consists of m elements or
operations. In a simple flow shop, the number of operations
a job undergoes is equal to the number of stages. In an m-
stage chain reentrant flow shop, its stage flow sequence
¢ =(1,2,...,m,1) has now (m+1) operations due to an
occurrence of a single reentrant operation. The single
reentrant characteristic occurs in the (m+21)th operation
which is performed at stage 1 and is referred to as the
finishing operation.

When there are m; identical parallel machines available
in stage i, the resulting system is referred to as a hybrid flow
shop. Let this group of m; machines in stage i be referred to
as work center WC; in stage i.

In the two-stage chain reentrant flow shop, each job
Jj,j =1,..,n has a stage flow sequence ¢ = (1,2,1). The
processing time of the first operation of job J; is aj, its
processing time in the second operation is b;and the
reentrant processing time for the finishing operation is c;.
Let the processing time vector for each job be (a;, b;, ¢;) or
simply referred to now as the processing times of J; in the
two-stage chain reentrant flow shop. Since each job is
processed in every operation in the chain reentrant flow
shop, then A = (a4, ...,a,),B = (bq, ..., b,), C = (cq, ..., Cn)
are the vectors of processing times for each operation in ¢
respectively.

In the two-stage chain reentrant hybrid flow shop, there
are two work centers WC; and WC, with m; and m,
identical machines in parallel at stages 1 and 2 respectively.
There are n jobs that have to be processed and the
completion time of J; occurs when the third or finishing
operation at any of the m,; machines in W, is completed.
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Let CRFy, m, be a two-stage chain reentrant hybrid flow
shop where our objective is to find a schedule that
minimizes the maximum completion time. Using the three-
tuple convention of defining scheduling problems proposed
by Graham et al. (1979), minimizing makespan in CRE,, m,

can be identified by F(m,, m,|chain reentrant|C,,,,) for
which the optimal objective function value is CREpym,

The CRE,, ., System is a general case of the two-stage
chain reentrant flow shop studied by Wang et al. (1997). In
their paper, they study the makespan minimization of CRF; ;
and derive a Johnson based heuristic solution with
complexity O(nlogn) and worst-case error bound of 3/2 is
derived. In Drobouchevitch and Strusevich (1999), another
heuristic solution is presented for the same problem with
complexity O(nlogn) and an improved worst-case error
bound of 4/3.

Lev and Adiri (1984) study the makespan minimization of
an m-stage chain reentrant flow shop wherein the stage flow
sequence vector is ¢ = (1,2, ...,m — 1,m, 1). They consider
the special case when m=2 which is equivalent to CRF; ,
and prove that it is NP-hard by using a reduction from
Partition. However, the exact complexity of the problem is
not yet completely determined because a pseudopolynomial
algorithm has not yet been presented.

In Kubiak et al. (1996), another reentrant shop referred to
as a reentrant job shop with a hub is studied wherein the
stage flow sequence is ¢ = (1,2,...,m —1,m,1) and the
first stage is designated as the hub. Each job has 2m-1
operations and the objective function for this problem is to
minimize the mean flow time. An optimal shortest-
processing time (SPT) based schedule derived from a
dynamic programming algorithm is presented when two key
assumptions are made for the results to hold.

Lu and Kumar (1991) consider a problem encountered in
scheduling wafer parts in a semiconductor facility with
reentrant flows. They are interested in evaluating the
performance and stability of various scheduling policies
based on due date and buffer priorities. They have an
intuitive insight that some of these policies may perform
well based on the following performance measures namely:
(1) mean delay or manufacturing cycle time and (2) variance
of the delay. Simulations are used to confirm the intuitive
insight of these policies based on these performance
measures.

Bispo and Tayur (2001) study a cyclic reentrant flow shop
with m stages with a stage flow sequence ¢ = (1,2, ...,m)
which repeats L times. Therefore, there are mL operations
performed on each job. In their paper, they look at an
approach of combining various capacity allocation,
inventory management and production control rules in
managing this reentrant flow shop using a simulation based
optimization approach. The performance of these rules are
then evaluated based on the holding and backlog costs they
generate.

Aldakhilallah and Ramesh (2001) develop two heuristics
for a reentrant job shop wherein a single product is produced
repetitively on a set of machines wherein cycle time and
flow time are simultaneously minimized.

