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Abstract— In this paper, the differential calculus was used 

to obtain some classes of ordinary differential equations (ODE) 

for the probability density function, quantile function, survival 

function and hazard function of Cauchy, standard Cauchy and 

log-Cauchy distributions. The distributions are related by 

logarithmic transformation. The ODEs for the inverse survival 

function and reversed hazard functions of the distributions 

were not considered because of their nature and complexity. 

The stated necessary conditions required for the existence of 

the ODEs are consistent with the various parameters that 

defined the distributions. Solutions of these ODEs by using 

numerous available methods are a new ways of understanding 

the nature of the probability functions that characterize the 

distribution.      

          

Index Terms— Cauchy distribution, differential calculus, 

probability density function, survival function, quantile 

function, log-Cauchy distribution. 

 

I. INTRODUCTION 

AUCHY or Lorentz distribution is a continuous 

distribution, characterized by undefined mean, 

variance, skewness and kurtosis and as a result, no moment 

generating function. The probability density is stable and 

can be expressed analytically. The distribution according to 

[1] is one the examples of no unique maximum likelihood 

estimators. The distribution is robust when used in 

estimation of parameters in regression models [2]. The 

distribution function can be used in the construction of 

skewed distributions obtained from the normal kernel [3] 

and Laplace kernel [4]. Huang and Chen [5] proposed the 

skew-Cauchy distribution.  Nadarajah and Kotz [6] 

proposed the skewed truncated Cauchy distribution while 

Liu et al. [7] proposed a distribution that is intermediate 

between the normal and Cauchy distributions. The 

distribution is used to derive a method for the solution of 
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stochastic programming [8].                                                                                     

 Recent modifications of the distribution called the square 

Cauchy mixture distribution was proposed by [9] and 

modified Cauchy distribution proposed by [10] are recent 

successes to improve the flexibility of the Cauchy random 

variables. The distribution has been applied in modeling real 

life phenomenon such as: modeling seismic amplitude 

variation [11], modeling electricity prices [12] and job shop 

scheduling [13].                                                       

 On the other hand, log-Cauchy is the distribution whose 

logarithm is a Cauchy random variable.              

  The aim of this research is to develop ordinary differential 

equations (ODE) for the probability density function (PDF), 

Quantile function (QF), survival function (SF) and hazard 

function (HF) of the Cauchy (standard Cauchy as a special 

case) and log Cauchy distributions by the use of differential 

calculus. Calculus is a very key tool in the determination of 

mode of a given probability distribution and in estimation of 

parameters of probability distributions, amongst other uses. 

The research is an extension of the ODE to other probability 

functions other than the PDF. Similar works done where the 

PDF of probability distributions was expressed as ODE 

whose solution is the PDF are available. They include:  

Laplace distribution [14], beta distribution [15], raised 

cosine distribution [16], Lomax distribution [17], beta prime 

distribution or inverted beta distribution [18].                                                                                                                          

II. CAUCHY AND STANDARD CAUCHY DISTRIBUTIONS 

PROBABILITY DENSITY FUNCTION 

 The probability density function of the Cauchy distribution 

is given by;       
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The probability density function can also be written as   
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When μ = 0 and σ = 1, equations (1), (2) and (3) reduces to 

standard Cauchy distribution, given as;                          
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Differentiate equation (3) to obtain;  
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The condition necessary for the existence of the equation is 

0.                                             
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When μ = 0 and σ = 1, equation (7) becomes;    
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Using equation (4) in equation (8), to obtain;         
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The first order ordinary differential for the probability 

density function of the standard Cauchy distribution is given 

as;          
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Simplify equation (7) using equation (4), to obtain;    
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The first order ordinary differential for the probability 

density function of the Cauchy distribution is given as; 
2( ) 2 ( ) ( ) 0f x x f x                       (13) 
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To obtain the second order differential equation, 

differentiate equation (6) to obtain;   
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The condition necessary for the existence of the equation is 

0.                                                                                         

When μ = 0 and σ = 1, equation (16) becomes;     
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Simplify equation (17) using equations (4) and (9);     
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The second order ordinary differential for the probability 

density function of the standard Cauchy distribution is given 

as;         
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Simplify equation (16) using equations (2) and (7), to 

obtain;
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The second order ordinary differential for the probability 

density function of the Cauchy distribution is given as;   
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QUANTILE FUNCTION 

 The Quantile function of the Cauchy distribution is given 

by;         
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When μ = 0 and σ = 1, equation (25) reduces to Quantile 

function of the standard Cauchy Distribution, given as;                       
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Differentiate equation (25) to obtain;         
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The condition necessary for the existence of the equation is 

0 1.p                                                                                          

Using the trigonometric identity;         
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Applying equation (28) in equation (27);        
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Equation (25) can also be written as;         
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Substitute equation (31) into equation (29);  
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The first order ordinary differential for the Quantile function 

of the Cauchy distribution is given as;  
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When μ = 0 and σ = 1, equation (34) reduces to the first 

order ordinary differential equation for the Quantile 

function of the standard Cauchy distribution, given as;  
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To obtain the second order differential equation, 

differentiate equation (27) to obtain;  
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The second order ordinary differential for the Quantile 

function of the Cauchy distribution is given as;    
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To obtain the third order differential equation, differentiate 

equation (38) to obtain;   
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The condition necessary for the existence of the equation is 
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The third order ordinary differential for the Quantile 

function of the Cauchy distribution is given as;      
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SURVIVAL FUNCTION 

