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An Estimated Replacement Approach for Stable
Control of a Class of Nonlinear Systems with
Unknown Functions of States

Nguyen Duy Hung and Nguyen Thi Huong Lan, VIELINA

Abstract—In this paper, we propose an approach for stable
control of a class of nonlinear systems, which can be expressed in a
state-feedback linearizable form with unknown nonlinear
functions of states. The idea is to replace the unknown functions
with estimated (not need to be accurate) functions and to use a
universal approximator to compensate for the error caused by the
replacement. For achieving a stable controller with a continuous
control signal, a bisigmoid function based compensator is used
and studied. In addition, the paper also deals with the control
problem of input constraints and the way to examine this subject.

Index Terms—nonlinear control, unknown functions, estimated
replacement, universal approximators.

I. PROBLEM FORMULATION

Consider a SISO nonlinear system in its full state-feedback
linearizable form [3]

)'Cl = X2

Xpol =X (1)
X, = f(x)+g(x)u

y=x

where x :[xl,xz,...,xn]T eQ,cR" is a state vector,
u(t)eQ, cR is an input ( Qy; , Q
y(t) €R is an output, and f(x)eR, g(x)€R are unknown,

, are compact sets),

but continuous and bounded functions. The control objective is
to design a locally stable controller for tracking a reference
trajectory r(¢) € R with bounded error. Because g(x) can not

be zero, without loss of generality, we can assume that
g(x)>0 for all xe Q. Additionally, it also assumes that x

are measurable whereas r(¢) and its derivatives up to the n-th

one are bounded and known.
For the given control problem, many adaptive designs have
been developed as shown in [7]-[12] and the references therein.
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In general, the unknown function(s) g(x) or g(x), f(x) is/are

approximated by adjustable function approximator(s)
g(x,0,) or g(x,0 ),f(x, 0 /) respectively, where 0,,0
are weights or parameter vectors. As the aim is to design a
stable adaptive controller with suitable adaptation law to reduce

uncertainties in each case, g¢ must be other than zero on the
domain Q, to avoid singularities at g =0 during adaptation.

To deal with such a problem a parameter projection method is
employed ([10], [11]), but this situation can also be avoided
when using techniques presented in some schemes, such as a
modified Lyapunov function ([7]) or a modified term ([8]).

II. AN ESTIMATED REPLACEMENT APPROACH
Suppose that, from a knowledge of the system we can find
out continuous and bounded functions f (x) and g(x)>0
such that if we replace f(x), g(x) in (1) with _f(x), g(x)
respectively, we can approximate x,, with bounded error, i.e.,
|A gen (x,w)| <7 holds for all xeQ,,
Agen (5,0 = [ (x) = f(%)+(&(x) - g (x))u
=Ay (x)+ Ag(x)u

u e, where

and W >0 is a bounded constant. Based on a method mainly
derived from [3], let us define an error system

E(t,x)=k’e 2)
where e=x-r, r’ =[r,r',...,r("7l)J kT =[ky,-okyya1]

with 5"+ &, s"72

+...+ky is a Hurwitz polynomial.

In the sense of performance analysis, the error system
provides a quantitative measure of the closed-loop system
performance. Hence, once the system dynamics are used with
the definition of the error system to define the error dynamics, a

Lyapunov candidate V' (E) is then used to provide a scalar

measurement of the error system. In addition, in terms of
boundedness, the error system and the Lyapunov candidate are
also chosen such that bounding V' will place bounds on the

error system |E | and the system states |x| too.

To focus on the main idea of this paper, we accept without
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proof that (2) satisfies the error system assumption (see
Appendix A). Additionally, for the time being, we ignore the
local stabilization case and do not take the state and input
bounding conditions into consideration. Thus if we denote

kg z[kl,...,kn_l] and dg =|:x1 — 12Xy =Ty Xy ) —r(”_Z)J ,

the error system (2) can be rewritten as

E(1,x)=kLdj + (xn - r("fl)) and its time derivative (i.e., the

error dynamic) becomes
E = kng +).Cn —I"(n)

. oo 3)
=kgdp —Ay, —77 + f+gu.
In terms of feedback linearization, use the control law
u=ii=g" (—kng 41 = f-E) )
where 7>0 and consider the Lyapunov candidate

