
 

 
Abstract— In this paper Adomian decomposition method is 
studied and used for solving the non homogeneous heat 
equation, with derivative boundary conditions. The results 
obtained show that the numerical method based on the 
proposed technique gives us the exact solution. These results 
are more accurate and efficient in comparison to previous 
methods. 
Index Terms—Adomian decomposition, method, derivative 
boundary conditions, inverse operator, exact solution, 
numerical methods for partial differential equations. 
 

I. INTRODUCTION 

any Authors have proposed numerical methods for 
solving nonlocal problems [6-11]. Later Akram[1]  
proposed an ܱሺ݄ଷ ൅  ଴-stable Parallel Algorithmܮଷሻݐ

for solving the problem. We consider here  the one 
dimensional non homogeneous heat equation with derivative 
boundary conditions given by: 
 
డ௨

డ௧
ൌ

డమ௨

డ௫మ
൅ ,ݔሺݍ ሻ 0ݐ ൏ ݔ ൏ 1, 0 ൏ ݐ ൑ ܶ                   (1) 

Subject to  
,ݔሺݑ 0ሻ ൌ ݃ሺݔሻ, 0 ൑ ݔ ൑ 1                                     (2) 
And  
,௫ሺ0ݑ ሻݐ ൌ ଵ݂ሺݐሻ, 0 ൏ ݐ ൑ ܶ              (3) 
,௫ሺ1ݑ ሻݐ ൌ ଶ݂ሺݐሻ, 0 ൏ ݐ ൑ ܶ                 (4) 
 
Where ݃ሺݔሻ, ଵ݂ሺݐሻ, ଶ݂ሺݐሻ, ,ݔሺݍ  ሻ, are sufficiently smoothݐ
known functions and T is a given constant. 
In this work, we propose a new technique based on the 
Adomian decomposition series solution [2,4]. The numerical 
examples show that results obtained coincide with the exact 
ones. The organization of this paper is as follows: in section 
2, we give a brief definition of the method, in section 3, the 
accuracy and the efficiency of the Adomian decomposition 
method are investigated with numerical illustration. 

II. ADOMIAN DECOMPOSITION METHOD 

A. Operator form 

In this section we outline the steps to obtain a solution of  
problem (1)-(4) using Adomian decomposition method, 
which was initiated by G. Adomian [9-11]. For this purpose, 
it is convenient to rewrite the problem in the standard form: 
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ሻݑ௧ሺܮ ൌ ሻݑ௫௫ሺܮ ൅ ,ݔሺݍ  ሻ                   (5)ݐ

Where the differential operators ܮ௧ሺ. ሻ ൌ
డ

డ௧
ሺ. ሻ   and 

௫௫ܮ ൌ
డమ

డ௫మ
 assuming that the inverse  ܮ௧

ିଵ exists and is 

defined as: 

௧ܮ
ିଵ ൌ ׬ ሺ. ሻ݀ݐ

௧

଴
                    (6) 

Applying inverse operator on both the sides of (5) and using 
the initial condition, yields: 
௧ܮ
ିଵ൫ܮ௧ሺݑሺݔ, ሻሻ൯ݐ ൌ ௧ܮ

ିଵ൫ܮ௫௫ሺݑሺݔ, ሻሻ൯ݐ ൅ ௧ܮ
ିଵ൫ݍሺݔ,  ሻ൯    (7)ݐ

B. Application to the solution of the problem  

From the above we obtain:  
,ݔሺݑ ሻݐ ൌ ,ݔሺݑ 0ሻ ൅ ௧ܮ

ିଵ൫ܮ௫௫ሺݑሺݔ, ሻሻ൯ݐ ൅ ௧ܮ
ିଵሺݍሺݔ,  ሻሻ    (8)ݐ

Now, we decompose the unkown function u(x,t) as a sum of 
components defined by the series [12] : 
 
,ݔሺݑ ሻݐ ൌ ∑ ,ݔ௞ሺݑ ሻݐ

∞
௞ୀ଴                         (9) 

Where ݑ଴ is identified as u(x; 0). The components ݑ௞ሺݔ,  ሻݐ
are obtained by the recursive formula: 
∑ ௞ݑ
∞
௞ୀ଴ ሺݔ, ሻݐ ൌ ݃ሺݔሻ ൅ ௧ܮ

ିଵሼܮ௫௫ሺ∑ ,ݔ௞ሺݑ ሻݐ
∞
௞ୀ଴ ሻሽ ൅   

௧ܮ
ିଵሺݍሺݔ,  ሻሻ                                                               (10)ݐ

Or:  
,ݔ଴ሺݑ ሻݐ ൌ ݃ሺݔሻ ൅ ௧ܮ

ିଵሺݍሺݔ,  ሻሻ                 (11)ݐ
And: 

,ݔ௞ାଵሺݑ ሻݐ ൌ ௧ܮ
ିଵ ቀܮ௫௫൫ݑ௞ሺݔ, ሻ൯ቁݐ , ݇ ൒ 0       (12) 

