
 

Abstract— Here we present a study on the dynamics of the 

individual parameters of resources. We carry out a detailed 

investigation of the graphics of the function of change of the 

individual parameter (weight) with time (cycles).  We introduce 

an age parameter for elements of the system. Applying the 

principles of modelling of renewable resource systems 

developed in previous works and the theory of functional 

operators with shift, we have obtained mathematical models 

that take into account the age of elements of the systems with 

fixed individual parameters. Based on these models, 

possibilities to formulate economic ecological problems that use 

renewable resource systems and account of age are opened. 

 

Index Terms—functional equations, shift, individual 

parameter, age of resource 

 

I. INTRODUCTION 

 N works [1], [2], principles of modelling were proposed 

and applied to the study of systems with one renewable 

resource. Cyclic models, where the initial state of the system 

coincides with the final state, were considered. The balance 

relation has the form 

 

        (x) d(x) [ (x)] (x, (x)) g(x)P      ,         (1)   

 

where (x)  is the initial density of the elements of the system.  

   Here, we take natural mortality into account with the 

coefficient d(x) , the process of reproduction is    

represented by the term P(x, (x)) , the process of artificial 

entry of elements into the system and extraction from the 

system are accounted for by the term g(x) . 
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Conditions for the existence and uniqueness of the solution 

are formulated.    

   In works [3] - [5], we have continued the study of systems 

whose state depends on time and whose resources are 

renewable, using functional operators with shift. We made 

generalizations to systems with two resources. For functional 

operators with shift, inverse operators in weighted Hölder 

spaces were constructed. In modelling, interactions and 

reciprocal influence between these two resources were taken 

into account. We applied our results on invertibility of the 

operators to the study of balance equations. The balance 

relation has the form 

 

(x) d(x) ( (x)) (x) (x) (x)P W g       , 

 

(y) c(y) ( (y)) (y) W (y) (y)P q       , 

 

where (x)  and (y)  represent initial densities of the 

distribution of the group parameters by the individual 

parameters x and y for the resources 1 and 2.    

The terms (x)P , (y)P  are responsable for the 

reproduction and the terms (x)W , (y)W  are  

responsable for the mutual influence and contain integrals 

with degenerate kernels: 
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   For the solution of the balance integral equation with 

degenerate kernels and inverse operators, a modified 

Fredholm method [6], [7] for equations of second type is 
proposed. The equilibrium state of the system is found. 

   Systems whose state depends on time and whose resources 

are renewable form an important class of general systems. A 

great number of works has been dedicated to systems with 

renewable resources [8], [9]. The core of the mathematical 

apparatus used for the study of such systems consists of 

differential equations in which the sought for function is 

dependent on time [10] - 12]. Our approach presupposes 

discretization of the processes with respect to time. We 

move away from tracking the changes in the system 

continuously to tracking the changes at fixed time points. 

This discretization and the identification of the individual 

parameter and the group   parameter lead us to functional 

equations with shift. 

 

II. CHANGE OF THE INDIVIDUAL PARAMETER  

   In this article,   we carry out an investigation of   the 

changes in the individual parameter of elements of the 

system in time. 

   The function ( )x    shows how the individual 

parameter  x   changes, during at the time interval T  that 

corresponds to one cycle. If an object has weight x  inside 

period T , its weight is transformed to the weight ( )x , as 

shown in  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

Fig.  1. 
 

 

A graphical representation of how the object with individual 

parameters x   increases its weight.                    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.  2.  

 

    A graphical representation of  how the object loses its  

weight from one cycle to the other.  

 

    

 

 

 

 

 

 

       

 

 

 

 

 

 

 

 

 

 

 

Fig.  3 

 

In Figure 3, the condition for cyclic trajectories is the 

existence symmetrical points with respect to the bisector   

y x . The point has the coordinates   0 0( , ( ))x x  and 

the other has the coordinates 0 0( ( ), )x x  and both belong 

to the graphic of the function ( )y x . In the special case, 

then both points coincide the degenerate cycle result. In this 

case 0 0( )x x  .  

