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On the Energy Levels of Electrons in
2D Carbon Nanostructures
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Abstract—The quantum properties of materials essentially
depend on their molecular structure. In the paper the
mathematical model of quantum properties of 2D carbon
nanostructures is studied from the nonrelativistic viewpoint.
The energy levels of electrons in such structures are connected
with the spectral problem for the stationary Schrodinger
equation in the areas of hexagonal configuration. By means of
the conformal mapping method the Schrddinger equation is
reduced to the degenerated elliptic equation in the rectangle
with the appropriate boundary conditions. This equation is
solved analytically. The eigenvalues and eigenfunctions are
obtained in new variables and consequently, the possible
energy levels of electrons in 2D carbon nanostructures are
derived numerically.

Besides, the quantum billiard problem for some closed areas
inscribed in the hexagon is solved.

Index Terms—Carbon,
equation

qguantum billiard, Schrédinger

. INTRODUCTION

ANOSTRUCTURES and their unique quantum
properties are widely used in electronic devices.
Quantum effect is the essential part of those devices.
Nanostructures properties are significantly different from
their similar materials at macro scale [5],[6],[10],[13],[14].
The phenomena of quantum confinement and resonance
tun-neling becomes significant, when the dimensions of the
ma-terials are less than 10nm. Here we will focus on 2D
carbon nanostructures (Fig.1, Fig.2, Fig,3).
2D carbon nanostructure represents hexagonal honeycomb
structure. The carbon atoms in those nanostructures are
arrange in the hexagonal rings and electrons confined in
such structures behave like quantum billiard balls [ 5],[10],
[12],[13], [14] . Carbon is the sixth element (group 14), with

a ground state electron configuration 1s*2s?2p?, four

outer electrons are valence electrons [13],[14]. Graphene -
2D sheet of carbon is the strongest material ever tested and
was studied in 2004 by Andre Gein and Konstantin
Novoselov [5], [13],[14]. The side of the elementary cell
(hexagon) in the carbon nanostructure is about 0.14nm .
Here we consider the quantum billiard problem in one cell
of this structure- hexagon or in the hexagonal rug (Fig.1 ,
Fig.2, Fig,3). The atoms are represented as the points at the
vertices of the hexagon. We study this problem from the
non-relativistic point of view, i.e. in the hexagonal area we
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consider the Schrddinger equation for the wave-function of
the electron with the appropriate boundary conditions [1],
[6]1, [9], [10], [11], [12] (quantum billiard problem).In this
paper by means of the conformal mapping method the
equation is reduced to the elliptic equation with the
appropriate boundary conditions [7], [8]. As three
parameters of the mapping can be chosen arbitrarily the
equation is simplified and is solved analytically. The
eigenvalues and eigenfunctions are obtained and energy
levels of electrons are estimated.
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Fig.1. The hexagonal area The atoms are presented as points at the
vertexes.

Il. STATEMENT OF THE PROBLEM

From the non-relativistic viewpoint the wave function of
the electrons satisfies the Schrédinger Equation in some
area with the appropriate condition at the boundary.

Let D be a bounded connected area in z-plane,
(z=X+1y) (Fig.1, Fig.2 or Fig.3). In this area we
consider the following problem (quantum billiard problem)
[1].[6].[9],[10].[11],[12].

Problem 1.
To find a real function w(X,Yy) in D having second

order derivatives , satisfying the equation

A (X, Y)+ A, w (X y) =0, (1)
and the conditions
2
wl, =0, [[ v dxdy=1 @
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where S is a boundary of D or the closed curve inscribed in

D, w is the wave function of the particle, A, is the
constant to be determined,

2 872'2m

/10 = h—2

E is the energy of the particle, m is mass of the electron and
h is Planck’s constant

m~9.1x10%"kg; h =~ 4.1x10™eV -sec.

E, ©)

The function l//|2 is the probability of the location of the

“electron cloud” in the region D.
Additionally we demand, |W| #0inD.

