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Modified Weibull Distribution: Ordinary
Differential Equations
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Abstract— Modified Weibull distribution is an appreciable
improvement over the Weibull distribution. This paper
explores the application of differentiation to obtain the
ordinary differential equations (ODE) of the probability
functions of the modified Weibull Distribution. The
parameters and support that characterized the distribution
inevitably determine the behavior, existence, uniqueness and
solution of the ODEs. The method is recommended to be
applied to other probability distributions and probability
functions not considered in this paper. Computer codes and
programs can be used for the implementation.

Index Terms— Differential calculus, quantile function,
hazard function, reversed hazard function, survival function,
inverse survival function, probability density function,
Weibull.

. INTRODUCTION

ALCULUS in general and differential calculus in

particular is often used in statistics in parameter and
modal estimations. The method of maximum likelihood is
an example.

Differential equations often arise from the understanding
and modeling of real life problems or some observed
physical phenomena. Approximations of probability
functions are one of the major areas of application of
calculus and ordinary differential equations in mathematical
statistics. The approximations are helpful in the recovery of
the probability functions of complex distributions [1-4].

Apart from mode estimation, parameter estimation and
approximation, probability density function (PDF) of
distributions can be transformed as ODE whose solution
yields the respective PDF. Some of which are available: see
[5-9].

The aim of this paper is to propose homogenous ordinary
differential equations for the probability density function
(PDF), Quantile function (QF), survival function (SF),
inverse survival function (ISF), hazard function (HF) and
reversed hazard function (RHF) of the modified Weibull
distribution. This will also help to provide the answers as to
whether there are discrepancies between the support of the
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distribution and the conditions necessary for the existence of
the ODEs. Similar results for other distributions have been
proposed, see [10-23] for details.

The modified Weibull distribution considered was the
one proposed by [24-26] as a generalization of the parent
Weibull, exponential, Rayleigh and linear hazard rate
distributions. Since the introduction of the distribution as a
lifetime model, several researchers have studied different
aspects of the distribution. Gasmi and Berzig [27] worked
on parameter estimation based on type | censored samples,
Soliman et al. [28] applied Markov Chain Monte-Carlo
approach on progressive censored data while Jiang et al.
[29] done their estimation based on type Il censored
samples. There are other modified Weibull models such as
the ones proposed by [30] and [31].

The distribution has been used in the development of new
models which includes; modified inverse Weibull
distribution [32], transmuted modified inverse Weibull
distribution [33], beta transmuted Weibull distribution [34],
the modified Weibull geometric distribution [35] and
Weibull exponential distribution [36-37].

Differential calculus was used to obtain the results.

Il. PROBABILITY DENSITY FUNCTION
The PDF of the modified Weibull distribution is given as;

f(X)=(a+Byx ™ )e ™ (1)

Differentiate equation (1);
~Dx?
00 ={ 2 i gyt @
o+ pyx’

The equation can only exists for &, £,7,X>0.
The ODEs can be obtained for any given values of
a,fand ¥ .
When ¥ =1, equation (2) becomes;

fi () =—(a+ ) f,(x) (3)
fi () +(a+p)f,(x) =0 @)
When ¥ = 2, equation (2) becomes;

f/(x) = {af—fﬂx— (a+ Zﬁx)} f,() ©
(+2BX) 1100~ (2 - (@+2/07) 1,(x) =0

hilary.okagbue@covenantuniversity.edu.ng (6)
pelumi.oguntunde@covenantuniversity.edu.ng
abiodun.opanuga @covenantuniversity.edu.ng
sheila.bishop@covenantuniversity.edu.ng
ISBN: 978-988-14048-1-7 WCECS 2018

ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)



Proceedings of the World Congress on Engineering and Computer Science 2018 Vol I

WCECS 2018, October 23-25, 2018, San Francisco, USA
When 7 =3, equation (2) becomes;
f;(x)={ (3 )}f 0
(a+3Bx°) ! (X)—(68x— (o +38x*)*) f.(x) =0

©)
Equation (2) is differentiated,;
By =)y
(a+pyx7)?
, B =D -2x
R Y S I
By -Dx?) ®
{—ﬂ A% 1)77 : (a+ ﬂWl)} f'(x)
a+ PyX

The equation can only exists for &, ,7,X>0.