A specific application of minimizing makespan in a
reentrant job shop for a truck manufacturing company is

studied by Hwang and Sun (1997). The job shop has two
machines with the first machine having the reentrant flow
characteristic. A dynamic programming approach is used to
solve the problem with the different possible work flows and
precedence constraints encountered in the production
system.

Hall et al. (2002) study a two-stage cyclic job shop with
one machine at each stage. Each job has three operations
and there are two types of jobs. Type 1 jobs have a stage
flow sequence ¢ = (1,2,1) while Type 2 jobs have a stage
flow sequence ¢ = (2,1,2). A pseudopolynomial time
algorithm is developed for a special case of this cyclic job
shop whose objective function is to minimize the cycle time.

Gupta and Tunc (1994) consider the two-stage hybrid
flow shop with setup and removal times with a minimization
makespan objective. Since setup and removal times are
considered in this two-stage hybrid flow shop, a definition
of makespan with respect to a defined reference point is
clearly made. In this two-stage hybrid flow shop, they
consider the case when m; = 1and m, = n for which an
optimal polynomial algorithm is developed. When m, < n,
the problem becomes NP-hard and several heuristics are
developed with the conduct of corresponding computational
experiments to verify the efficiency of the heuristics.

Lee and Vairaktarakis (1994) develop heuristic solutions
and error bounds for a hybrid flow shop with k-stages with
the objective of minimizing makespan. In the two-stage
hybrid flow shop, the heuristic has a worst-case error bound
of 2 — 1/max{m,, m,}. Guinet and Solomon (1996) also
study this type of hybrid flow shop but with the objective of
minimizing maximum tardiness or makespan when the due
dates are equal to zero. They develop several heuristics and
computational experiments are then conducted to evaluate
their performance against lower bounds.

Koulamas and Kyparisis (2000) consider the two-stage
and three-stage hybrid flow shops with the minimization
makespan objective and propose linear time algorithm
heuristics and derive their corresponding absolute worst-
case error bounds.

In Hoogeveen et al. (1996), the complexity of the
problems F(1,2]|Cpax) and F(2,1]|Cpray) are shown to be
strongly NP-hard. Therefore, the
F(m,, m,|chain reentrant|C,,,) problem is strongly NP-
hard as well. Due to its complexity, we consider an
approach of reducing the problem to a simpler form. In
Buten and Shen (1973), they reduce a two-stage hybrid flow
shop into a two-stage flow shop which we refer to as an
auxiliary flow shop (AF). In our analysis, we make use of an
auxiliary flow shop as follows. An auxiliary two-stage flow
shop can be constructed from any hybrid two-stage flow
shop by the following procedure. Consider a two-stage
hybrid flow shop FS,, ., with two work centers WC; and
WC, with m; and m, machines in stages one and two
respectively. The processing times for job J; are (a;, b;) in
stages one and two respectively. The equivalent auxiliary
flow shop AF,; ; can be constructed with processing times

(mil a]-,mi2 b]-) for stages one and two respectively.
For the two-stage chain reentrant hybrid flow shop
CRE,, m,,» We construct two auxiliary two-stage flow shops.

These two auxiliary two-stage flow shops are AF1,, and
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AF2;, with their times
(ia- ib-) and (1 b; c) and their corresponding
my I my I 3 ms I

makespans Cypy, ,and CAF21_1- The AFs just introduced help

in the development of lower bounds and this is the focus of
the next section.

respective processing

I1l. LOWER BOUNDS FOR C;Rlemz

Lower bounds for CgRle m, Can be developed from the

constructed auxiliary two-stage flow shops described in the
previous section. It is well known that minimizing the
makespan of a two-stage flow shop using Johnson's
Algorithm (JA) yields the optimal solution in O(nlogn) time.
In brief, the JA algorithm schedules job J; before job J; if
min(a;, b;) < min(a;, b;). By applying JA to the auxiliary
flow shops AF1,, and AF2,,, the following set of lower
bounds using two of the three processing times is
established.