V(E) :%Ez , then the time derivative of the Lyapunov

function along the solution of the error dynamic (3) is bounded
by

V =EE =—nE* -Ay,,E
<—nV-LnE* +W|E|

Let V, and E; denote the /' and £ at t=0, thus

according to the lemma of ultimate bound (Appendix B) with
2
my =n and my =5 we obtain

w _ _
VS—Z(l—e ’7’)+V0e "oy,
21

2
=|E|< \/W—z(l —e )+ E}e™ =Ey
7

2
and lim Vy =W—2: Ve, lim Eg :Z:Ew,
{—0 277 t— n
Remark 1: If we denote nz[r]kl,kl +nky, ...k, +77]T

then kng +77E:1]Te and the control law (4) can be
formulated as

u:ﬁ=§_1(7’(n)—TITe_j) ®)

Remark 2: If Vy <V (E,) then 0<V <V (E,) for all
t>0 since V is positive definite so that it can not grow
greater than V' (E,, ) . Furthermore, in the case of Vo >V (E,, )

we have ¥ <0 until ¥ <V (E,, ), thus we find

ISBN:978-988-98671-6-4

0<V <max(Vy,V (Ey))=>|E| < max (| E,
forall 120.

Es)  (6)

Remark 3: From (6), we see that if we choose |E0| small

enough, the closed-loop system performance depends only on
the error bound W in approximating x, without considering

about how large the individual approximation errors A r(x)
and A, (x) in replacing the unknown functions are. This

means that we can replace the unknown functions with
preferred estimated functions at our convenience provided that

the approximation error |A din | is bounded by W .
Above results lead to the state of the following theorem.
Theorem I: The state-feedback control law (5) ensures that

the solution of the error dynamic (3) is uniformly ultimately
bounded by (6) if there exist continuous and bounded functions

f(x) and g(x)>0 such that |Ay, (x,u)| </ holds for all
xeQ,, ueQ, where W >0 is a known bounded constant.

Proof: According to a theorem of condition for uniform
ultimate boundedness ([2]), in proving Theorem 1 we wish to

find some (|E|), 72 (|E|)eKOO and y; (|E|)EK defined on

[0, ) such that
n(ED<V(E) <y, (E)

| | ™
V(E) = Z—ZE <y (E)

for V|E|2R and >0 with knowing that V(E) is

continuously differentiable on |E | >R.

Choosing 7, (|E|) =9 (|E|) =V(E)= %|E|2 we have

2
V(E)< —77V+W—
2n

W2
=—eny (E)-(-enV o

for ¢ satisfying 0 <& <1.Let y3 (|E|) =é&nn (|E|) we see that
. w2
V(E)<-y;(E) if and only if V> — . or
2(1-¢)n

equivalently, |E|2 =R . As the chosen functions

A
Nl-¢ n

fulfill requirement (7), Theorem 1 is thus proved.

Theorem 1 shows that it is possible to define (static)
stabilizing controllers by applying the method of estimated
replacement if we could find substitution functions satisfying
the bounding condition over a valid region. But a problem
arises when W is large, since though the error system bound
may be decreased by choosing 7 large, the control signal may
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increase in amplitude and may start to oscillate. To dealing with
such a problem, the usual approach is to compensate for error
effects caused by the replacement. For this purpose, a number
of techniques, such as nonlinear damping and dynamic
normalization ([3]) may be used. In this sense, here we propose
a method which comes from the notion that if we can
approximate Ay, (X,u) with sufficiently small error, it is
possible to include an additional stabilizing component to
increase the robustness of the closed-loop system.

Because Ay, (x,u) is a continuous and bounded function
defined on compact sets, it can be approximated by a universal
approximator (such as a fuzzy system or a neural network) with
arbitrary accuracy. Therefore by assumption that there are data
available for tuning of an approximator to match certain
condition, we can use it as a compensation component to form a
robust state-feedback control law. This subject will be studied
in more detail later in this paper. Now, before turning to
developing a stable controller for making the closed-loop
system more robust to system uncertainties, we will investigate
some mathematical base.