Remark. In 1913 Niels Bohr calculated the energy levels in
the Hydrogen atom by the formula [2]

E=— T o
’ (2,°h%  n

eis the electron charge,

,h=123,... 4)

where Eyis the vacuum

permittivity,

mh
e’ =v,—, Vv, #2.3x10°m/sec,

2r
V, is the velocity of the electron, n is a quantum number. By

the formula (4) he obtained the different quantum states of
the electron in the Hydrogen atom. For example the ground
state of the electron in the hydrogen atom is

h2
2

Eo=—%F—
8z °mr,

~-13.6.eV,r, ~5x10™m,

-

F

\/

Fig.2. The hexagonal rug with two hexagonal cells.

. SOLUTION OF PROBLEM 1 BY MEANS OF THE
CONFORMAL MAPPING METHOD

We will consider three cases:

1. D is the hexagon (Fig. 1),

2. D is the composition of two hexagons (Fig. 2),
3. D is the composition of three hexagons (Fig. 3).

1. Let D be the hexagon of z-plane ,Z = X+1y, with
the vertices &, =0,a,,a,,a,(Rea, =0),a;,a, and

with the axis of symmetry a,a, (Fig.1). We consider
Problem 1 in this case.
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We will solve this problem by means of the conformal
mapping method. As three parameters of the mapping could
be chosen arbitrarily Problem 1 will be simplified [3],[4],

[71.[8].

Let us consider conformal mapping f (W) of the
D{~a,/2<&<a,/2,0<n<b,} of
W=¢~&+in plane on the area D, with the following
correspondence of points (Fig. 4)

a<0a,a,/2,a,a,/2+iby, a, <> ib,,
a; <> —a,/2+iby, a, <> —-a,/2;a,,b, >0

rectangle

The function f (W) is given by the formula [3],[4]

z="f(w)= CZJQt‘m(t2 —az)_m’(t2 —bz)_mdt,
0

VA —snﬂ
0 Co’

w=C, | (-t k) ©
0

where
la; —a,|
k

Cl=

0
C, ~ a—;, Ky = Ttl“(t2 —a? )" (t2 —b? ) dt, (6)

sn is the Jacobi “sinus” with the modulus K [3],[4],
a=1b=1/k.
By the mapping (5) Problem 1 will be reduced to the

following problem
Problem 2.

To find a real function y,(&,77) in Do having second
order derivatives, satisfying the following equation

) 2
Ayo(Em)+ 27| (W) vy (E:m) =0, 7)
and the boundary conditions

20 2

wls, =0, J[, lwo It (w)] dedn =1 Jy| =0,
where w,(&,17) =u(f(w)), and A is the constant to be
determined, S,, is the closed line inscribed in Dy

It is obvious, that
' 2 ' 2, 2

£, =f, )|z, ()" (®)
If we suppose a=1,b=1/k, from (5), (6), (8) after
simple transformations one obtains

2/3
w
an—
o =cf| —— | ©)
cn—dn—
G G

where C, =k**C/C,; sn,cn,dn are the Jacobi
functions [3], [4].
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As three parameters of the conformal mapping can be

M &
chosen arbitrarily, we can assume, that (=€ % , by
(x = - ), is sufficiently small and use the formulas
a‘O
[3], 4] |
sn(w/C,) =siny,
cn(w/C,)=cosy, dn(w/C,) =1, (10)
y= W b =2a,C,~ 2 k~00213 >
aC, 3" x T _% 0 & ¢
o 2
Fig.4.Rectangle
Do{~a,/2<x,<a,/2,0<y, <b,}.
In new variables
&, =2n&1a,Cy, 17, = 27171 8,C, (12)
by using (11) the equation (7) could be rewritten as
aleWo ($0170) +
2/3
2 [ cosh(z,) + cos(&,) (13)
ﬂ“o CZ[ : : ‘//0(50’770):0'
cosh(z,) — cos(&,)
where a, =27°/a;.
) ) Let us choose the parameter a, of the mapping in such
Fig.3. The hexagonal rug with three hexagonal cells.