Lemma 1 Let LBI =max (CAFlLl’CAszl’le ?zl(aj +

¢;))- Then LBy < Ciary, .-
Proof: Consider the two-stage hybrid flow shops FS,, .,
with processing times (a;, b;) and FS,,, ,,, with processing
times (b;, ¢;). Let CrS1mym, and CrS2imymy be the optimal
makespans for FS,, .., and FS, . respectively. Clearly,
Cistmym, < CCREmym, @ Crsay o < Cerppy -
Consider AF1,; and AF21 1, With processing times
1 1 1
(m—laj,m—zbj) and ( b],
corresponding JA schedules 51 and S,. Jobs 7, k=1,2 are the
critical jobs of the JA schedules S,. The critical job in a
two-stage flow shop is defined to be the last job wherein the
stage 2 operation starts immediately after the stage 1

c]> respectively and their

operation. Lee and Vairaktarakis (1994), show that,
1 T 1 *
Car1yy = Zjma &+ - Djer by < Cistyy o, <
CC*Rle,mz’ and similarly by symmetry, Cypp,, =
1 yn

1 ) *
g Zie1 b - Xer, € = Chszgn,m,
Because the makespan Cjgp is always attained in WC,,
mq,my

then — The last three
my

.
< Clrbmymy

j=1G +
inequalities yield the deswed result.m

The following four lemmas are now used to develop other
lower bounds to the problem by incorporating the
processing times a;, b; and c; simultaneously in the bound.
Lemma 2. There is a permutation 1,2,...,n associated with
an arbitrary schedule S such that for every 1 <i < n, there
isal< k; <isuch that %23-:1 (:l—’l +m—2) —Z
- j=t; by-
Proof: Consider an auxiliary two-stage flow shop with i

] 16 = CCRFm my”

jobs and processing times (#a]’,%bj). Let Ji, be the
1 2

critical job for schedule S. Since k; =1, %a1+
1

1 1 k;
<—Y" q
— Z]=1 a; +

i
Zj:l 2my ]_
i 1
Z;:1 2my a

k; <i,
§-=kibj. Adding these

1 i .. .
%2j=ki b;. Similarly, since

1 1 ki
—b, <—>Y "' a +
2my L_Zmlzjzl 7

1

— last two expressions and
2my

ISBN: 978-988-14047-4-9
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

. 1 1
removing the terms ——a; and —b; completes the
2m,q mq

proof.m
Lemma 3. There is a permutation 1,2,...,n associated with
an arbitrary schedule S such that for every 1 <i < n, there

- . 1 i
is a 1 <k; <i, such that m+m2§j}:1(aj+bj) <

b;.

1 k; 1 i
D WL e W
cLet 2yM g4 1
Proof: Let - Xilia+ -
of job i in schedule S for the auxiliary two-stage flow shop
1 .

af‘m_zbf)' Let Ji, be the critical
job for that schedule and let C;; and C;, be the completion
times of the stage 1 and 2 operations of job i respectively.
We will assume that an operation in stage 1 starts as early as
possible so that there is no idle time between operations in

stage 1. Thus,
1

3‘=kz b; be the completion time

with processing times (mi
1

Cn =~ ba, i=12,.,n )
1 ki 1 i
Cio1p = m—lzjzla,- + ] klb 1<k <i- )
1
Due to the flow shop constraints,
1
Cip = max(Cil, Ci—12 ) + m_zbi' (3)

We will now show that for every i, thereisa 1l < k; <i
such

1 k; 1 i

that, Dy; = m_lzj'l:1 a; + m_zz;:ki mytmy Z} 1(a]
b;) =0.

We distinguish two cases.

Casel:k; =1i.

Applying the definition of D;; when k; =i we have,
Dy; =
Li, ety ot i =

j=1% + my bi my+m; j=1% m1+m2 ] 1b
mqb; i-1

m1(m1+‘mz)zj 1 j my(mi+my)  my+my Z] lb

Since job J; is the critical job, max(Ciy, Ci_12 ) = Cy.
1 i 1 1 i—
Thus Cil > (i, oOF m—IZ}zl @ = -+ m—ZZ}zll b; or

1 - . .
jm2 @y = Z bj. Multiplying both sides by ——
we get
i-1
m1(m1+mz)21 24~ my+my Z b 2 0. (4)
Adding a, "™P% __on the left hand side
ml(m +m2) my(mq+my)
of (4) we get,
Mz yiogo4 Mabi
m1(m1+m2) J=15 Ty (g +my) (5)

L —
—— Z, 1bj=Dy; = 0.
Case2:k;=ip,1< iy, <i—1.
Applying the definition of D;; when k; =i, we have,

'=_21 14+ - z:J io i m+m221 14—

my+my Z] 1 ] m1(‘r:1nlz-t—m2) Z;O=1 4 - m1imz z:j=i0+1 a; +
1 [n—
mz(m1+m2)zj io 1 mz?ﬂl bi'