 The Survival function of the Cauchy distribution is given 

by;         
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The first order ordinary differential for the Survival function 

of the Cauchy distribution is given as;        
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When μ = 0 and σ = 1, equation (52) reduces to the first 

order ordinary differential equation for the survival function 

of the standard Cauchy distribution, given as;     
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The second order ordinary differential for the Survival 

function of the Cauchy distribution is given as;      

 
2( ) 2 ( ) ( ) 0S t t S t                                   (57)

  
2 2

( )
( )

S t


  
  


                             (58)

    

Proceedings of the World Congress on Engineering and Computer Science 2017 Vol I 
WCECS 2017, October 25-27, 2017, San Francisco, USA

ISBN: 978-988-14047-5-6 
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

WCECS 2017



 

HAZARD FUNCTION 

The Hazard function of the Cauchy distribution is given by; 
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Differentiate equation (60) to obtain;                 
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The first order ordinary differential for the Hazard function 

of the Cauchy distribution is given as;         
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When μ = 0 and σ = 1, equation (62) reduces to the first 

order ordinary differential equation for the Hazard function 

of the standard Cauchy distribution, given as;   
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To obtain the second order differential equation, 

differentiate equation (61) to obtain;  

 

 

   

2 2

2

2 2 22 2

2( ) ( )
( ) 2 ( ) ( )

( )

4( ) ( ) 2 ( )

( )( )

t h t
h t h t h t

t

t h t h t

tt



 



  


  

 


 

  

                (66)         

The following equations (67 - 71)  obtained from equation 

(61) are needed to simplify equation (66). The equations are 

as given;      
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Substitute equations (67 – 71) into equation (66), to obtain; 
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The second order ordinary differential for the Hazard 

function of the Cauchy distribution is given as;      
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 

  
  



        (73)      

 

 

 

2
2

2 2

2
2 2

(0)
1

arctan( )
2

2

1
arctan( )

2

h



 






 



 
 

  
 


 

  
 

         (74)

 

 

2

2
2 2

1

1
arctan( )

2
(0)

2

1
arctan( )

2

h



 

 




 
 

   
     

  
  

  
  

      (75)      

III. LOG-CAUCHY DISTRIBUTION 

PROBABILITY DENSITY FUNCTION 

The probability density function of the log-Cauchy 

distribution is given by;   

 
2

1
( )

ln
1

f x
x

x






  
  
   

          (76) 

The probability density function can also be written as  

 
2 2

( )
(ln )

f x
x x



  


   

          (77)

  
1

1 2 2( ) ( ) (ln )f x x x


 



              (78) 

When μ = 0 and σ = 1, equations (77) and (78) reduces to 

standard Log-Cauchy Distribution, given as;                   

2

1
( )

(ln ) 1
f x

x x


  

                       (79) 
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1
1 21

( ) ( ) (ln ) 1f x x x



                       (80) 

Differentiate equation (78) to obtain;        

 

2 2 2 2

2 2 2

2(ln )

((ln ) )
( )

1

((ln ) )

x

x x
f x

x x



 



 

 
   

    
 
   

          (81)                                                    

 

2 2

2 2

( )
((ln ) )

2(ln ) 1

((ln ) )

f x
x x

x

x x x



  



 

  
 

 
 

  

                      (82)

 
2 2

2(ln ) 1
( ) ( )

((ln ) )

x
f x f x

x x x



 

 
    

  
         (83)                                       

Equation (77) can also be written as;         

 
2 2

( ) 1

(ln )

f x

x x



  


   

          (84) 

Substitute equation (84) into equation (83) to obtain;      

 
2 (ln ) ( ) 1

( ) ( )
x f x

f x f x
x

 



 
    

 
           (85)      

The first order ordinary differential for the probability 

density function of the Log-Cauchy distribution is given as; 

2( ) 2 (ln ) ( ) ( ) 0xf x x x f x f x                 (86)    

 
2 2

(1)f


  


  

                          (87)   

When μ = 0 and σ = 1, equation (86) reduces to the first 

order ordinary differential equation for the probability 

density function of the standard Log-Cauchy distribution, 

given as;     

 
2( ) 2 (ln ) ( ) ( ) 0xf x x x f x f x                       (88)    

 
1

(1)f


                                                (89) 

QUANTILE FUNCTION 

The Quantile function of the Log-Cauchy distribution is 

given by;      

 
1

ln ( ) tan ( )
2

Q p p  
 

   
 

            (90) 

 

1
tan[ ( )]

2( )
p

Q p e
   

                               (91)                           

When μ = 0 and σ = 1, equations (90) and (91) reduce to 

Quantile functions of the standard Log-Cauchy Distribution, 

given as;                     

1
ln ( ) tan ( )

2
Q p p

 
  

 
                      (92) 