a way that the quantity ageis negligible, then we can use

Taking into account (10) in (6) and (9) and by using  well-known formulas
“Maple” we obtain

cos(&,) 1-EL 12+ &, 124,

N 2 4
|fW'(W)|2 N cosh(n,) =1+ny /2+n,124 . (14)
Z(COSh(Zﬂn/aOCO)+COS(27Z'§/aOCO)]2/3 Putting (14) into (13) one obtains
cosh(2zn/a,C,)—cos(27&/a,C,) a2Ap (&,7,) +/102C12 »
1/k
J‘t-1/3 1/3(,[2 b )_l/Sdtz0.342848, 2 , 1 . " - 2/3
(11) 4+1y =S +12((770+§o) _277050)
|c| =|a, —a,|/0.342848. x (15)
770 +§o ( 50 Xﬂo‘*‘éo)
Wo(So.7,) =0.
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In the cylindrical coordinate system
&, =rcose, 1, =rsing (15) becomes
0? 0? 0
a’r'’® l’//2°+i2 l'//z"+1 Vo lL 22 (16)
or r- oe r or
4 2/3
2 r 2
4—r c052¢+ﬂ(cos 2(p+1)
wo(r,p)=0

1
1-=r?cos2
12 ¢

where 4> = 1,°C2.

As r? =(§02 +77§)£ 27* 1a; and r° is negligible ,
taking into account the formula
L+r*)* =1+ oar?
ala-1) r4+05(0:—1)(05—2) e, 17
2! 3

the equation (16) can be rewritten as

0? 0? 0
a’.r'® r? '//20 + WZO cr oy

o’ oo or

(18)

2
zozclzrzz“’{l—%cos 2¢on(r,¢) =0.

We now admit that A, C2 * is negligible and finally
the equation (18) takes the form

2 2
a; r28 VZO +8 l//zo +r8l’//0
or op or 19)
24/3/1 C2 2/31//0('.’(0) — O,
with the boundary condition
vls, =0, (20)

where S, is the boundary of the area Dj:
&y +115 =
(2z&1a,C, )" +(22nla,C,)* <27*/aZ,
& 20, n,=0.
By the separation of  the variables

v, (r,¢)=u,(r)u,(p) from the equation (20) one
obtains

U, (@) + Au, () =0,

4/3
r?u, (r) +ru,(r) +(2 — % = B)u,(r) =0. (22)

1
The solutions of (21) satisfying

u,(0) =u,(x) =0 are given by [15]
u,(p) =C"sinyB o, B=n*n=12,...

where C”

(21)

the condition

(23)

is a certain constant.
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Now, let us consider the equation (22). By introducing a

new variable I, = r'’? the equation (22) takes the form

413
/12 2
l
We seek for the non-negative solutions of (22). The
solutions of the equation (24) are given in terms of Bessel’s
functions [3], [4]

ul(ro)zlg\/ﬁ(gﬂ'er)’ ;=

Taking into account (23) and (25) we obtain the
solutions of the equation (19)

Wor(r, @) =C sinng 1, (32,r")in=12... (26)
The Vo (r,@),n=12,..are the

eigenfunctions of the equation (19) and corresponding
eigenvalues will be calculated from the condition (20)

rZu, (r) +r,u, +9(2 - pu, =0. (24)

4/3
_2 _2,’CZ .

(25)

functions

5/6
12 2 13 3x2 2 13
34, (272 7% 13, ° = Gy (2213, )" =
1
Qoanyr N=12,... (27)
where ao(sn),n=l,2,... are zeroes of Bessel’s
functions 1,
d;
Cl :(ﬂk2/3/k )| | 3/ | 3 2| . (28)
a0 O
As we have the additional condition |1//| # Qin D;,

only the case of N =1 is acceptable .
Hence, the wave function of the problem 1 in terms of

&, =rcose, n,=rsing will be given by

* ol 1/3
Veu(r,9) =C sing 1,(32,r")
and from (3), (27) and (28) we can calculate A, and
corresponding energy level

> h?
E, =4, —— . 29
' % 8z%m #9
According to (27) and (28) one obtains
3x 256 /3
;LolC ( ? /aO)1 ~
' (30)

ja; — 2|

2/3
Ao = Q)

For the carbon structure |a3 - a2| ~0.14x107°m

[10], [13], [14] and by (29) and (30) we have
2
E =, h—z ~14.4xa," s, (31)
87°m

Qg3 is the first zero of Bessel’s function |, oy ~ 6.4
[4].
For @, =10 the formula (31) gives| E, |~ 29.5eV .