Since job J;, is the critical job, max(Cy, Ci—y5 ) = Ci—12-
Thus Ciy < Ciop or in-o a; +mLZZ; %Ob >
mile'-:l a; or L i }Ob — Zj i0+1% = 0. Multiplying
all terms by (m1+mz) we get,
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mz(‘m1+m2)21 fo ] my+m; Z] io+1 % =0 (6)

Because J;, is the critical job, it also implies that

in,o a].+mizzj.:}0b- zmilal-i- mizzli_:llbior
—Z] ), a; — Lzlo L'b; = 0. Multiplying both sides by

J
my

we get,
(mq+my) g

my 10
L — e P
mq(mg+my) 21_2 g

Adding

S b 20 7)

mqy+m, SJ=1

)alon the left hand side of (7) and

ﬁb ;0N the lefthand side of (6) and then adding
myp(mq+m;
these two inequalities together yields,

m, io
—=2 0 a——— a +
ml(‘m1+m2)21—1 T mi+m, Z] fo+1 %)

i L by ———" b = Dy > 0.

my(my+my) “I=0 T my e, 21

This completes the proof.m
Lemma 4. There is a permutation 1,2,...,n associated with
an arbitrary schedule S such that for every 1 < i < n, there

. 3 1 b]'
is a 1 <k <i such that —— jl(a]+ 2>S

1 k; 1 i
o 2jm1 &t Xk by,

Proof: We will now show that for every i there is a
1

1<k <i such that Dy =— Zf‘l a Z, ; bj

(8)

1

mq+1 ] 1(a] + 2) z0.

We distinguish two cases.

Casel:k; =1i.

Applying the definition of D,; when k; =i we have,

— 1 \i 1 i ”1‘)_
- z:1 1%+ 22i=kibf mi+1 f_l(aj+m2 -

1 mib; i-1

mq(mq+1) =19 + my(mq+1) mz(m1+1)z b

Since jOb Ji is the critical job, max(Cyy, C;— 12 )=Cy or
Ci1 > Ci_q,. Thus, i §_1 a; = ia1 Zl i bjor

Zj 20 = Z b Multiplylng both S|des by( 1+1)
We get,

; 3 i—-1

mq(mq+1) j—2 a4 = mz(m1+1)z b 2 0. (9)

Adding — +—212 > 0 on the left hand side

my+1) a1 ma(ma+1) =

of (9) we get

mqb; _
Z] 1 ] m; (m1+1) (10)

mz(m1+1)z b - DZL 0.
Case2:k;=ip1< iy <i—1.
Applying the definition of D,; when k; =i, we have,

ml(m1+1)

_1 1 i 1 i bi\ _
Dai —_21 14+ b T j=1(aj+m—2)—
;le a+——3i g p—TL yiop
my(my+1) =177 7 (my+1) SIS0 T o, (my 1) ST=T0 7T

1 1:0—1 .
mz(m1+1)zj:1 b]'

Since job J;, is the critical job, max(Cu,Cl 12 ) =Ci 12
Thus €y <Ciqp  OF —Z] 14+ — Zj i, b =

i 1 1

b—ya;or m— Vi by o~ b=ip+1@ = 0. Multiplying
both sides by e Ve get,

mz(m1+1)21 lo ] my+1 ZJ io+1% = 0 (11)

Because J;, is the critical job, it also implies that
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L lo 1 yi-1 X Loyi-1y,
Z. aj+m22j_i0b- 2m1a1+mzzf:1bfor

—z] 0,4 — mizz;o ~'b; = 0. Multiplying both sides by

we get,
1 b o, 1 g1
mMmﬂLZ% oD et by =0 (12)

Adding —)a1 on the left hand side of (12) and

—TL__p. on the lefthand side of (11) and then adding
my(mq+1)
these two inequalities together yields,
1 i i
2;0—1 aj — (my+1) Z;—io+1 a4 +

mq(mq+1)

1 ip—1
mz(m1+1)21 io ] my(mq +1)Z b =Dy 2 0.
This completes the proof.m

Lemma 5. There is a permutation 1,2,...,n associated with

an arbitrary schedule S such that for every 1 < i < n, there

. . 1
is a 1 < k; <i such that —— 31( +b)

(m1+1)

(13)

1

ki 1 i
et Xk by
Proof: We will now show that for every i, there is a
1<k <i such that Dy =—3! ! b, —
1

a+m— )j
m2+121 1( +b)

j=1Y%
We dlstlngwsh two cases.
Casel:k; =1i.
Applying the definition of D;; when k; =i we have,