III. MATHEMATICAL BASE
Define a real-valued scalar function
g (p.k, E)=|E|(p—sen(E) bsig(x, E)) (8)
where 0< p<1, k>0 are parameters, £ € R is a variable,
sgn(E) is the sign function, and bsig(x,E)=2/(1+ e_KE)—l
is bisigmoidal.
Lemma 1. The function (8) reaches its positive maximum
value of pp nax(0.5)=wng(p,x,tE,) at *E, where

x=kE,, is the unique solution of the equation
ne(p.x)=(p+De > +2(p-x)e  +p-1=0  (9)
Proof: Because (8) is an even function, thus we can take only
the case E>0, ie., pg,(p,&, E)=E(p-bsigx,E)) into
account. It follows that the derivative of pug, with respect to
E can be calculated as

d_, _(p+De T +2(p-x)e o1 py(pX)
g TEY T 2 - 2
dE (1+efx) (1+efx)

where x=xE >0 . Obviously, pg, has its extremum at

x,, =kE, if satisfies p (p,xE,)=0 . Next we will show
that, x = x,,, is the unique solution of (9) and pg . (0,%) is

a positive maximum,.
Take the derivative of p,(p,x) with respect to x , we

obtain

L a(p0) =26 [x=(p+D=(p+ e .

For studying p,(p,x), solve the equation di B (p,x)=0
x
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or equivalently
—x+(p+)=—(p+1e . (10)
This equation is in form of x+b=ae* where a =0, thus
according to [13] it has the single root, equal to —b— w(—ae_b)

where w(x) is the Lambert w-function (Note that the Lambert

w-function is the inverse function of x = w(x)ew(x) ). The
substitution for a=—(p+1) and b=p+1 leads to the
solution of (10), afterward denote as xy = p+1+ w(p) where
p(p) =(p+De V.

Because of ? =—p2+ p)e_(p <o, p is decreasing

P

for p €(0,1], therefore p(1) <p(p)<p(0) or pe [2/@2 ,l/e) .
Consequently p,(p,x) has the unique extremum at x, and if

we denote [y =, (p0,xy) then

Mo =(p+De 0 +2(p=xp)e 0 + p-1

2
_ 1
_ De2(p+D)
(p+1De )

_ _ oy L
+2[p-(p+D)-w(p)]e o P 1

_ De=20+) w(p)
(p+De |:(p 4 l)ef(pH)

—(p+1) w(p)
-2(1+w(p))e ¥ —(p e +p-1

2
=W—@—2(1+w(p))w—(p)+p—1
p+1 p+1
p* —(w(p)+1)°
p+1 '

Since the Lambert w-function is strictly increasing on
[-1/e,0) we get w(2/e2) <w(p) <w(l/e), thus x5 >1 and
o <0 for all pe(0,1]. In addition p (p,0)=4p>0 and
B, (p,0)=p—-1<0 so that the graph of p (p,x) cuts the
x-axis only at x,, € (O, xo) as well as the extremum p is the
minimum of p,(p,x) .

Ky (o, x)

, we can infer that pg,
(1 +e* )

d
Note that — =
JE HE+

reaches its maximum value of pug, (0,5, E,) =Ug max (0>K)

x
at E,=—"">0 and as pg,(p,kx,0)=0 , the unique
K

maximum is positive. This proves Lemma 1.

For a better understanding of Lemma 1, Fig. 1 shows graphs
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of (8) in cases of k=5 and x =10 with p=0.5,0.9,1 in each
example whereas Fig. 2 illustrates the graph of E,, (p,x) and
HE max(P:K) with respect to p and x in the case of x =1

and p =1 respectively.

Fig. 1. Graphs of pg(p,x,E)
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IV. CONTROLLER DESIGN

Recall from previous studies that we are going to develop a
stable controller in the proposed approach called estimated
replacement. The main concept in this approach is to seek
estimated functions fitting the bounding requirement and to use
a compensation technique to make the controller robust to
uncertainties. The later problem can be considered in this
section as follows.