2. Now, let us suppose that the area D consists of two
hexagons (Fig. 2). We can continue the function
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f (W) given by the formula (5) through the segment
[-a,/2,0] and then then obtain the conformal mapping
of the
Di{~a,/2<&<a,/2,—b, <np<b,}
cut along the segment [0, a, /2 ]Jon the area D. In this case
as previously we reduce the equation (1) to the equation
(19) with the boundary conditions 1,//|5o =0

So Dg:
&2 +nt =(2x&1a,C, ) +(22n/a,C, ) <27* /a2

In this case the eigenfunction of the Problem 2 will be

* 1/3
wo(r,p)=C Qlo(?’ﬂ‘ir )
and the eigenvalues will be calculated from the formula

34, (21,27[2 Ia, )1/3 _ 3><a25/e ic. (722 Ja )1/3
1

rectangle

where is the boundary of the area

= gy, N = 12,..
where , &,y are zeroes of the Bessel function |,. By

the additional condition |l//| #0in D; we consider only

case of N=1 and taken into account ¢ty ~ 2.4 one
obtains

2 h2 4/3 2 4/3
El = /101 87[—2m ~14.4 x d, Ay ~ 83,5 x 4, .

For @, =10 we have | E; [ 8eV .

3. Finally, we consider D as the composition of three
hexagons (Fig.3). We continue the function f (W) through
the sides [—a,/2,ib,] and [a,/2,ib,]and obtain the
conformal mapping of the rectangle
Di{-a,/2-a,<&<a,/2+a,,0<7<b,} on the
area D.

In this case the equation (1) will be reduced to the

equation (19) with the boundary condition 1,//|S =0,
0

where S, is the boundary of the area Dg :
E&+nt =(2x&1a,C, ) +(22n/a,C, ) <187*/aZ,
& 20, 77,20.

Analogously to the first section of the paper the

eigenfunctions of the problem 2 will be

Yu(re)= C’sin () |3(3/11r1/3)
and corresponding eigenvalue satisfies the condition

13
31,(2"%37% 12, )" =
3x2°%° ) 3 -
X 24Ci (B, ) = g,
al
In this case we obtain the following energy level
h2
E, =1, —5—~72x8,"%a2,,
1 01 87:2m 0 0(3)

For a, =10 - | E, |~14.4eV |
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IV. SOLUTION OF PROBLEM 1 FOR SOME CLOSED
AREAS INSCRIBED IN THE HEXAGON

Let us state the problem 1 in terms of polar coordinates
X=rcose, y=rsing
Problem 3.
To find a real function y (r,¢) in D, < D having
second order derivatives , satisfying the equation
2 2
A ey
or r<oe

r or
and the conditions
. 2
l//|S =0, |l//| #0,in D, ’.”D|W| dxdy =1,

where S is a boundary of the area D, inscribed in D, i/ is

the wave function of the particle, A, is the constant to be

determined A,” =87°mE/h? .

We will consider 4 cases :

1. D, is the circle with the radius r=a~/3/2
inscribed in D.

2. D, is the spherical sector bonded with the lines

p=rld ;p=r-7ld;2<d<6,d=#4 and
r’ =dg; (Fig.5)
3. D, is the spherical sector bonded with the lines
p=nld4 ;p=n—7xl4andr’=3a%/2;(Fig6)
4. D, is the spherical sector bonded with the lines
=716 ;p=r/2andr? :|a3—a2|2 =a’;

where d is the real number, a is the length of the side of
J3

2cosz/d

the hexagon, d, = a

Fig.5.The sector inscribed into the hexagon.
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V. SOLUTION OF PROBLEM 3

By the separation of the variables ,as in previous section, we
obtain that the eigenfunctions and eigenvalue of the problem
3are:

Ly(r,p)= Cl*lo(ﬂ,or ), A, =2a, / /33, where C,
is a certain constant, |, is the Bessel function, o, = 2.4.
Corresponding energy level will be | E, |~ 20.7eV .

