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Minimax MMSE Estimator for Sparse System
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Abstract—In this work, we consider a minimum mean square technique to reconstruct signal for the underdertimend sys-
error (MMSE) estimator utilizing compressed sensing (CS) idea tem when the signal is sparse. For a underdetermiend system
when the system is underdetermined. First, we attempt to of y = Hyxux + n where N < M, CS states that it

directly solve the nonconvex problem in an alternating way. S -
However, this does not guarantee the optimality. Second, in a only needs minimumV = K'log(M/K) measurements to

more efficient way, we reformulate the problem in the context reconstruct the signal correctly by usidig-norm constraint
of minimax framework using the worst case optimization tech- convex optimization. Sparse signals exit in many research
nique. And later on, based on duality theory, we transform this areas, such in image processing, seismic signal processing
minimax problem into a semidefinite programming problem 5,4 nderwater acoustic communications, etc. This idea will
(SDP). Numerical results show that utilizing CS idea. indeed be utilized in MMSE estimator when the signal is sparse to
improves MMSE estimator when the signal is sparse. .
handle the underdetermiend system.
After parameter estimation, to measure the estimation perfor-
mance, one usually employs the MSE criterion. Therefore,
MMSE estimator is the optimal one in the MSE sense to
be used to do the estimation. However, like we mentioned
. INTRODUCTION earlier, the problem with MMSE estimator is that it usually
ARAMETER estimation is the most fundamental probdependents on the unknown parametewhich prevents us
lem in variety of engineering applications, such as signibm using it [1]. In this work, first, we consider the signal
processing, communication, imaging, etc. Consider a lindarbounded, i.e||x||3 < L, and then we reformulate the
system ofy = Hx +n, whereH is observation matrixg is problem in worst case MSE optimization under minimax
the parameter to be estimatadis measurement noise agd optimization framework. The duality theory is utilized to
is the received data, the objective is to estimate the unknoWansform the minimax optimization into a solvable semidefi-
parametex based on the received dataGenerally, methods nite programming (SDP). Second, we consider another prior
of parameter estimation can be categorized into two grouip§ormation on signal, namely sparsity, is available to us.
[1]. One is so-called classic approaches, which mean that By- sparse, we mean that the most of entriesxaf zero.
timators are derived considering parametés deterministic. Based on compressed sensing (CS) concept [2]¢/[3horm
A well known estimator in this category is least square (LSpn parameter i.e.|x||; is utilized to explore the sparsity.
i.e.,x = minimize |y — Hx||2. Another one is assuming theTherefore, we reformulate the problem under the framework
availability of the distribution of noisex maximum likeli- of minimax technique by taking bott,-norm and/;-norm
hood estimator (MLE), which is obtained by maximizing théto account. And later on, this problem can be as well
likelihood function, i.e..x = maximizep(y|x). The second transformed into a SDP by using duality approach.
category is so-called Bayesian methods, which assume thhe rest of paper is organized as follows. The problem
the parametex is not deterministic, but a random variablgormulation is given in Section Il. In Section Ill, the proposed
and the prior information on it is available. The famous on@ethods are presented to solve the problem. Section IV, the
in this category is minimum mean square error (MMSE) bgroposed algorithm based on compressed sensing is devel-
calculating the posterior mean, i.&vuwse = [ xp(x|y)dx, oped. In Section V, the simulation and filed trial experiments
wherep(x|y) is posterior distribution. In most cases, MMSEare conducted to verify the effectiveness of the proposed
is difficult to obtain in closed-form solution due to themethod. In Section IV, the conclusions are drawn.
potential multi-dimension integration and dependency on the
unknown parametek. In case of the linear and Gaussian Il. PROBLEM FORMULATION
system, the closed-form expression is obtainable by so- ) ) )
called linear MMSE (LMMSE) estimator. Another one is SUPPose we have a linear estimatr to estimate the
called maximum a posteriori (MAP) estimator. The MAP!NKnown parametex to the following linear system

Index Terms—minimum mean square error (MMSE), com-
pressed sensing (CS), minimax optimization, semidefinite pro-
gramming (SDP).

can be calculated by maximizing the posterior distribution, y=Hx+n (1)
i.e.,Xmap = maximize(log p(y|x) + log p(x)), wherep(x)
is prior distribution on parametex. that means the estimate can be obtained by a linear transfor-

The above discussions are based on the fact that the sysf@@iion, i.ex = Gy. The most common measure to evaluate
we consider is complete. In case of a underdetermined s@§timation performance is to calculate mean square error
tem, it is impossible to find the unique solution without anyMSE) [4], [S]. In our case, the MSE can be computed as
prior information. In recent years of research development, g {Ix —%]?}

compressed sensing (CS) [2], [3] has become a powerful -
—E {[(I — GH)x + Gn]" [(I - GH)x + Gn]}
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whereE(-) Tr(-) are the expectation operation and the tracgolving this problem(6) is a challenge since it is a non-

operator, respectively. The derivation(i&) has used the fact convex optimization. However, we can see that the problem

of stls = Tr(ss'!). To computeG, the MMSE estimator can is convex inx when G is fixed and vice versa. Therefore,

be written as follows in an intuitive way, we can minimizé6) in an alternative

L way, which works as follows: First, we optimiZé) overx

minimize Tr(GC,G") + x"(I - GH)"(I - GH)x fixing G at the current value, and we o;?timi;@))overG