1 k; 1 1
D3i=_2jl_1aj+ m—zbl—— ; 1( +b>

my+
4+
mq(m, +1)Z] 16+ (my+1) (m +1)Zj 1 ]
Since job J; is the critical job, max(Ciy, Ci_1, ) = Ciy-

1 i 1 1 i—-1
Thus, Ciy = Ci 12 Of m_121'=1af zm—1a1+ m—zzjzlb]-or

i.
J=ki

1 - - .
—Xj=2@j = Z 1 b;. Multiplying both sides by %
we get
i-1
ml(m2+1)21 24 " o, +1)Z b 2 0. (14)
Adding a, % > 0 on the left hand side of
+1) (my+1)
(14) we get,
ma i ) by _ 1 i-1p —
e PYESL R Sl DY L (15)

Ds3; = 0.
Case2:k;=ip,1< iy, <i—1.
Applying the definition of D;; when k; =i, we have,

— BRI o 1 i
__211] my f=iobj_m ]1( +b)

my 1 i
—_— a+—————=),i_; a; +
ml(m2+1)z T 7 my(my+1) SI=lo 17T

1 ; 1 io—1
1y o1y
my(my+1) “J= 7 (m2+1)Z]:1 J

Since job J;, is the critical job, max(Ciy, Ci—12 ) = Ci—1.
1 i 1
Thus Ciy = Ci_qp or —2;0_1 a + m_zz; %0 b >

1y 1 yi-1 L
—Yj=1a; Or m— iziy bj- - Z] iv+1® = 0. Multiplying

both sides by ——— o Ve get,
1

i
- >
mz(m2+1)21 io bj ml(m2+1)ZJ:lo+1a1 =0 (16)

Because ]L is the critical job, it also implies that
1 1 1 i—
—Z] a4+ — Zj i, by 2o+ m—22§:11bj0f

1

m—12}"=2a]~ —Z;" llb > 0. Multiplying both sides by
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we get,
mz io L 1 io—l .
my (my+1) X2 (mz+1) 2Ly b 20 (17)

Adding L)a1 on the left hand side of (17) and

—b on the lefthand side of (16) and then adding
my(my+1)

these two inequalities together ylelds
my Zlo a: + 1

mamg ) 271G T ) jmig+1 @+ 1)

1
Z] 10] Zlo 1b_D31>0

mz(m2+1) (m2+1)
This completes the proof.m
Lemma 6. There is an optimal schedule S* for CRE, .,

1
such that, for every 1 < k; <k, <n, —Z] 14t

(m +1)

—Z, b +mi127:k2 G < Cértmymy-
Proof: Let S, = {J1,/,, ..., J.} be the set of jobs ordered in
nondecreasing order of completion times in the first
operation in S*. Let Cjp, 1 <i<mn; k=123, be the
completion time of job i in operation k. Consider the first k;
jobs being processed in the first operation, then for i=k, ,
o2k < iy (19)
Because of the flow shop constraints in S*, the next
k, —k; +1 jobs in the second operation start no earlier
than the completion time of the first k; jobs in the first
operation. Hence,

mizzﬁlq b; < Maxy, <r<ic,{Cr2} = Cieyr- (20)
For the remaining n — k, + 1 jobs in the third operation,
they can start no earlier than its completion time in the
second operation. Because of this,
Yy G S Clrbpymy — MiMiegrain (Cra) (21)
Adding (19), (20) and (21) by parts yields the desired
result.m
Lemma 7. Let C;,, be the makespan derived by JA for the
auxiliary two-stage flow shop problem with processing
times (aj + bj, ¢/). For any of the following set of values of
a], bj’ and c

r_ 1 r_ 1 r_ 1

aj =om aj, b = _‘mz bj, Cj = —m1 Cj or (22)
S VR Y g=—cor (23
T mqi+m, 4> Bj my+my 1’7 1 7

12 1 ’ 1
a,=——a;, b =———b;, ¢ =—c; or

T mg+1 mz(m1+1) e} Y (24)
’ 1 1
a-=—a-,b.= b,c— —c;,

/) mq(my+1) I’ AN my J (25)

Cray < CCrrmy -

Let C;4, be the makespan derived by JA for the auxiliary
two- stage flow shop problem with processing times
(b + ¢f’,aj"), For any of the following set of values of a;’
b/, and c]’ )