These presented equations from (2) are needed to further
simplification of equation (9);

Br(y -9x = oy (%)
W (a+pyx )= () (10)
Br(y=Ox?  f'(x) yt
at A f () +(a+ Byx’ ™) (11)
By(y Dy -2)x= y=2( f'(x) -
a+ Byx X (f(x)+(a+'gyx )j
(12)
Brir-0x 2 ([ £(x) o)
( o+ By ] _( fo T@thr )j
(13)

Substitute equations (10), (12) and (13) into equation (9);

von F700) (x) )
f'"(X)=——= 00 (X)(f()+(a+ﬂ7x )]
- (1;((:))+(a+ﬂyx“)jf(x)

—By(y —Dx"?) f(x) (14)
f () =(a+pr)e“? (15)
') =(Br(y —1)—(a+ Br)*)e “” (16)

f'"(X)+2(ax+ f)x+1) T'(x)
+(a+ B x+(a+pB)f(x)=0

See [10-23] for details.

(18)

I11. QUANTILE FUNCTION

The QF of the modified Weibull distribution is given as;

aQ(p)+ Q" (p) =—In(1—p) (19)
Equation (19) is differentiated in order to obtain the first
order ODE;

1 ' 1
aQ'(p)+ ByQ " (p)Q'(p) = o (20)
The equation can only exists for 0 < p <1.
@-p)e+BrQ (P)Q'(p)-1=0 (21)

The ODE and their initial conditions can be derived for any
given values of &, fand y .

When y =1, equation (19) and (22) become;

d-p)a+p)Q'(p)-1=0 (22)
aQ(0)+4Q(0) =0 (23)
Q) =—(a+p) (24)
When ¥ = 2, equation (19) and (22) become;
- p)(a+28Q(p)Q'(p)-1=0 (25)
aQ(0) + pQ*(0) =0 (26)
0)=-2 27
Q(0) 1 7)
When ¥ =3, equation (19) and (22) becomes;
(- p)(@+3BQ*(p)Q'(p)-1=0 (28)
aQ(0) + #Q°(0) =0 (29)
0)=_|<i 30
Q(0) ﬂl (30)

Differentiate equation (20), to obtain the second order ODE;

aQ"(p)+ BrQ " (p)Q"(p)
P , 1 (1)
+By(r -0 (p)Q'(p) =-—=7
1-p)

The equation can only exists for 0 < p <1.
The ODEs and their initial conditions can only be derived
for any given values of &, fand ¥

When » =1, equation (31) and (20) become;

When y =1, equation (14) becomes; aQ"(p)+ BQ"(p) + By = - 1 (32)
12 (1_ p)2
£ = [ : ((? +2(a+ A )+ (a+f) f(x)j 2Q'(0)+ fO'(0) -1 @)
_(f’(x)+(a+ﬁ)f(x)]+ f2(x) Q’(0)=a+ﬂ (34)
X X f(x)
(17)
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When y = 2, equation (31) and (20) becomes;

(@ +2QUPIQ(P) +26Q(P) =~ @)
aQ'(0)+24Q(0)Q'(0) =1 (36)
Using equation (27) in (36)
aQ'(0>+2ﬁ[—%]Q'(0)=1 (37)
Q'(0)= —é (38)
When y =3, equation (31) and (20) becomes;
(o +38Q%(P)Q(P) +65QAP)Q(P) = —ﬁ
(39)
aQ'(0)+34Q*(0)Q'(0) =1 (40)
Using equation (30) in (40)
aQ'(0)+3ﬂ(—%JQ'(0) -1 (41)
)= — L
Q'(0)= o (42)

See [10-23] for details.