More complex cyclic trajectories are represented in Figure 4. 
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Fig.  4. 

  
 Let us consider the following figure.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.  5.  

 

Objects with weight from the interval  ( , )d l  transform into 

objects with weight from the same interval  ( , )x d l ,  

  ( , )x d l  , ( ), ( )d d l l   . 

Objects this weight from the interval  ( , )d l    transform.  

 

Objects with weight ( , )x d l will not be able to jump from 

the interval ( , )d l  and their weight will not be able to 

exceed l . In this interval, the weight of objects is found for 

which the conditions are disadvantageous, these objects are 

worn out and decrease their weight.  According to Figure 5, 

objects with weight ( , ) (c, )x a b d    also transform to 

the interval  ( , )d l  and safer disadvantageous conditions. 

The objects with weight ( , )x b c  come out of this interval 

( , )x b c  and thereafter increase their weight in proximal 

cycles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

Fig.  6. 

   

 The interval   ( , )d l  on Figure 6 has a more complex 

behavior. The objects that are in this interval can leave it. 

Those objects that have weight lesser than the 

value ( ) : ( , )d x t k    come out of the rectangular area 

as indicated by the arrows. 

 

   Let us consider dependence on age. In Figure 7,  two 

different objects at one time have positions x
  and x

 

on the axis of weight OX. Both reach the weight M. The life 

histories of the objects x
  and x

are, however, 

different: object x
  is "young" and in two cycles achieves 

position M. Object  x
 uses four cycles to obtain weight 

M, so it is "old" when it achieves position M. The future of 

these two objects will have to be different.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.  7.  Dependence on age. 
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    We propose to take into account cycles (age). Consider 

the function ( , )x e    with a continuous variable - 

individual parameter x  and another discrete variable - 

number of cycles. The graph of development of object x
 

is ( ,2),x x M    and the graph of development of 

object x
is ( ,4),x x M   . 

 

   We assume that the individual and the group parameters 

for both resources are the same, and the ranges of variation 

of the individual parameters are different. Resource 
1  has a 

range of variation equal  to 
1

1 max(0, x )I   and resource 

2  has a range of variation equal to 
2

2 max(0,x )I  . Time 

interval  0 0,t t T  is divided into subintervals    
kT ,   

 0 0, kt t T T  .   The subintervals are chosen taking 

into account the changes taking place in system S and the 

human activity. 

    To avoid introducing new notation, the symbols are 

independent and are not related to the symbols in the 

previous sections. 

   Let   b
1k

(x,e)  be a shift which describes the change of  

the individual parameter x  of the resource 1  during 

1[t , t ]k k kT  . For the resource 2  we denote the 

corresponding shift by 2k .   

   Let b
1k

(x,e) , b
2k

(x,e)
 
be differentiable functions and 

their inverse functions be a
1k

(x,e), a
2k

(x,e) . 

   Applying the approach proposed in [5] we obtain a system 

of balance relations with non-Carleman shifts  a
1k

(x,e), 

a
2k

(x,e) :
 

 

1 1 1 1 2 1 2 2(x) (A )(x), (x) (A )(x),k k k k k k     
 

 

where 

 

1 1(A )(x)k k   

 

1 1 1 1 1 1 1(B )(x) (B )(x) ( ) ( ) ( ),k k k k k k kq P x R x g x    
 

(B
1k

n
1k

)(x) = d
1k

(x,e)n
1k

a
1k

(x,e)é
ë

ù
û,   

and  

 

2 2(A )(x)k k = 

 

2 2 2 2 2 2 2 2(B )(x) (B )(x) ( ) ( )p ( ) ( ),k k k k k k k kq P x R x x g x      

 
where  1k x  and  2k x  are  densities at the moment 

t k of  the objects with individual parameters x  for the first 

and the second resources respectively.  