" 1 1

0 =—a;, bj' = 5=bj, ¢ = 70— or (26)
o =y b = by, ¢ =——q o (27)
af = milaf'blll' _ mbﬂ o' = ﬁcj or  (28)

*
C]AZ S CCRle,‘mzl

Proof: Consider the first set of values when a;

=14

j 2mq 7’

b] bj, c] =—g¢j. In Lemma 2, we have shown that
my
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there is a schedule S such that, for every 1 < i < k, there is

a 1<k, <i, such that —Z] 1(a’ +ﬁ)§miz’.‘l @ +
1

my Jj=1
LZ’-CE . bj. Adding — ;‘kz ¢; to both sides, we get,
a] b] 1 1 k
e ( m2)+— ok G S Xt O F

_Zj o bt — Z} =k, Gj-
In Lemma 6, we have shown that for an optimal solution,

1k
S* for CRlemz, foreveryl < k;, <k, <mn, Z]llaj +
_ZJ P Z] <k, 6 S CerEpy my- Therefore,

1 k
2212 (_] )+ L=t 6 S - Xjka 6+
—Z] Zky ]+ Z; =k, G = CCRle_mz'

Leto = {]0(1),]0(2), ~»Jo(ny} b€ a permutation ordered in
nondecreasing order of completion times of the first
operations in S*. This sequence ¢ is not necessarily optimal
for the auxiliary two-stage flow shop problem with
processing times (aj + bj,¢j). Hence, by applying the JA
for this auxiliary problem, Cj,, < CCRFy sy

Similarly,  Cj,, < CgRle‘mz can also be obtained for

the following set of values of aj, bj’ and ¢ by letting:
! 1 !

aj = maj,bj = o b], ¢ = cj, by using Lemma
o ; . r __ - - ) H

3, a;= — a;, b; mz(m1+1) b;, C] C], by using
r_ 1 _ 1

Lemma 4, and a; = TGtD aj,b] =il —bj, cj = —j,

by using Lemma 5.
Likewise, Cj,, < CCREpy m, will also be obtained for

the symmetric parameter values of a', b, and ¢j’ namely:
" 1 " 1

—_ — . . —_ — . -’, = —_— . {, —_ — . .’, =
4G = Y by 2my bj, ¢ 2m; C]’ Y = a]’ by
1 "o_ 1 c:
m1+m2 A} my+my I’
" " 1 " 1 n
@ = - b = by, ¢ = g, and a =
1 g my(my+1) 777 my+1 7’

n— —1 . {, = —0C;

my aj' bj - my+1 b]' G my(my+1) G-
IV. HEURISTIC ALGORITHMS FOR
F(m,, my|chain reentrant|C,,q,)

Since makespan minimization in CRE,, ., is a general
case of makespan minimization in CRF, 4, then it is NP-hard
as well. This motivates the development of heuristics that
will enable in the formulation of a solution to the problem.
Towards this end, we also make the following observations.
The makespan of CRE,, ., is attained in WC,;, where the
first and third operations are processed. The following
lemma establishes an optimal property for the scheduling of
these operations in WC;.

Lemma 8. To minimize the makespan of CRE,, . it is
sufficient to consider a schedule wherein all the first
operations of all jobs always precede the third operations of
all jobs in any of the m, machines in W¢;.

Proof: Consider any of the m, machines in WC,; wherein a
third operation of an arbitrary job immediately precedes a
task of a first operation of another arbitrary job. Since none
of the m; machines wait for a first operation, an interchange
between the two operations will not violate the flow shop
constraint for the third operation. The interchange will also
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not worsen the makespan. m

In the development of a chain reentrant flow shop
heuristic, you first need a sequence to specify the schedule
of the jobs. Aside from the sequence you also need to assign
each operation on the available machines in the
corresponding stage. To do these assignment of operations
to machines, we will utilize the first available machine
(FAM) and last busy machine (LBM) rules. As the name
implies, the FAM rule assigns a job from a sequence based
on the first machine that becomes available. The LBM rule
on the other hand is a mirror image of the FAM rule.
Specifically, the assignment of jobs to machines for example
in the second operation using the LBM rule is as follows.

Given a constant T > 0 and a sequence S’,
Step 1. Sett,, =Tform=1,..,m
Step 2. Let J; be the last unscheduled job in S* and m =
Maxi<mem,{tm}. Schedule J; on machine m such that it
finishes at time ¢,,,.
Step 3. Set tp, = ty, — by.
else go to step 2.