IV. SURVIVAL FUNCTION

The SF of the modified Weibull distribution is given as;

S(t)=e 43)
Differentiate equation (43);

S'(t) =—(a+ Byt He (44)
The equation can only exists for, 5, 7,t > 0.

S'(t) = ~(a+ Byt S (1) (45)

The ODEs can only be derived for any given values of
a,fand y.
When y =1, equation (45) becomes;

Sy(t) =—(a+B)S,(t) (46)

SL(t)+(a+B)S, (1) =0 (47)
When y = 2, equation (45) becomes;

Sp(t) =—(a+2p1)S, (1) (48)

Sp(t) +(a+2p1)S, (1) =0 (49)
When y =3, equation (45) becomes;

Si(t) =—(a+3pt")S,(t) (50)

Si(t)+(a+3pt)S,(t) =0 (51)

Differentiate equation (45);
S"(t) =—((a+ B’ )S' (V) + Br(y —Dt' s (1))

(52)
These equations derived from (45) are required in the
simplification of equation (52);
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~(a+prt'™) =% (53)
-prt =%+a (54)
~By(y - = 77_1[37(8 + a} (55)
Substitute equations (156) and (55) into equation (52):
S"(t) = sSZ(g) L7 t_l{ z((tt)) ; a} S() (56)
sy S0, =950, ¢-Das®)

S(t) t t
The second order ODE for the SF of the modified Weibull
distribution is given by;
tS(t)S"(t) —tS"* (1) — (» —)S(1)S'(t)

(58)
—(y —1)0582 t=0
S()=e P (59)
S'Q) =—(a+By)e (60)

See [10-23] for details.

V. INVERSE SURVIVAL FUNCTION

The ISF of the modified Weibull distribution is given as;
p — e_aQ(p)_ﬁQy(p) (61)

—(aQ(p)+ Q" (p)) =Inp (62)

Differentiate equation (62), to obtain the first order ODE;

aQ'(p)+ BrQ(PQ(p) = —% 63
The equation can only exists for 0 < p <1.

(a+ﬂyQ7‘1(p))Q'(p)=—% (69

ple+ByQ 7 (p)Q'(p) +1=0 (65)

The ODEs and their initial conditions can be derived for any
given values of &, fand y . Some examples are shown in
Table 1.

Table 1: ODE of ISF for some selected parameters of the
distribution

Y ﬁ « | Ordinary differential equation
11111 1 2pQ'(p)+1=0
111 |2 | 3pQ(p)+1=0
112 11 1 3pQ(p)+1=0
112 12 | 4pQ'(p)+1=0
2 11 |11 ] p2Q(p)+1)Q'(p)+1=0
2 11 12 | 2pQ(p)+1)Q'(p)+1=0

See [10-23] for details.
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VI. HAZARD FUNCTION

The HF of the modified Weibull distribution is given as;

h(t) =a+ gyt (66)
Differentiate equation (66);
h'(t) = Br(y -Dr 67)

The equation can only exists for «, ,7,t>0.

Using equation (66) to simplify equation (67), equation (66)
can also be written as;

L't =h(t) -« (68)
_ -1
Briy=Drt =2=(h()-a) (69)
Substituteequation (69) into equation (67);
(t) = (h(t) ) (70)

The first order ODE for the HF of the modified Weibull
distribution is given by;

th'(t) - (¥ =1)(h(t) - ) =0 (71)

h(D) =+ By (72)
Differentiate equation (67);

h"(t) = Br(y -D(y -2t~ (73)

The equation can only exists for o, 5,7, >0.