(3) fixing x at the current value, and then we iterate the same

The solution of this direct optimization is usually not atprocedure. The alternating convex optimization [7] to solve

tainable since it involves the unknown parametern the (6) proceeds in an iterative fashion as follows:

following section, we will detail the procedures on how te Step 1:x; «— argmim(6)|c,_,.

minimize (3) by using worst case optimization technique. e Step 2:Gj, <— argmim(6)|x,

e Step 3: iterate Steps 1 and 2.

At each iteration, we solve a convex optimization. Therefore,

we can say that objective function will go down at each step,

A. Compressed Sensing and then solution will be bounded. This approach is named

Prior to going to how solve problen(3), we would MMSE AL in this work.

like to present a brief introduction on compressed sensing

(CS) whose idea will be utilized later. CS explores the

signal sparsity to estimate the signal when the systemds worst Case Optimization

underdetermined. Denote the received signabn N x 1

vector, and a measurement matkky » »s, such that In alternating optimization, we cannot always guarantee

the global convergence since it directly deals with honcovex

y=Hx+n (4) problem. The worst case optimization has been widely used

where x,71 is the signal we want to estimate and wén robust optimization problem. In this section, we reformu-

assume the system is underdetermined, naiVety. M. The late the problem in the context of minimax optimization and

signalx is called K -sparse if coefficients ofx only havek  show how to transform it into a solvable problem, namely

nonzeros and/ — K zeros. The goal is to reconstruct théSDP, by using duality theory.

x based on received dagagiven that the signal is sparse. 1) Worst case ovef,-norm constraint:

The traditional methods would fail because we have leg#st we consider that is bounded, namelyix||? < L. With

measurements than the number of variables we would lik§is constraint, the original problem (%) can be reexpressed
to estimate. However, CS exploits the sparsity to obtain tlg
solution though the following optimization problem [3], [6]

IIl. PROPOSEDAPPROACHES

minimize
minimize  ||x||; . @
subject to [y — Hx||z <e ©) {)r(ngicL Tr(GC,,G") + x"(I - GH)*(1 - GH)x} :
where || - ||; and || - || represent thef;-norm and /- (7

norm, respectively. This is a convex optimization prOblerf—‘ocusing on inner problem df7), we have the following
and studies have shown that we only need minimAim= Lagrangian

Klog(M/K) measurements to estimate the signal correctly.

Sometimes, one rewritd$) as form of|y — Hx||a+¢[|x||;.  L(x,A) = —x"(I - GH)" (I - GH)x + A" (x"'x — L).

If we replace the second norm by fa-norm, it becomes (8)
lly — Hx||2 +¢[|x]|2, the solution of which is the least norm_gmma 1 (Minimal point of a quadratic functiojhe opti-
solution. SFudles have shoyvn that the latter one will not work -1 \a1ue of the following quadratic optimization problem
well for this underdetermined system, but the former one

will. The core concept behind CS is thatnorm is utilized minimize x" Ax + 2q"x +r

to exploit the sparsity to make the estimation possible. Other

'norm’, like ¢,-norm (p < 1) can be used as well. This core

. - . HA-1
concept will be utilized to develop a new MMSE estimator X = { r-q'ATq, Ax 0,
to improve the performance when signal is sparse and the —09, otherwise
system is underdetermined. The dual function of(8) can be expressed as

g(\) = igf L(x, \)

B. Alternating Convex Optimization _inf {—xH(I _ GH)H(I _ GH)x + \H (xHx _ L)}

One obvious way to exploit the sparsity in MMSE esti-
mator is that we simply add thg-norm regularization term - { —AL, A=W =0

into (3) as follows —oo,  otherwise o
minimize
G.x - - - whereW = (I-GH)Y(I-GH) and’ =’ means the matrix
{Tr(GC,GY) + x"(I- GH)™(I - GH)x + |||, } is positive semidefinite. The solution @) is obtained based
on Lemma 1.
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Lemma 2 (Schur Complementet Therefore the dual function is
M - |A B 9(A1, Az, A3)
- B C :infL(X,t,)\l,)\Q,)\g)

be a Hermitian matrix withC = 0. Then,M > 0 if only

= inf{—x"(T - GH)(I- GH)x + 17t + Af'(x — ¢
if the Schur complement is positive semidefinite, i&.— 1xr}t{ X )i Jx+ FAx—t)

BHC-'B - 0. Al x+t) + A (xx — L)}
Based on Lemma 2, the dual optimization can be formulated XL — L1 = M)l — W) (A — Ao)
4 )
as B 1= A=A =0,XT— W =0
maximize g(\) = minimize AL - —00,
subject to\ > 0, otherwise
: = (10) (16)