Suppose that we have to design a controller for the tracking
problem with the aim to keep the error system bounded by

E, " (it is assumed that |E0| can be selected small
n

ISBN:978-988-98671-6-4

Proceedings of the World Congress on Engineering and Computer Science 2007
WCECS 2007, October 24-26, 2007, San Francisco, USA

enough). However the estimated functions available for use
only guarantee that

[Aden (60| =[ 730 = £(0)+ (200 - 2(x) )| < 7
for all xeQ

solution to cope with this problem.
As mentioned above, the error function Ay, can be

«» u€Q, where W >W . We will search for a

approximated by the universal approximator within a compact
set, which hereafter we denote as F (x,u,0) where 0 € R? is
an adjustable parameter vector and F) (x,u,0) € R . Right now
let F) (x,u,0) represent a neural network or fuzzy system with
tunable parameters 0 . Assume that W, >0 be the known
approximation error bounding constant, which satisfies

Fp (X, 1,0)— Ay, (X,0)| < W, (11)

ueQ, and 0cR? is the best known

parameter vector available from adjusting the parameters of the
approximator. Therefore the problem for approximating x,,

for all xeQ, ,

with error bound W can be considered as the problem for
approximating A, with error bound W), . Thus, we can avoid

the difficulty of dealing with choosing estimated functions
correctly by working with a proper approximator to
compensate for the effect of the replacement error. But one
must determine how small W, must be to achieve the desired

closed-loop system performance.
In order to solve this problem, now we introduce the
compensation component defined as

u = - Fa(%:1.0) bsig (i, EF (x,1,0) ) (12)
p&(x)
where p, x are constants satisfying 0< p <1, x>0 and u

is specified by (5). Then adding the component (12) together
with the state-feedback control law (5) forms the new control
law

(13)
and consequently the following theorem is the extension of
Theorem 1 to this case.

u=u+u,

Theorem 2: If there exist an approximator Fj (X,u,0) and a

parameter vector 0 such that Fy (x,u,0) can approximate

A g (X,u) with error bounded by W, satisfying

2
0< WA S\]WZ _quimax(paK)

(14)
for all xeQy,
then the state-feedback control law (13) ensures that the
solution of the error dynamic (3) is uniformly ultimately
bounded by (6).

Proof:

For simplicity, denote F) = F)(x,%,0), I:"A =FA(X,L7,6)

ueQ, where 0<p<1, x>0 and 7>0
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then from E = —nE + g(X)u, — A gy, (X,i1) We have
V =-nE* + Eg(X)u, — EA gy, (X, i)

< —E? -1 EF, bsig(, EFy) +|E||A |
Yol

1 . . ~
< —77E2 +;|E|(p|Adxn|—FA 51gn(E)b51g(K,EFA)).

Since sgn(E)sgn(Fy ) =sgn(EF,) and |Adxn|£|FA|+WA
SO we obtain

V< —77E2 +|E|WA +H(p|ﬁ‘A|—ﬁ‘A sgn(E)bsig(K,Eﬁ‘A))
P

|EFA |

:—77E2+|E|WA+ (p—sgn(Eﬁ'A)bsig(K,EﬁA))

1 1 i
= + 25— (Wy | E])’ +—np(x, EFy)
7 p

2
Wy 1
<-nV+ 22 +;HE7max(paK)

where pg(p,x,E) is defined as in (8 and

(P K, E) SUE max(p,x) for all 0<p<l, x>0 and

E %R as stated in Lemma 1.

Clearly, to have the error system bounded by (6), we need
2
V£—77V+Z/—, hence it follows that the requirement (14)
n

holds. Notice that because W, >0, we must choose p, x and
2

77 such that —nuE max (0, K) < w?.
o -

Then similar to the proof of Theorem 1, we come to that the
new control law (13) makes the solution of the error system (3)
uniformly ultimately bounded by (6). This proves Theorem 2.

V. INPUT CONSTRAINTS ANALYSIS

Up to this point we have not taken a state boundedness and
input constraints into account. However, for state boundedness,
we can examine it using the error system boundedness. In this
section, we only consider the case of input constraints. Notice
that the original work on stabilization and tracking of feedback
linearizable systems under input constraints in which we have
utilized its concepts can be reviewed in [6].

The problem of input constraints can be stated here as how
to select parameters (if they exist) for the control design so that
the control input (13) always remains in a valid region Q,,
which is defined as

Q, ={ueR:|uf<uy | (15)

where u,, is positive bounded constant. Additionally, it

assumes 0< g; < g(x) and f”(x) , 2(x) can be chosen so that
they are locally Lipschitz in x.