   Here, the processes of reducing the group parameters 

(natural mortality) are described by .ikd  The terms 
1 2,k kP P   

are responsible for the processes of natural increase of the 

group parameters (reproduction), the terms 
1 2,k kR R  are 

responsible for the reciprocal influence between resources. 

They have the same form as their corresponding terms in the 

balance equations and contain integrals with degenerate 

kernels. 

   The extractions from the system as a result of human 

economic activity are represented by ( )ikg x . 

The artificial input into the system is accounted for by 
ikq  

the beginning of period 
kT  and the actions related to 

ikg   

take place at the end of period
kT . 

We will assume that the actions related to 
ikq take place at 

We will assume that the actions related to 
ikq take place at 

the beginning of period kT  and the actions related to ikg   

take place at the end of period kT . 

State of the system    1 2,k kx x   at the moments t k  

are described by the two presiding equations. 

Note that we do not require for the final state and the initial 

state of system S to coincide. We obtain  an open system 

       1 1 1 2 1 2,k k k kx x x x      . 

 

III. EXPLOITATION PROBLEMS FOR OPEN RESOURCE 

SYSTEMS 

   Let us formulate problems for the exploitation of open 

resource systems. 

   We introduce into consideration a functional that estimates 

the system during the period  0 0,t t T  

 

.g qE E E   

 

Let 
g

ikjC  be some known constants 

1

,( )

ij

ij

x

g

ikj

x

ikgC d 


   

where ( )ikg  is the substraction of resource i  from the 

system during the period 1[t , t ]k k kT  . 

 Here, interval 
max0, ix    is divided into 

0 1 2 max0 i

i i ix x x x     . 

   We write the functional    

 

,g g g

ik ikj ikjE C G  
 

where 
g

ikjC  are some known constants (product prices). It 

provides an economical estimate of the cost of ( )ikg  . 

The structure of the term 
qE  is similar. 
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Based on the presented model, it is possible to formulate 

some problems for the rational use of system S . What 

should the strategy for the selection of 
ikq  and 

ikg  on each 

interval 
kT  be,  in order to reach the maximum value of E  

at the final moment
0t T . 

Thus, of course, you must comply with various restrictions. 

We list some. (To simplify the presentation and make it brief, 

we omit the dependence on age.)  

Restrictions on functions ( )ikq x : 

max ( ), ,ikj ikj ikj

Iij

ikQ Q Q dq    
 

and 

 
min max ,q q q

ikj ikj ikjE E E       q q

ikj ikjE C Q , 

min max ,q q q

ikj ikj ikj

j

E E E 
 

min max

0 0

q q q

i ikj i

k j

F E F 
, 

min max

0 0 ,q q q

k ikj k

i j

F E F 
 

min max .q q qE E F   

Restrictions on functions ( ) :ikg x  

gmin gmax ( ,),g g

ikj ikj ikj i ikkj

Iij

G G G G g d      

qmin gmax ,q

ik ikj ikj

j

G G G 
 

min max

0 0 ,q q q

i ikj i

k j

K E K 
 

min gmax

0 0 ,q g

k ikj k

i j

K G K 
 

gmin gmax ,gG G F   
gmin gmax

00 00 00 00, .g g

ik

ik

G G G G G  
 

 
   The state of the system cannot be worse than the 

permissible state and ecologically acceptable norms must be 

met. 

   Restrictions on functions ( )ik x : 

min , ,( )ikj ikj ikj

Iij

ikN N N d   
 

min min

0 0 0, .ik ikj k ik

j i

N N N N    

   The functions ( ), ( ), ( )ik ik ikx q x g x  must be   non-

negative. 

   Authors plan to make simplifications of the form of 

functions, functionals and algorithms for applications to 

solving specific problems, and submit it to the following 

WCE congresses. 

IV. CONCLUCION 

Equations with shift appear on modelling systems with 

renewable resources. The theory of linear functional 

operators with shift is the adequate mathematical instrument 

for the investigation of such systems. Based on the models, it 

is possible to formulate and to study problems for the 

rational use of open resource systems. 
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