[ AT I- GH)H
(

1- GH) I }50'

whereW = (I - GH)Y(I — GH). The solution of(16) is
obtained by both Lemmas & 3. Finally, the dual problem

Based on(10), the original minimax problem i7) now can
can be expressed as

be cast into the following SDP

minimize AL + gflg maximize g(A1, Az, A\3) = maximize

subject to\ > 0, subject to
H 1-A;— X =0,
AT r-Gm"* 1, g
(I-GH) I = AI— W =0,

H —1
with variablesG, \, and whereg — vec(GC/2), andvec(-) 8L = (A1 = A)T Al = W)™ (A1 = Ag) = 9,
means vectorization operation. This result is the simialr toA1 = 0, A2 = 0, A3 > 0.
that reported in [4]. This SDP reformulation is easy to sOM8a5ed on Lemma 2. the dual probleft) can be trans-

in polynomial time using interior point method [7]. In thefqmed into the following SDP problem
end, the estimate can be obtainedsby Gy. This approach

(11)
(17)

is named MMSE with 2-norm constraint (MMSE-2). minimize — 7y
subject to
2) Worst case over both, and ¢;-norms constraint: 1= —A =0,
We would also like to take advantage of the fact that the Ay = 0, A3 = 0,3 > 0, (18)
signal is sparse. That meafisnorm constraint needs to be ML= (A —A)H 0
con_su_jere_d. In that regard, we have the following worst case (A1 = A2) Al I-GH)! | =o.
optimization problem 0 (I- GH) 1

minimize max
G llxlli<B,lIx[13<L 12)

{Tr(GC,G") +x"(I- GH)"(I- GH)x}

Therefore, the original minimax problem ¢f2) can be now
expressed as

e . _ H
First let us consider the inner optimization (i2), which is minimize =7+ g8

equivalent to the following problem subject to
. m H 1-A;— A2 =0,
maximize x (I - GH)" (I - GH)x — ||x]|1.
SRR 2 T S W V) (19)
By introducing a new variablé, we have the equivalent AML—7 (A1 —A)H 0
problem to(13) as follows (A1 —X2) A3l I-GH)! | >o0.
maximize x"(I — GH)!(I - GH)x — 1%t 0 (I-GH) .
_"vt . (14) with variables G, A1, A2, A3. Compared to the formula-
subjectto—t < x < t,x"x < L. tion (11), the dual variablesh;, X, will be exploring
The Lagrangian of14) can be written as the sparsity to make estimation possible when the sys-

tem is underdetermined. In the end, the estimate can be
L(x,t,A1, X2, 03) = —x""(I - GH)"(I - GH)x + 1"t optained again byx = Gy. This approach is named
+AH(x — t) — A (x + t) + A (xfx — L). MMSE with 1&2-norm constraint (MMSE-1-2).
(15)
Lemma 3 (Minimal point of an affine functiofjhe optimal
value of the following affine optimization problem

IV. NUMERICAL STUDIES

In this section, we conduct studies on simulated and
recorded data to demonstrate the performance of the pro-

minimize at'x + b posed methods.
is A. Simulated example
x* = { b, a=0, We simulate data from system model @f), whereH is
—oo, otherwise generated by Gaussian random matrix with= 10, M/ = 20
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Fig. 1: Estimates

to indicate that the system is underdetermined. The sic
x is generated randomly with sparsity = 5 shown in
Figure1l. The noise is Gaussian distributed. From Figlye
it is observed that MMSE-1-2 and MMSE AL have alma
the same performance, which is confirmed later by M
in Figure 2. The MSEs are obtained on average of 1
independent runs. However, the problem with alternat
optimization is that first there is no optimality guarante
and in this case, the initialization d& is smartly chosen,
which is the general inverse of the measurement matrix
G is randomly selected, it will not converge in our test. It
also observed that MMSE with 2-norm dose not work d
to the underdeterminability.

B. Experimental data
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Fig. 2: MSEs versus SNR (dB).

For this test, we perform the algorithms on chann%le modeled as

estimation, which can be stated as follows. ls¢t),n =

1,2,--- N be the training sequence, that is transmitted
through a sparse channel. The received signal samples can
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whereh(i),i =1,2,---, L represents the channel response. V. CONCLUSION
The n(t) is the observation Gaussian noise with zero mean|n this work, we reformulate the minimum mean square
and v_arlance_r,,%. _ error (MMSE) estimator under minimax framework consider-
Rewrite (20) in a matrix form as ing ¢, and ¢,-norm constraints. By using duality approach,
y(t) = STh + n(t) (21) we then transform the problem into sem]deflnlte program-
_ o ming (SDP), which can be solved efficiently. Numerical
where S = [s;,---,s,_141]" is training symbols vector studies on both simulated and experimental data demonstrate

formed by the training signal acting like measurement matrithe promising results from proposed approaches when signal
y is the observation vector andl = [hy hy -+ hr]” is  sparsity is utilized.
the channel vector of interest. In this test, the channel
response was recorded by a single transmitter and receiver REEERENCES
communication link. The data were collected in SingapoEe - , _ o
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Fig. 4: Estimates on recorded channel.
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