We note that the recursive relationship is constructed on the 
basis that the component ݑ଴ሺݔ,  ሻ is defined by all terms thatݐ
arise from the initial condition and from integrating the 
source term. The remaining components ݑ௞ሺݔ, ,ሻݐ ݇ ൒ 1, can 
be completely determined recursively. Accordingly, 
considering the first few terms, relations (11) and  (12) give: 
 
଴ݑ ൌ ݃ሺݔሻ ൅ ௧ܮ

ିଵሺݔ,  ሻݐ
ଵݑ ൌ ௧ܮ

ିଵሺܮ௫௫ሺݑ଴ሺݔ,  ሻሻሻ             (13)ݐ
ଶݑ ൌ ௧ܮ

ିଵሺܮ௫௫൫ݑଵሺ௫,௧ሻ൯ሻ   
ଷݑ ൌ ௧ܮ

ିଵሺܮ௫௫ሺݑଶሺݔ,   ሻሻሻݐ
 
and so on. As a result, the components ݑ଴ ,ݑଵ,  ଶ,… areݑ
identified and the series solution thus entirely determined. 
However, in many cases the exact solution in a closed form 
may be obtained for numerical purposes, we can use the 
approximation: 
,ݔሺݑ ሻݐ ൌ lim௠→∞߰௠.                  (14) 
Where: 
߰௠ ൌ ∑ ௞ݑ

௠ିଵ
௞ୀ଴ ሺݔ,  ሻ                 (15)ݐ

Evaluating more components of u(x; t) we obtain a more 
accurate solution. Noting that the convergence of this 
method has been proved  in [2,4], Adomian and Rach [3] 
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and Wazwaz [5] have investigated the phenomena of the 
self-canceling "noise" terms where sum of components  
vanishes in the limit. We observe that "noise" terms appear 
for non homogeneous cases only. 

III. EXAMPLES 

A. Example 1 

We consider the nonhomogeneous heat equation: 
 
ݑ߲

ݐ߲
ൌ
߲ଶݑ

ଶݔ߲
൅ ,ݔሺݍ ሻ 0ݐ ൏ ݔ ൏ 1, 0 ൏ ݐ ൑ ܶ 

,ݔሺݍ ሻݐ ൌ െ2݁௫ି௧, 0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൑ 1 
,ݔሺݑ 0ሻ ൌ ݃ሺݔሻ ൌ ݁௫, 0 ൑ ݔ ൑ 1                            (16) 
,௫ሺ0ݑ ሻݐ ൌ ଵ݂ሺݐሻ ൌ ݁ି௧, 0 ൏ ݐ ൑ ܶ 
,௫ሺ1ݑ ሻݐ ൌ ଶ݂ሺݐሻ ൌ ݁ଵି௧, 0 ൏ ݐ ൑ ܶ 
 
We rewrite this problem in an operator form. Applying the 
above development, we obtain the first element as: 
,ݔ଴ሺݑ ሻݐ ൌ ݃ሺݔሻ ൅ ௧ܮ

ିଵሺݍሺݔ,  ሻሻ               (17)ݐ
After calculation, this yields: 
,ݔ଴ሺݑ ሻݐ ൌ ݁௫ ൅ ௧ܮ

ିଵሺെ2݁௫ି௧ሻ ൌ ݁௫ሺെ1 ൅ 2݁ି௧ሻ          (18)  
The remaining elements are obtained through: 

,ݔ௞ାଵሺݑ ሻݐ ൌ ௧ܮ
ିଵ ቀܮ௫௫൫ݑ௞ሺݔ, ሻ൯ቁݐ , ݇ ൐ 0       (19) 

Applying this formula to the first three components yields: 
 
,ݔଵሺݑ ሻݐ ൌ ݁௫ሺ2 െ ݐ െ 2݁ି௧ሻ             ( 20) 

,ݔଶሺݑ ሻݐ ൌ ݁௫ሺെ2 ൅ ݐ2 െ
௧మ

ଶ
൅ 2݁ି௧)                      (21) 

,ݔଷሺݑ ሻݐ ൌ ݁௫ሺ2 െ ݐ2 ൅ ଶݐ െ
௧య

ଷ!
െ 2݁ି௧)              (22) 

 
Then the solution in the series form is given by: 

,ݔሺݑ ሻݐ ൌ ෍ݑ௞ሺݔ, ሻݐ

∞

௞ୀ଴

 

With the above results: 

,ݔሺݑ ሻݐ ൌ ݁௫ ቀ1 െ ݐ ൅
௧మ

ଶ!
െ

௧య

ଷ!
൅ ⋯ቁ ൌ ݁௫ି௧              (23) 

This solution is the exact one. 