Three heuristics will now be presented for CRE,, .-

Heuristic H1

Let S; be the JA schedule for the AF with processing

b-) and S, be the JA schedule for the AF

S'=S8"—{j}. If S' = {0}, stop

. 1 1
times (—1 aj, m_
with processmg times ( bj, Cj)

Step 1. Using the sequence S,

a. Apply FAM on A on the stage 1 machines.

b. Apply LBM on B on the stage 2 machines and schedule
these tasks as early as possible. Let T' be the largest
completion time until the second operation.

¢. Apply FAM on C on the stage 1 machines from T' and
schedule these tasks as early as possible.

d. Calculate the makespan, Cs, .

Step 2. Emulate Step 1 by using the sequence S, instead of
S:- Replace A with C in step 1a, replace C with A in step 1c
and calculate the makespan, C, .

Step 3. The makespan of the heuristic is Cy; =
min(CSl, Csz)-
Theorem 1. Let C* =

where m = max(my, m,).

Proof: Let Cy,(S;) be the makespan of S;when heuristic H1
is applied. The following is an upper bound of Cy,(S;)
because FAM is used for the third operations

Cu1(S1) < CFSlm m, T — Z; 16+ Cn(Sl) (30)

CFSlml,mz is the makespan obtained from steps la to 1b
and cp(s,) is the processing time of the of the nth job at the
third operation in the schedule S;.

Similarly, the following is an upper bound of the
makespan, Cy,(S,) because FAM is used for the first
operations.

Cy1(S2) < Crs2,n,m; + %2}1:1 a; +m_11an(52)' (31)

Crs2,m,m, is the makespan obtained in step 2 and ays,) is
the processing time of the nth job in the first operation in the

schedule S,.
Adding (30) and (31) vyields 2Cy, < Crsip,m, T

iy then %< (2——)

.
CCRle m ™

Crszmym; T 7~ Zn 14+ Zn 1 C; an(Sz) +

;_1 Cn(sy)- In addrtron, an(sz) + 2= Cn(s1) <
mm ngs,) +— cn(sl) < mT_lC , Where m=
max(my, mz) From Lee and Vairaktarakis (1994),
Crskm,m; S (2 ——) C*, k=1,2. Therefore, 2Cy, <

(2-2)c+(2-2)c+c+(1-2)c or Hg

3 1
H(2-7)=

Heuristic H2

In Heuristic H2, Step 1c of Heuristic H1 is replaced by an
LBM procedure namely:
Step 1c: Apply LBM on C on the stage 1 machines from
T' = ¥7_,(a; + b; + ¢;) and schedule these tasks as early

as possible.
Theorem 2. Let C* = CgRle

where m = max(my, m,).
Proof: The proof is similar to Theorem 1.m

Heuristic H3

Heuristics H1 and H2 use two symmetric JA sequences
derived from two of the three processing times of the
problem. With the lower bounds that have been derived in
Lemma 7 based on the three processing times of the
problem, we can modify the heuristic's input to now use two
symmetric JA sequences based on all three processing times.
In Lemma 7, the set of values (22), (23), (24) and (25) are
symmetric to (26), (27), (28) and (29) respectively.

Consider the two AF problems with processing times
(aj + bj,¢/) and its symmetric pair (b’ +¢’,a;"). Apply
JA to these AF problems to obtain their correspondlng
schedule o3, k=1,2. Replace S; and S, with o; and o, in
steps 1 and 2 respectively in H1.

We can use any of the following four pairs of three
processing time JA schedules in H3. We distinguish them by
the following:

1. H3.1 when the pair of JA schedules is based on (22)
and (26).

2. H3.2 when the pair of JA schedules is based on (23)
and (27).

3. H3.3 when the pair of JA schedules is based on (24)
and (28).

4. H3.4 when the pair of JA schedules is based on (25)
and (29).

my? then % < %(2 —l),

m

V. CONCLUSION
In this paper, we studied the problem of minimizing
makespan for a class of two-stage chain reentrant hybrid
flow shops. We discuss the CRF,,, ,, and develop Johnson-
based heuristic solutions and lower bounds. One of our

heuristic solutions has a worst-case error bound of %(2 -
1
-

The next phase that will be explored will be the

evaluation of these heuristics against the best derived lower
bounds via computational experiments.
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