Two ODEs can be derived from equation (73);
ODE 1, Use equation (66) in equation (73);

t*h"(t) = By (r -D(y -2t (74)

t*h" (1) = (¥ ~D(r - 2)(h(t) ~ @) (75)

t*h" (M)~ (7 Dy - 2)("(t) — ) =0 (76)
ODE 2; Use equation (67) in equation (73);

th"(t) = By (r —D(y -2t~ (77)

th’(t) = (y —2)h'(t) (78)

th"(t) - (y-2)h'(t) =0 (79)
Differentiate equation (73);

h"(t) = Br(y =Dy -2)(r 3" (80)

The equation can only exists for &, 5,7,1 >0

Three ODEs can be derived from the further evaluation of
equation (80);
ODE 1; Use equation (66) in equation (80);

t*h"(t) = By (y —D(r - 2)(y -3t (81)
t°h"(t) = (y -D(r - 2)(y -3 (h(t) - ) (82)

Ch"() - (7 - -2)(r -3)(h(t) ~) =0  (83)
ODE 2; Use equation (67) in equation (80);

t*h"(t) = Br(y Dy -2)(r 3"~ (84)
t*h"(®) = (r = 2)(y -3)h'(V) (85)
t*h"(®) - (r - 2)(y -3)h'(t) =0 (86)
ODE 3; Use equation (73) in equation (80);
th"(t) = Br(y -D(r - 2)(y -3t (87)
th™(t) = (» —3)h"(t) (88)
th"(t)—(y-3)h"(t) =0 (89)
h'(0)=0 (90)
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h"(0)=0 (91)
See [10-23] for details.

VII. REVERSED HAZARD FUNCTION

The RHF of the modified Weibull distribution is given as;

i = (a+ Bt e
1-g A

(92)

Differentiate equation (92), to obtain the first order ODE;

ﬂy(}/_l)i; _(a_l_ﬁytyfl)
-1 *" i
J ~ (C( + ﬂ}/ty—l) e—at—ﬁty (1_e—at—ﬁly)—2
(1_ e—at—ﬂﬂ )—l
(93)
The equation can only exists for &, 3,7,t > 0.
ﬂ]/(}/_l)::_ _(a_l_ﬁ]/t}/—l)
=1 i o
T @ty
(1_ e—at—/}ty)
i - {ﬁy Prr D0~ s ety - j(t)} i)
+ pnt
(95)
Equation (95) is further differentiated,;
By -pry
(a+ ")
ey ) Brr =D =2~ | .
t)= t
") = P i(t) -
~By(y =Dt - j'(1)

+ {M —(a+pyt ) - j(t)} J'@®)
a+ Pyt

The equation can only exists for &, 5,7,t >0.

These equations derived from (95) are required to further
evaluate equation (96);

Priy-nr—> 1 j'()
e B it=1 T

oD _ 10,
v TS AR AR IO

(97)
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Brir =Dy -2v7°

a+ pyt’ )
r=2(J'® Py 4 i
T 5o +(a+ Byt ) + (1)
Brir-mr2Y (i) NN
el Bl iy +(a+ Byt ) = j(t)

(100)
Substitute equations (97), (99) and (100) into equation (96);

i (t) j'(t) o)
0 N Y ()

i(t)
JT‘Z %+(a+ﬁﬂ7’l)+](t) jtt)

INOE -

(101)
See [10-23] for details.

VIII.

Ordinary differential equations (ODEs) has been obtained
for the probability density function (PDF), Quantile function
(QF), survival function (SF), inverse survival function
(ISF), hazard function (HF) and reversed hazard function
(RHF) of modified Weibull distribution. This differential
calculus and efficient algebraic simplifications were used to
derive the various classes of the ODEs. Different classes of
the differential equations can be obtained for the different
values of the parameters that defined the distribution. The
parameter and the supports that characterize the distribution
determine the nature, existence, orientation and uniqueness
of the ODEs. The results are in agreement with those
available in scientific literature. Furthermore several
methods can be used to obtain desirable solutions to the
ODEs [38-50]. This method of characterizing distributions
cannot be applied to distributions whose PDF or CDF are
either not differentiable or the domain of the support of the
distribution contains singular points.

CONCLUDING REMARKS
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