Theorem 3: The state-feedback control law (13) ensures that

ISBN:978-988-98671-6-4
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the system error is uniformly ultimately bounded by (6) while
satisfying input constraints u € Q,, where Q, is defined as

W+W,
(15) if uy, > A and the condition (17) holds.
PEL

Proof: By assumption, the estimated functions f @), g(x)

are locally Lipschitz continuous, therefore we can find
constants K, K, such that

70— 7| <K |x—¥
|g(x)-g(X)| < K, [x—x|
for Vx,Xx € Q. From (13) and note that x =e+r we have

) —nTe—f”(x)—;FA bsig(/c,EFA)

Juf = -
2(x) ‘
_ D _qle= f(e+r)+ f(r)- f(r) By bSig(K,EFA)|
2(r) pg) |
| &m
gle+r)

Since |IE‘A| <W +W, and recall that W > I , we get

<[ =T @) 70— Ten] ol
em || e | e

. F,, bsig(x, EFy) o gern-2am
pg(r) gle+r)
[l —jw| Kl Jallel Rl ), Keld
g(r) lgm)] |gm)| plem)] | |ge+r)

A (r) ELELA el
< k) A g B
{ g(r) (Il /)gL+ PgL ’ £ g

In order to have the control input remain in €, , we need

11— o)
g |

u
<ui=—M —(

In addition, as |E| = ‘kTe‘ < max (|E0 | , EOO) SO we can write

|e(t)| < K max (|EO

,Ey ) =e¢); where e); >0. Let’s define

u e W+W,
e (AL
1+Kg£ 8L gL

8L

then M <u and we see that if M >0 then (16) always holds.
To have M >0, it requires
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W+W,
Ups >[1+Kg%j (|n|+Kf)egﬂL+ﬁ

2 ~
(574 W+WA ey
&K +K)|—| + +K,+K, ——— |—
el ) ] o o i
+M—MM<O
PEL

The above quadratic inequation is in the form of

Az% + Bz +C <0 where z:eﬁ>0 and
gL

iy k)0

W +W)
B=[n+K;+K, —=>0
PEL
W+W,
c- Wi,
PEL

Let z; <z, are roots of the polynomial Az? +Bz+C then
the solution of the quadratic inequation is z <z < z, . Since if
C >0, the mentioned polinomial has non-positive roots so we

Wa
PEL

need C <0,1e., uy > so that it has a positive one. It

follows that

K ~B+\B? -44C
0<z:—max<|EO|,EDo)<zz =
gL 24
and therefore we must choose (if it exists)
(n) _ 7
L AU POy
g(r)
for solving the problem of input constraints. (Q.E.D.)

max (|E0 | s Ey ) < g?Lzz and

(17)

VI. CONCLUSION

In summary, the proposed approach gives a new concept to
design stable controllers for state-feedback linearizable
systems with unknown functions of states. In this way we can
also avoid the problem of singularities mentioned above
because the estimated functions for replacement can be chosen
at our intention and they are known in advance. However the
controller we have developed in this paper is static, that is its
parameters are not adjustable during operation and therefore it
is “less robust” to uncertainties than an adaptive equivalent.
Due to the scope of this topic, we will study adaptive schemes
in another paper. Additionally, achieved results are intended to
be used in real time control systems for industrial applications
in the fields of control of chemical processes, water treatment
control and robot control.

APPENDIX A
AN ERROR SYSTEM ASSUMPTION (ASSUMPTION 6.1 IN [3])

Assume the error system E(z,x) is such that E =0 implies

ISBN:978-988-98671-6-4

y(t)—>r(t) and that the function E(¢,x) satisfies

x| <y (4.|E]) for all £, where yy : R* x®* — R is bounded
for any bounded E and w, (¢,e) is nondecreasing with respect

to ee RT for each fixed ¢.

APPENDIX B
A ULTIMATE BOUND STUDY (LEMMA 2.1 IN [3])

If VLE):R xR" >R" is positive definite and

V<—mV+m, where m >0 and my>0 are bounded

constants, then V(¢,E) < My [V(O) —&j e ™ forall ¢.
m m
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