2., (1, 0) =C. 1, (Aor )sindg, 4, = a, Idy,  (32)

W (N @)= C§|d/z(ﬂor)005(%),id/zdo =ay,,/dy,

where |,,, and |, are the Bessel functions, C; and
C, are certain constants, «,,, , o, are first zeroes of

the Bessel functions | ;,, and | ; correspondingly.
Corresponding energy levels will be given by

|E, |=h?d2/8z%a? | |E,,, |=h%d?/87%a?,.
Example. Below we consider the case of d = 3 (Fig.5). By

the formulas (32) the corresponding eigenfunctions and
eigenvalues will be

ws(r@) =C15(Ar )sin3p, 4, =a /d,

W () = C;|3,2(/10I’)COS(3¢/2 ) Aajn =0y 1dg;
where d, =/3a, o, =64, a,,~45.

Consequently, the possible energy levels are

|E, |[=48eV and | E,,, |~ 24eV .

3. In case of Fig.6 the eigenfunctions and eigenvalues of the
problem 3 are ., (r,p)=C,]I 2()LOI’)COS(Z(D )

A, =0{2\/§/a\/§ ;a, =5.1; and the corresponding
energy level will be | E, |~ 62.4eV .

4. In the forth case the eigenfunctions and eigenvalues of
the problem 3 are ,(r,p)= Cl*lg(ﬂor)sin(B(p) ;
Ay = a5 aand the energy level-| E; |~ 147.6eV .
REMARK. In the hexagonal rug the movement of the

electron in the rectangle with the sides Ia\/§; a, where |

is the number of elementary cells (hexagons), is also
possible. In this case the energy levels will be calculated

from the well known formula [1] .[6].[9].[10]
h2(n? n}
o = =5t =2 | NN, =12,..(33)
v 8m{ a® 3la

For example, in case of 20 samples (I = 20) the energy
levels for n, =n, =1,are | E;, |~ 32.4eV ;and

for n,=1n,=10, - |E,,, |¢32.7eV.
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N\
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Fig.6.The sector inscribed into the hexagon.

VI. CONCLUSION

In the carbon nanostructures the possible energy levels of
the electrons are:
1.In one cell (hexagon)

| E, |~ 20.7¢V

| E, | 29.5eV || E;,, |¢ 24eV |

|E, |~ 62.4eV | E, |~ 48eV ,| E, |~ 147.6eV .
2.In the rug with two cells | E, |[= 32.4eV, | E, |~ 8eV.

3.Inthe rug with 3 cells | E, |= 32.4eV, | E; [ 14.4eV.
4.1n the rug with several cells are given by the formula (33).

(1]
[2

[3]
(4]

[5]

[6]
(71

(8]
(9]
[10]
[11]
[12]
[13]

[14]

REFERENCES

G.Auletta , M. Fortunato and G.Parisi ,
Cambridge University Press, 2009.

N. Bohr, “The spectra of helium and hydrogen,” Nature, vol. 92
(2295), pp. 137-189, 1914.

Janke-Ende-Losch, , Fafeen Honerer Funktionens. Stuttgart,1960.
A.Hurwits , Vorlesungen Uber Algemainen Funktionentherie und
Elliptische Funktionens . Berlin,Springer, 1929.

A.K.Geim , K.S. Novoselov , “The rise of grapheme”, J.Nature
Materials, vol. 6, no. 4, pp. 138-191, 2007.

W.Greiner , Quantum Mechanics. New York: Springer, 2001.

N. Khatiashvili, “On the conformal mapping method for the
Helmholtz equation,” in Integral Methods in Science and
Engineering, vol. 2, C. Constanda, Ed. New York: Birkhauser, 2010,
pp. 173-177.

N. Khatiashvili , “On the Hexagonal Quantum Billiard,” J.
Rep.Seminar of VIAM, vol. 40, pp. 14-27, 2014.

L.D. Landau and E.M. Lifshitz , Quantum Mechanics. Oxford:
Pergamon Press, 1977.

A. Nabok ,Organic and Inorganic Nanostructures. .Boston/London:
Artech House, 2005.

B. Simon , “Schrodinger operators in the twentieth century,” J.Math.
Phys., vol. 41, pp.3523-3555, 2000.

Ya. G. Sinai., “Dynamical Systems with elastic Reflections.,” J.
Russian Mathematical Surveys, vol. 25, pp. 137-189, 1970.

Springer Handbook of Nanotechnology. B. Brushnan , Ed.. Springer,
2010.

Structure and Multiscale Mechanics of Carbon Nanomaterials. O.
Paris, Ed. Springer, 2016.

Quantum Mechanics.

WCE 2019