B. Example 2 

  In this second example, we consider the problem with the 
following conditions 
 
,ݔሺݍ ሻݐ ൌ ,ଶݐݔ 0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൑ 1               
,ݔሺݑ 0ሻ ൌ ሻݔሺ݊݅ݏ ൌ 0 ൑ ݔ ൑ 1              (24) 
,௫ሺ0ݑ ሻݐ ൌ 1 0 ൏ ݐ ൑ ܶ 
,௫ሺ1ݑ ሻݐ ൌ ሻ 0ݐሺ݊݅ݏ ൏ ݐ ൑ ܶ 
Applying equation (11), we obtain the zeroth element as: 

,ݔ଴ሺݑ ሻݐ ൌ sinሺݔሻ ൅ ௧ܮ
ିଵሺݐݔଶሻ ൌ sinሺݔሻ ൅ ሺݔ

௧య

ଷ
ሻ             (25) 

Again the remaining components are obtained through: 

,ݔ௞ାଵሺݑ ሻݐ ൌ ௧ܮ
ିଵ ቀܮ௫௫൫ݑ௞ሺݔ, ሻ൯ቁݐ , ݇ ൐ 0 

After calculations, we obtain the first three components:  
 

,ݔଵሺݑ ሻݐ ൌ ׬ െ sinሺݔሻ ݐ݀ ൌ െ݊݅ݏݐሺݔሻ
௧

଴
                      (26) 

,ݔଶሺݑ ሻݐ ൌ ׬ ݐሻ݀ݔሺ݊݅ݏݐ ൌ
௧మ

ଶ!

௧

଴
  sinሺݔሻ                              (27) 

,ݔଷሺݑ ሻݐ ൌ ׬ െ
௧మ

ଶ
ݐሻ݀ݔሺ݊݅ݏ ൌ െ

௧య

ଷ!

௧

଴
sin ሺݔሻ                      (28) 

 
And so on. 
Then the solution in the series form is given by: 

,ݔሺݑ ሻݐ ൌ ෍ݑ௞ሺݔ, ሻݐ

∞

௞ୀ଴

 

That is: 

,ݔሺݑ ሻݐ ൌ
௧య

ଷ
ݔ ൅ ቀ1 െ

௧

ଵ!
൅

௧మ

ଶ!
െ

௧య

ଷ!
൅ ⋯ቁ sinሺݔሻ         (29) 

Or: 

,ݔሺݑ ሻݐ ൌൌ
௧య

ଷ
ݔ ൅ ݁ି௧ sinሺݔሻ               (30) 

This is the exact solution. 

C. Example 3 

Here, we consider the problem with the following boundary 
and initial conditions: 
 
,ݔሺݍ ሻݐ ൌ 0, 0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൑ 1 
,ݔሺݑ 0ሻ ൌ ሻݔߨሺ݊݅ݏ ൌ 0 ൑ ݔ ൑ 1                           (31) 
,௫ሺ0ݑ ሻݐ ൌ గି݁ߨ

మ೟
 0 ൏ ݐ ൑ ܶ 

,௫ሺ1ݑ ሻݐ ൌ െ݁ߨగ
మ೟
 0 ൏ ݐ ൑ ܶ 

 
After rewriting the problem in operator form, we obtain the 
zeroth component as 
,ݔ଴ሺݑ ሻݐ ൌ sinሺݔߨሻ                     (32) 
And the first three components are obtained as: 
 

,ݔଵሺݑ ሻݐ ൌ ௧ܮ
ିଵ ቀܮ௫௫൫ݑ଴ሺݔ, ሻ൯ቁݐ ൌ െߨଶ݊݅ݏݐሺݔߨሻ            (33) 

,ݔଶሺݑ ሻݐ ൌ ௧ܮ
ିଵ ቀܮ௫௫൫ݑଵሺݔ, ሻ൯ቁݐ ൌ  

୲మ

ଶ!
πସsin ሺπxሻ             (34) 

,ݔଷሺݑ ሻݐ ൌ ௧ܮ
ିଵ ቀܮ௫௫൫ݑଶሺݔ, ሻ൯ቁݐ ൌ െ

௧య

ଷ!
 ሻ         (35)ݔߨ଺sin ሺߨ

 
And so on.  
Then the solution in the series form is given by: 

,ݔሺݑ ሻݐ ൌ ෍ݑ௞ሺݔ, ሻݐ

∞

௞ୀ଴

 

Using the above developments we obtain: 

,ݔሺݑ ሻݐ ൌ sin ሺݔߨሻ ቀ1 െ
గమ௧

ଵ!
൅

గర௧మ

ଶ!
െ

గల௧య

ଷ!
൅ ⋯ቁ          (36) 

Which gives the exact solution 
,ݔሺݑ ሻݐ ൌ sin ሺݔߨሻ݁ିగ

మ௧                    (37) 

IV. CONCLUSION 

The results obtained in this paper compared to those 
obtained by Akram[1] show that the Adomian 
decomposition method is more accurate, the computation of 
the components of the solution are easy and take less time in 
comparison with other classical methods. 
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