1
tan[ ( )]

2( )
p

Q p e
 

                                       (93) 

Differentiate equation (90) to obtain;         

 
2( ) 1

sec ( )
( ) 2

Q p
p

Q p
 

  
  

 
           (94)

 
2( ) 1

1 tan [ ( )]
( ) 2

Q p
p

Q p
 

  
   

 
         (95) 

Equation (90) can also be written as;         

 
ln ( ) 1

tan[ ( )]
2

Q p
p







             (96)

  

2

2ln ( ) 1
tan [ ( )]

2

Q p
p






 
  

 
        (97) 

Substitute equation (97) into equation (95);       

 

2
( ) ln ( )

1
( )

Q p Q p

Q p






   
   

   

        (98)

  
2 2( ) ( ) (ln ( ) )Q p Q p Q p              (99) 

The first order ordinary differential for the Quantile function 

of the log-Cauchy distribution is given as;        

 
2 2( ) ( ) (ln ( ) ) 0Q p Q p Q p            (100)

     
1

( )
2

Q e                                          (101)         

When μ = 0 and σ = 1, equation (100) reduces to the first 

order ordinary differential equation for the Quantile 

function of the standard log-Cauchy distribution, given as; 

     
2( ) ( ) 1 (ln ( )) 0Q p Q p Q p                     (102)     

1
( ) 1
2

Q                                               (103) 

   SURVIVAL FUNCTION 

 The survival function of the log-Cauchy distribution is 

given by;      

 
1 ln 1

( ) arctan
2

t
S t



 

 
   

 
          (104)   

 ( ) ( )S t f t                                       (105)   

 
2 2

( )
(ln )

S t
t t



  
  

   

           (106) 

The first order ordinary differential for the survival function 

of the log-Cauchy distribution is given as;        

 
2 2((ln ) ) ( ) 0t t S t                          (107)

 
1 1

(1) arctan
2

S


 

 
   

 
               (108) 

When μ = 0 and σ = 1, equation (107) reduces to the first 

order ordinary differential equation for the survival function 

of the standard log-Cauchy distribution, given as;        

 
2((ln ) 1) ( ) 1 0t t S t                                   (109) 

1
(1)

2
S                                                         (110)  
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To obtain the second order differential equation, 

differentiate equation (106) and using equation (85) to 

obtain

2 (ln ) ( ) 1
( ) ( ) ( )

t f t
S t f t f t

t

 



   
        

    

 

                                                                                    (111)        

2 (ln )( ( )) 1
( ) ( )

t S t
S t S t

t

 



    
     

  
      (112)   

2( ) 2 (ln ) ( ) ( )tS t t t S t S t                          (113)   

The second order ordinary differential for the Survival 

function of the log-Cauchy distribution is given as; 
2( ) 2 (ln ) ( ) ( ) 0tS t t t S t S t                (114) 

1 1
(1) arctan

2
S



 

 
   

 
                   (115)

       

HAZARD FUNCTION 

The hazard function of the log-Cauchy distribution is given 

by; 
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
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
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   
 

 

                                                                         (116)          

Differentiate equation (116) to obtain;         
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

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 2 2 2 ln 1
(ln ) arctan( )

2

t
t t




 




 

   
 

  

                                                                               (117)                                     

Using equation (116) in equation (117), to obtain; 

2

2 2

2(ln ) ( ) ( )
( ) ( )

((ln ) )

t h t h t
h t h t

t t t



 


   

 
     (118) 

The first order ordinary differential for the hazard function 

of the log-Cauchy distribution is given as;        

    

 

2 2 2 2 2

2 2

((ln ) ) ( ) ((ln ) ) ( )

2(ln ) ( ) ((ln ) ) ( ) 0

t t h t t t h t

t h t t h t

   

  

    

     
  

                                                                         (119) 

 2 2

(1)
1

arctan( )
2

h



 



 
 

  
 

         (120)         

When μ = 0 and σ = 1, equation (119) reduces to the first 

order ordinary differential equation for the hazard function 

of the standard log-Cauchy distribution, given as;        

 

2 2 2

2

((ln ) 1) ( ) ((ln ) 1) ( )

2(ln ) ( ) ((ln ) 1) ( ) 0

t t h t t t h t

t h t t h t

  

   
           (121)

  (1) 2h                                                     (122)   

The ODEs can be obtained for the particular values of the 

distribution which will require further classifications and 

analysis. Several analytic, semi-analytic and numerical 

methods can be applied to obtain the solutions of the 

respective differential equations [19-33]. Also comparison 

with two or more solution methods is useful in 

understanding the link between ODEs and the probability 

distributions. 

IV. CONCLUDING REMARKS 

 In this paper, differentiation was used to obtain some 

classes of ordinary differential equations for the probability 

density function (PDF), quantile function (QF), survival 

function (SF), and hazard function (HF) of the Cauchy, 

standard Cauchy and log-Cauchy distributions. In all, the 

parameters that define the distribution determine the nature 

of the respective ODEs and the range determines the 

existence of the ODEs. Further research is suggested on the 

ODE for inverse survival function (ISF) and reversed 

hazard function respectively of the distributions.  
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