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Solution of Fractional Gas Dynamic Equation
by Using Homotopy Perturbation with Natural
Transform Method
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Abstract—In this paper, we describe the solution of
fractional gas dynamic equation by using the perturbation
method with natural transform method.
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. INTRODUCTION

HE preparation deal with dynamical systems modeled by

differential, integro-differential and partial differential
equations are important to solving physical problems.
Closed-form analytical results are considered ideal and
series solutions are considered approximation [1]. Most the
solutions of the boundary value problems do not have
closed-form, this has led to the developement of analytical
techniques. The classical techniques for solving the model
be given as Adomain decomposition method [1], the
Homotopy Perturbation method (HPM) with Laplace
transform [2]-[5], the Sumudu transform [2], and the Natural
transform [6]-[10]. In this paper, we use the Homotopy
Perturbation with the natural transform (NHPM) for solving
the fractional gas dynamic equation.

Il. BASIC IDEA

A. Definition of the Caputo derivative of fractional order

o

The Caputo derivative of fractional order o of the
function f(t) is defined as (see in [9]):

! t f(m)(r)dt, m-l<a<m;
o=y (MW ®
a"i () .
dt™
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B. The Natural Transform and Its Inverse
The set of functions:

A:{f(t) 1M, 1,7, > 0| (1) < Me™™ if t e (1)1 x[0,0)}.

where M is a constant of finite number, t, and t, may be

finite or infinite.
The natural transform V(s, u) of the function f(t) for all
t >0, is defined as:

N[f@)]=V(s,u)= I: f (ut)e™dtu >0,s >0, 2

where N[ f(t)]is the Natural transformation of the function

of f(t) in the set A, u and s are the Natural transform
variables.
The inverse of the Natural transform is defined by

NV (s, u)] = £ () = lim—= [ e%v (s, u)ds, 3)
Tow 2] Jv-iT

where vy is real constant and the integral is taken along
s=vyin complex plane s=x+iy.The real number vy is
choosen so that s =y lies on right of all (finite or countable
infinite) singularities (see in [8]).

C. The Natural Transform of Fractional Derivative
If NT[f(t)]is the Natural transform of the function f(t),

then the Natural transform of fractional derivative of order
o of the function f(t), denoted by N[ f “(t)], is defined as:

-1 oa—(k+1)

N+[fa<t)]=j—ZV<s,u)—Zsua,k

n
=0

O} (4)

where u and s are the natural transform variables (see in [5]).

D. Method of Homotopy Perturbation with the Natural
transformation (HPM-Natural Trans.)
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DV (X, 1) + KV (X, t) + NV (x,t) = g(x,t) (5)
with the initial condition as
V(x,0) = f(x), (6)

where DV (x,t)is the Caputo fractional derivative of
V(x,t), Kis the linear differential operator, N is the
nonlinear differential operator, g(x,t) is the nonzero given
term, and f(x) is the function of x. Applying the Natural
transform on both sides of the equation (5), we have

N[ DeV (x,t) [+ N*[KV (x,1)]

(7
+NT[NV(x,)]=N"[g(x1)].

Now we calculate the equation (7) by using the definition
of the Natural transform with some its properties and and
the given initial condition (6). Then we apply the inverse
of the Natural transform. The next step, we consider terms
of the linear and nonlinear form. We apply the Homotopy
perturbation (HPM) as:

VXD =2 aV, (x), ®)
and the nonlinear term
NIV (%01 = 3 aH, (V), ©

where H_(V)is some He’s polynomials [37] that given by

10 " )
-t
p=0

n=012,..

(10)

Using the coefficient comparing, we have
q° :V, (x,t) =G(x,t);

q-:V,(x,t) =—N1[Ls'j—:N+ [KV(xt)+ HO(\/)]};

q°:V,(xt) =—N1{2—:N* [KV (x 1)+ Hl(\/)]}

Then we have the analytical solution

V(x,t) = mivn (x,1).
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I1l. SOLUTION OF GAS DYNAMIC EQUATION
We consider Fractional gas dynamic equation

DV +%(\/2)X -V(@1-V)=0, (1)
0 < o <1, with initial condition
V(x,0)=e" (12)

Applying The Natural transform method on both sides of
(11), and using the initial condition (12), we obtain

+ ) 1 + 2 + _ +
N [Dtv]+§N [(v?),]-N*[v@a-Vv)]=N"[o].

* ot l + 2 + + 2
Z—QV(X,S)—S V(0 =-2N [V2]+ N [V]-Ne V2],

uOL
5® gt 1. . .
u—aV(x,s)=u—uV(x,0)—EN [V ]+NT[V]-N*[V?]

By using the initial condition(12), we have

l —X lua + 2 ua +
V(xs)=_e =2 N (v )X]+S—aN V] 5

Taking the inverse of the Natural transform method on both
sides of the equation (13), we have

wve=nfe [ e (v
+N-{‘;—:Nﬁv]}—N‘{E—ZN{VZJ}'

(14)

Now we have

X -1 u® + 1 2 2
V(x,t)=e*—N L—aN [E(v )x—v—v ﬂ (15)

Applying the HPM, we let

VGt = 30, (x.0)

©

SXAH,M) - XA, (k)

+Zq“H;(v2)m.
n=0
By coefficient comparing of the power of g, we have

qQ°:V,(x,t)=e™;
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o

gV, (x,1) :—N1|:L;_GN+[%H0(\/)_VO + HS(V)H

=—N* {U—QN* E(ez*)x —e” +e“ﬂ
s

t2

F(Ot-f-l);

CERVACR) :—N{:—ZN*E H (V) -V, + H;(V)ﬂ

Slu* L1
=—N {S—QN b(zvovl)x —v1+2v0v1ﬂ

20
Lt

IV. CONCLUSION
Our solution of gas dynamic by the Homotopy
perturbation with the Natural transform method is a general
solution. If we replace u=1, it is the solution by using the
Laplace transform. And if we replace s=1, it is the solution
by using the Sumudu transform method.
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V(xt)=e> (1+

ta tZa

+ + t +J
I'oa+l) I'(2Qa+1) T'(Ba+l)
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2! 3l
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